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r 2 — T?P v r l — PW 

< max{[ y a 2 — 2pr + p 2 p 2 + 



r\ — pm v V2 — r/p 

a 2 , — 2rjs + r/ 2 /3 2 H ]}[\\ u ~ w \\ + \\ v ~ x \ 



r 2 — VP r i — pfn 

Set 



1 /-v2 _9^_L ^2„2 i ^ T 



A; = max{[ A/af — 2pr + p 2 p 2 + 

n — pm v r2 — r/p" 



a\ - 2r)s + rj 2 /3 2 -\ ]}. 

" V2 — VP v T\ — pm 

Next, we define the norm ||(u, v)||* by 

\\(u,v)\\* = ||u|| + ||u||V(w,u) eilix H 2 . 

Clearly, H\ x i^2 is a Banach space with the norm || (u, v) ||*. We define a mapping 
U : H 1 xH 2 ^ H ± x H 2 by 

U{u,v) = (S*(u,v),T*(u,v))V(u,v) effix # 2 . 

Since < k < 1, it follows that 

||^(« J «)-^(«;,x)|r=||( 1 S'*(«,i;),H«,i;))-( 1 S'>,x),T>, a ;))|r 
= || (S*(u, V ) - S*(w, x)), (T*(u, v) - T*(w, x))\\* 
= \\(S*(u,v)-S*(w,x)\\ + \\(T*(u,v)-T*(w,x))\\ 
< k[\\u — w\\ + \\v — x\\] 
= k\\(u,v)-(w,x)\\*. 

Hence, U is a contraction. This implies that there exists a unique element 
(a, b) £ Hi x H2 such that 

U(a,b) = (a,b), 



VERMA 



which means, 



where p,n > 0. 



b=Jl N (B(b)-rjT(a,b)), 
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Abstract 

In this paper we extend our previous results [3] concerning the 
behaviour of certain integral operators over weighted L p spaces. Par- 
ticular cases include the classical index transforms (cf. [9]) and the 
operators with complex Gaussian kernels (cf. [7], [8]). 
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1 Introduction 

In a previous paper [3] we considered the integral operator given by 

(J r f)(y) = JHx)K(x,y)dx, (1.1) 

where y G I (I denoting some interval in R, possibly unbounded), over the 
spaces L P (I, w(x)dx), 1 < p < oo, under suitable conditions on the kernel K 
and the weight w. 

We also considered the integral operator 

(Cg)(x) = J ' g(y)K(x,y)dy, (1.2) 

where I, w, and K are the same as in (1.1). 

We proved some results concerning the boundedness of £, Parseval re- 
lations containing T and £,, and we established that the adjoint operator of 
C can be viewed as a natural extension of the operator defined by (1.1). 
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These results hold whenever the following conditions are satisfied: 

1 <p < oo,p + q = pq, 

w > 1 a.e. on I, / w(y)~ q ' p dy < oo, (1-3) 

\K(x,y) | < k(x) a.e. on /, with k G L q (I,w(x)dx), 
and for the case p = 1, 

u; > 1 a.e. on I, \K(x,y)\ < k(x) a.e. on I, (1-4) 

and A; is essentially bounded on I. 

The purpose of this paper is to prove these results with weaker conditions 
to (1.3) and (1.4) respectively. The condition (1.3) is replaced by the weaker 
one 

1 < p < oo, p + q = pq, 

w > 1 a.e. on I, / / \K (x , y)\ q w(x)w(y)~ q ' p dxdy < oo, (1.5) 
and the condition (1.4) is replaced by the weaker one 

p = 1, w > 1 a.e. on I, 

\K(x,y)\ 
ess sup xeI ess sup yeI — < oo. (l.o) 

This new setting allow us to analyse operators with complex Gaussian 
kernels (cf. [7], [8]), which satisfy conditions (1.5) and (1.6). Observe that 
these Gaussians operators are not particular cases of the results of our pre- 
vious paper [3]. 

Also, the main index transforms (cf. [9]) are included as particular cases 
of this general analysis. 

As a novelty, we also study the case p = oo obtaining the results under 
the new conditions, namely, 



// 



p = oo, w > 1 a.e. on I, 

K(x, y)\w(x)dxdy < oo. (1.7) 



'i Ji 

From now on, we denote by Tf the functional in (L p (I,w(x)dx))' given 
by T f (g) = f t f(x)g(x)dx, for any / e LP(I,w(x)dx). 
Also C denotes the adjoint of the operator £, i.e., 

(C'f,g) = (f,jr,g), 

for any / € (L q (I,w(x)dx))' and any g G L p (I,w(x)dx). 
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2 The operator C on the spaces L p (I } w(x)dx) } l < 
p < oo 

In this section we study the behaviour of the operator C on the spaces 
L p (I,w(x)dx), 1 < p < oc. 

Proposition 2.1. Assume 1 < p < oo, p + q = pq, w > 1 a.e. on /, and 

\K(x,y)\ q w(x)w(y)~ q ' p dxdy < oc. 



i Ji 



Then the operator £ given by (1.2) is bounded from L p (I,w(x)dx) into 
L q (I,w(x)dx). 

Proof. Let g G L p (I,w(x)dx). From (1.2), we have 

|(4?)(z)l < J \g(y)\w(y) l / p \K(x,y)\w(y)- l / p dy. (2.1) 

Using Holder's inequality, the right-hand side of (2.1) is less than or 
equal to 

i/p / r \ 1 /i 

y 



J i \9(y)\ p w(y)dy S j P ■ (J\K(x,y)\«w(y)-«!>d. 
J\K(x,y)\^w(y)-^dy^ " ■ \\g\\ p . 



So, we have 

(^j i \{Cg){x)\ (i w{x)dx^ 

< \\g\\ p -^JJ i \K(x,y)\ q w(x)w(y)-^ p dxdy^ \ 
From this inequality and taking into account the hypothesis, it follows that 

114/11, <M-y| p , 

for certain M > 0. □ 

Proposition 2.2. If / G IP{I,w{x)dx), g G L p (I,w(x)dx), 1 < p < oo, 
j> + g = pg, id > 1 a.e. on i", and 

/ / \K(x,y)\ q w(x)w(y)~ q / p dxdy < oo, 

then the following Parseval-type relation holds 

j{Tf)(x)g{x)dx = J f(x)(Cg)(x)dx. (2.2) 
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Proof. For / £ L p (I,w(x)dx), we have 

\(Ff)(x)\ < J \f(t)\\K(t,x)\dt = J \f(t)\w(t) l ^\K(t,x)\w(t)- l ^dt. 

Using Holder's inequality and the fact that w > 1 a.e. on i", we have 

\{Ff){x)\ < (J\f(t)Pw(t)dt) " ■ (J\K(t,x)\<w(t)-</>dt) " 



<\\f\\ p -(J\K(t,x)\«w(t)dt 
Therefore, using again Holder's inequality, one has 



Vo 



yV/K 



x)\\g(x)\dx < 



>-L(L m - 



I/O 



x)\ q w{t)dt) -\g{x)\dx 



< 



p - f ( f \K(t,x)\ q w(t)dt) \g{x)\w{x) l l p w{x)- l l p dx 

I \g(x)\ p w(x)dx 



f I \K{t )X )\ q w{t)w{x)- q l p dtd: 

f j \K{t,x)\ q w{t)w{x)- q l p dtd 
<M\\f\\ p \\g\\ p , 



i/p 



i/o 



for some M > 0. 

On the other hand, 



J i \f(x)\\(Cg)(x)\dx<^l i \f(x)\ p w(x)dx^ P -^\(Cg)(x)\ q w(x) 



~ q l p d: 



■X 



l/o 



< 



I/O 



< 



I/O 



p Mp[J f\K(x,y)\ q w{x)-^w(y)-^dxdy 

p\\9\\p(J I \K(x,y)\ q w(x)w(y)- q / p dxdy 

< M\\f\\ p \\g\\ p , 

for some M > 0. 

Finally, using Fubini's theorem, we obtain the Parseval-type formula 
given by (2.2). □ 
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Now, the operator £ can be viewed as a natural extension of the operator 
defined by (1.1). In fact, given f,g£ L p (I,w(x)dx), we have 

\<T Tf ,g > | < \\f\\ p \\g\\ P ^l i J i \K(x,y^w(x)w(y)-^dxdy ) j \ 

So, from the hypothesis, it follows that T?f G (L p (I,w(x)dx))' . 

On the other hand, for / G L p (I,w(x)dx) and g G L q (I,w(x)dx), we 
have 

I < T f ,g > | < j \f(x)\\g(x)\dx < j \f(x)\\g(x)\w(x)da 

whenever w > 1 a.e. on /. Since this last integral is less than or equal to 
II/IIp • \\s\\q, we conclude that T f G (L q (I,w(x)dx))' . 
Thus, we have proved the following result. 

Corollary 2.1. If / G L p (I,w(x)dx), 1 < p < oo, p + q = pq, with w > 1 
a.e. on /, and 

/" f \K{x,y)\ g w(x)w{y)- g/p dxdy < oo, 

then 

£'T/ = T^ 

on(LP(/,u;(a;)da;)) / . 

3 The operator C on the space L 1 (I,w(x)dx) 

We now prove corresponding results to Proposition 2.1 and Proposition 2.2 
for the case when p = 1. 

Proposition 3.1. Assume «? > 1 a.e. on / and 

\K(x,y)\ ^ 
ess sup xeI ess sup yeI — — < oo. 

Then, the operator L given by (1.2) is bounded from L 1 (I,w(x)dx) into 
L°°(I,w{x)dx). 

Proof. Let g G L 1 (I,w(x)dx). Then using Holder's inequality one has 

\(Cg)(x)\ < J \K(x,y)\\g(y)\dy < ess sup y J^j^ ■ \\g\h. 

So 

ess sup xeI \(Cg)(x)\ < \\g\\i ■ ess sup xeI ess sup y€l J°^ , 
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which completes the proof of Proposition 3.1. □ 

Proposition 3.2. If / G L l (I,w(x)dx) and g G L 1 (I,w(x)dx), w > 1 a.e. 

on I and 

\K(x,y)\ ^ 
ess sup xeI ess sup yeI — < oo, 

then the following Parseval-type relation holds 

j{Tf)(x)g{x)dx = J f(x)(Cg)(x)dx. (3.1) 

Proof. In fact, 

\{Ff){x)\ < J \f(t)\\K(t,x)\dt < ess sup t J^^ ■ \\fh- 
Therefore 

J \(Tf){x)\\g(x)\dx < ll/IK • j^ess SU p t J^^ ■ \g(x)\dx 

< ll/lli • llslli • ess su Pxel ess su Ptei Z7^h\ i 
which from the hypothesis is less than or equal to 



M\\f\\i\\g\h 



for some M > 0. 

On the other hand, 



J\f(x)\\(Cg)(x)\dx<M. 



Nli 



for some M > 0. 

Finally, using Fubini's theorem, we obtain (3.1). □ 

We now prove the connection between the operator C and T. Indeed, 
for /, g G L 1 (I,w(x)dx), we have 

\<T Ff ,g>\<j \(Tf)(x)\\g(x)\dx < M • \\f\U ■ \\g\\ u 

for some M > 0. So T TJ G (L 1 (I,w(x)dx))' . 

On the other hand, for / G L 1 (I,w(x)dx) and g G L°°(I,w(x)dx), we 
have 

\<T I ,g><J\f(x)\\g(x)\dx<\\g\\ 00 
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from which we conclude that Tf £ (L°°(I,w(x)dx)y . Thus, we have proved 
the following result. 

Corollary 3.1. If / € L 1 (I,w(x)dx), w > 1 a.e. on i", and 



\K(x,y)\ 
ess sup xeI ess sup ye j 

then 



ess sup xeI ess sup yeI -— — < oo, 



C'T f = T Tf 
on(L l {I,w(x)dx))'. 

4 The operator C on the space L°°(I,w(x)dx) 

We also prove corresponding results to Proposition 2.1 and Proposition 2.2 
for the case when p = oo. 

Proposition 4.1. Assume w > 1 a.e. on / and 

/ / \K (x, y)\w(x)dxdy < oo. 

Then the operator C given by (1.2) is bounded from L°°(I,w(x)dx) into 
L 1 (I,w(x)dx). 

Proof. Let g £ L°°(I,w(x)dx). Then, using Holder's inequality, we can 
write 



|(^)(a;)|<y |if(a:,y)|^(y)|dy 
< ess sup yeI \g(y)\ ■ / \K(x,y)\dy = \\g\loo ■ / \K(x,y)\dy. 



So, 



/ \(Cg)(x)\w(x)dx < \\g\\oo- / / \K(x,y)\w(x)dxdy, 
which completes the proof of Proposition 4.1. □ 

Proposition 4.2. If / e L°°(I,w(x)dx) and g G L O0 (I,w(x)dx), w>l a.e. 
on /, and 

/ / \K(x, y)\w(x)dxdy < oo, 
then the following Parseval-type relation holds 

j{Tf){x)g{x)dx = J f(x)(Cg)(x)dx. (4.1) 
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Proof. In fact, 

\(Ff)(x)\<J r \f(t)\-\K{t,x)\dt 

< ess sup teI \f(t)\ ■ J \K(t,x)\dt = H/IU • j \K(t,x)\dt. 



Therefore, 



j^{Ff){x)\\g{x)\dx<\\f\U-f^^\K{t,x)\dt}\g{x)\da 

<\\f Woo -hWoo- J J \K(t, X )\dtdx 



^M-ll/IU-ll^llc 

for some M > 0. 

On the other hand, 



^l/^IK^^I^^M-H/lloo-llffllc 



for some M > 0. 

Now, using Fubini's theorem, we obtain (4.1). □ 

Therefore, for /, g G L°°(I,w(x)dx), we have 

\<T Tf ,g>\< j\{Tj){x)\g{x)\dx 

^M-ll/IU-ll^lloo, 

for some M > 0. So, T Tf G (L°°(/,i(;(x)(ix))'. 

On the other hand, for / G L°°(I,w(x)dx) and # G L 1 (I,w(x)dx), we 
have 

i<T / , 5 >i<y'i/( a; )ii^)i^ 

< ll/lloo - Hfflll, 

from which we conclude that Tf G (L 1 (I,w(x)dx))'. Thus, we have proved 
the next result. 

Corollary 4.1. If / G L 00 (I,w(x)dx), w > 1 a.e. on I, and 

/ / \K (x, y)\w(x)dxdy < oc, 

then 

on(L°°(I,w(x)dx))'. 
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5 Particular cases : the index transforms and the 
operators with complex Gaussian kernels 

5.1. The Kontorovich-Lebedev Transform 

The Kontorovich-Lebedev transform [[9], Chap. 2] of a suitable function 
/ is given by 

/•oo 

(Ff)(v) = / f(x)K iy (x)dx, y>0, 
Jo 

where K{ y denotes the Bessel function of the third kind of purely imaginary 

order [[2], p. 4]. 

Here one takes the spaces L P (I, (1 + re) 7 ), 1 < p < oo, 7 e K and 

I = (0, 00). In this case, the results of Section 2 hold for 7 > p — 1. 

5.2. The Mehler-Fock Transform 

The Mehler-Fock transform [[9], Chap. 3] of a suitable function / is 
given by 

/•oo 

(?f)(v) = / f(x)Pj,.(coshx)dx, y > 0, n E N U {0}, 
Jo ? +y 

where P~™ . is the Legendre function of first kind [[1], p. 122]. 

2 +W 

Here one takes the spaces L P (I, (1 + re) 7 ), 1 < p < 00, 7 6 1 and 
i" = (0, 00). In this case, the results of Section 2 hold for 7 > p — 1. 

For the case p = 1 one takes the spaces -L 1 (/, (1 + rr) 7 ). Here, the results 
of Section 3 hold for 7 > 0. 

5.3. The 2F1— Index Transform 

The 2-^1— index transform was considered by Hayek, Gonzalez, and Ne- 
grin in [4], [5], and [6]. This 2-^1— index transform of a suitable function / 
is given by 

/•oo 

(Ff)(y)= f(x)F(n,a,y,x)dx, y > 0, 

Jo 

where F(fi,a,y,x) = 2Fi(fi + ^ + iy,fi + ^ — iy;fj, + l; —x)x a , «,/j£C, 9fy/ > 
— ^, and 2.F1 is the Gaussian hypergeometric function [[1], p. 59]. 

Here one takes the spaces L 1 {I , e^ x dx) , ^6R, and I = (0, 00). In this 
case, the results of Section 3 hold for f3 > 0, and < Sfta < 3?// + \. 

5.4- The operators with complex Gaussian kernels 

The operator with complex Gaussian kernel (cf. [7], [8]) of a suitable 
function / is given by 

/+00 
exp{-ex 2 - py 2 + 28xy + jx + ^y}f{x)dx, 
-00 
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where j/eK, and e, /?, 6, 7, £ € C. 

Here one takes the spaces L P (M, da;), 1 < p < 00. In this case, 

r r r+00 

/ / \K(x,yWdxdy= / exp{q^y - qWy 2 } 
J1J1 J -00 

/+00 
exp{— q?R,ex 2 + q^ijx + 2q$l8 xy}dxdy 
-00 

(5R<5) 2 
whenever -Re > 0. Now, for — — — < 5R/3, this last integral is bounded. So, 

cllf: 

the results of Section 2 hold for (5R<5) 2 < (5Re) • (3*£) and 5Re > 0. 
For the particular case when p = 1, one studies 

ess sup xeI ess sup yeI \K(x,y)\ 

which is bounded for (-ftc)) 2 < 5R/3 and -Re > 1 or, alternately, for (-ftc)) 2 < -Re 
and 5R/3 > 1. Also for 5R£ = 0, 5Re > and 5R/3 > 0, the above expression is 
bounded. 

Finally, for the particular case when p = 00, one computes 



// 



\K(x,y)\dxdy 



which is bounded for (5R<5) 2 < (5Re) • (&0) and 5Re > 0. 
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AN to-DIMENSIONAL VERSION OF DIFFERENCE OF TWO 
INTEGRAL MEANS FOR MAPPINGS OF THE HOLDER TYPE 

J. PECARIC AND A. VUKELIC 



Abstract. Generalizations of estimations of difference of two multiple in- 
tegral means for mappings of the Holder type, are given. We establish four 
integral identities and use them to prove a number of inequalities for difference 
of two integral means of several variables. 



1. Introduction 
The following Ostrowski inequality is well known [7] : 



m 



i 



f(t)dt 



< 



(b-af 



(b-a)L, xe [a,b], (1.1) 



where / : [a, b] — > R is a diffcrcntiablc function such that |/'(x)| < L, for every 
x G [a, b]. 

The Ostrowski inequality has been generalized over the last years in a number of 
ways. In 1984 J. Pecaric and B. Savic [9] generalized (1.1) for functions of several 
variables and they proved the following result. 

Theorem 1. Consider a real linear space X of real valued functions f : Q — ► R, 
where Q is a subset o/R m , to g N, and assume that 1 g X (here 1 denotes the 
constant function x — ► 1, x g Q). Let A : X — > R be a positive linear functional 
on X such that A(l) = 1 and let f,g g X be such that fg G X. Suppose that f 
satisfies the v-Holder condition (r = (n, . . . , r TO )) 



|/(x)-/(y)| <Yj L i\xi-Vi\ Ti forallx,yeQ, 



(1.2) 



where L t > and < r$ < 1, i = 1,. . . ,m, are some constants. For any fixed 
x G Q, define fi : Q — * R, l = 1, . . . , m, as 

My) = \Vi -Xi\ n , y G Q, i=l,...,m. 

If g(y) > /or ally e Q and A(g) > 0, then 



/(x) 



^4(/9) 



^4(5) 



!=1 



MM 

A(g) ' 



(1.3) 
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A special case of Theorem 1 can be obtained in the following way, [9] . Take 

m 

Q = [a,b] := JJ[aj,6i], a^bi e R, a, < b u i = l,...,m, 

»=i 

and let X be a linear space which contains all functions / : [a, b] — > R integrable 
on [a, b]. Define A : X — ► R as 

A(/):= nn^)/. b/<y) ' iy ' yex ' 

where / a /(y)dy = $ a \ ■ ■ ■ /„" /(s/i. ■ • ■ , y m )dy m ...d yi . 
Then (1.3) becomes 



/ a b /(y)5(y)rfy 



/(x) 

f°9{y)dy 

If / satisfies the condition (1.2) with n 



^ ^'Vn^ ^^ (L4) 

i=i J a ff(y)«y 

• • = ?*to = 1) then (1.4) can be rewritten 



as 



/«- 



/ a b /(y)ff(y)dy 



J a g(y)dy 



< 



E^ 



/ a b»-^lff(y)rfy 
Lg{y)dy 



(1.5) 



When g(y) = 1 for all y G [a, b], then (1.5) reduces to 

'I , (x t -(( ai + b t )/2)) 2 



/(x) 



l:f(y)dy 



nZiibi 



< 



E 



{h - aj) 2 



(bi - a,)£j 



which is for m = 1 Ostrowski inequality (1.1). 

Also, it should be noted that the inequality (1.4), along with the special case 
when g(y) — 1 for all y € [a, b], was rediscovered in the paper [4]. 

In this paper we will generalize the results from [3] and [5], where is estimated 
the difference of the two integral means for absolutely continuous mappings whose 
first derivative is in Loo [a, b]. See also [8] and [1]. M. Matic and J. Pecaric in [5] 
proved the following result which is in spirit of our results, so we use it as a initial 
result: 

Theorem 2. Let a, b,c,d G R, be such that 

a < c < d < b, c — a + b — d > 0. 
(i) If f : [a,b] — > R is L-Lipschitzian on [a,b], with some constant L>0, then 



1 



f(t)dt- 



1 



f(3)di 



b — a J a d — c 

(ii) If /o : [a, b] — ► R is defined as 

fo(t) = \t - s \, te [a,b] 
where 

so = 



< (c-a) 2 + (fe-d) 2 i . j 



2{c-a + b-d) 



(1.6) 



be — ad 
c — a + b — d 
then /o is l-Lipschitzian on [a, b] and we have 



1 

b — a 



fo(t)dt 



1 
~d^ 



fo(s)ds 



(c - a) 2 + (6 - df 
2(c- a + b-d) 
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Note that for c = d = x we can assume -£^ J f(s)ds = f(x), as a limit case, 
so that (1.6) reduces to the Ostrowski inequality (1.1). So, inequality (1.6) can be 
regarded as a natural generalization of Ostrowski inequality (1.1). 

We will give generalizations of estimations of difference of two multiple integral 
means for mappings of the Holder type. Also, we will establish four integral iden- 
tities and use them to prove a number of inequalities for difference of two integral 
means of several variables for functions of class C"([a,b]) and C™ +1 ([a,b]). We 
will make it in two cases. First is when x G [c, d] C [a, b] and the other when 
x e [c,b] = [a,b]n [c,d]. 

2. A GENERALIZATIONS FOR MAPPINGS OF THE HOLDER TYPE 

We start with the following inequalities for estimations of difcrcncc of two integral 
means for mapping which satisfies the r-H61der type condition (1.2). 



2.1. Case [c,d] C [a,b]. 

Theorem 3. Let a,b, c, d € R m , are such that [c, d] C [a, b], i.e. ai < ci < di < 
bi, Ci — ai + bi — di > for all i — 1, . . . , m. Assume that the mapping f : [a, b] — > R 
satisfies condition (1.2). Then we have inequality 



f(t)dt 



< 



JXiLiih - a i) L ' UlLi(di - Ci) J c 

U {ci - a 4 ) r * +1 + (bi - d*r +1 



f(s)ds 



E 



k - di 



(2.1) 



Proof. By the substitution 



we get 



n: 



h - a % bjCj - a % dj 

di Ci di Ci 



1 f h 1 

— 77 ^ / /(t)dt = m 

=1 {bi-ai)J & lli=i(Oi 

1 (b\ - oi b\c\ - oidi 

/ -, si , . . . , 

V d\ — c\ d\ — c\ 



J m u>m 



*>m ^m 



arn.O"n 



J m^m Ui m, U! m 



ds. 



Therefore, 



UZi( b i- a i) 

d 



f(t)dt 



1 



. 6i - a\ bici - aidi 

f 1 Sl 1 

d\ — c\ d\ — c\ 



HlLi(di-Ci) Jc 

b 



/(s)cfe 



niii(di-ci) 



m ^m 



*m *--m 



*-m <--m 



m 



ds 



< 



YYILM 



. b\ — d\ b\C\ — d\d\ b m — a m b m a m — a m d m 

J \ ~ <^1 ', i ■ ■ • i ~ $m. 



d\ — c\ d\ — ci 



*m *--m 



*"m <--m 



-f(s) 



r/s 



206 



J. PECARIC AND A. VUKELIC 



< 



rG=i(*-ci)£j 



E^ 



Ci - ai + bi- di hci - a t d 



H ^t 



rfs 



E 



Li (a -ai + bi- di) r 



<I; 



5j 3q| US t , 



as 



•^di-Ci (di - Cj) r » 

m r-di 

h(si)ds n ...ds 1 = Y[( d j - c j) / h(si)dsi 



(2.2) 



3*i 



for some function /i. 

Further, Sq = (6jCj — didi)/(ci — ai + bi — di) and we have 

di Ci , \ ^ „ -. t di Ci 



s c i — 



(ci — ai) > and di — s l = 



Ci - a % + bi - di 
which implies that Sq € [cj,dj] and 

\si- SQpdsi = / (sq- Si) ri dsi+ (si - s^Y'dsi 

1 

i \7"i + li 



-x **i — u l **% 



bi - d. 



ih-di) >0, 



\ri + l] 



= (n + i)fa-"^.T-*)^ ' (a -° jw+ '*■-*»' ■■ 

Substituting this in (2.2) we get (2.1). D 

An important particular case is one for which the mapping / is Lipschitzian, i.e. 
we have r\ = • • • = r m = 1 in condition (1.2). Thus, we have following corollary. 

Corollary 1. Let f be a Lipschitzian mapping with the constants Li. Then we 
have 



1 f h 1 f d 

ffm 77 ^ / /(t)rft - ^m , r / /(s)cfe 

Ui=l(f>i-ai) J a Y\ l= i{di-Ci) 7c 



< 



E 



The constant 1/2 is i/ie best possible. 



L % (ci - Qj) 2 + (fy - dj) 2 
2 Ci - ai + bi - di 
(2.3) 



Proof. Put Ti = 1 (i = 1, . . . , m) in (2.1) to get inequality (2.3). 

To prove the best possibility of the constant 1/2, assume that the inequality 
(2.3) holds for some positive constant c > 0, i.e. 



1 f b 1 f d 

n m 77 T / /(t)rft - / /(s)cfe 



< 



£,L. 



(Ci - a,) 2 + (bi - di) 2 



Choose /(ii, . . . , £ TO ) = ij (i = 1, . . . ,m). Then, by (2.4), we get 

a t + b t Ci + di (a - a { ) 2 + (bi - d t ) 2 

< c . 

2 2 Ci — a,i + bi — di 

Put a = di to get c > 1/2 and the best possibility is proved. 



Ci - a i + b l - di 

(2.4) 



□ 



Remark 1. If in Theorem 3 and Corollary 1 we put c = d = x as a limit case we 
get generalized Ostrowski inequalities (see [4]). 
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2.2. Case [a,b] H [c,d] = [c,b]. 

Theorem 4. Let a,b,c, d € R m , are such that [a, b] n [c, d] = [c,b], i.e. a» < 
Ci < bi < di for all i = 1, . . . , m. Assume that the mapping f : [a, d] — ► R. satisfies 
condition (1.2). Then we have inequality 



1 



f(t)dt 



1 



< 






/(s)ds 



. r, + 1 



ft — a,- + 6i — d,: 



(2.5) 



Proof. By the substitution 



_b % — ai _ &iCj - aA _ di — 

(?j Ci (/■?; Ci Oj c 



fo - Ci 



Ci O^iCi OiCi r 

ft i ; — , Pi G [h,Ci 



we get 



1 



/(t)dt 



1 



b ,/bi-ai bici-aih b m -a. 

f I Pi 



6i - ci' 



&i -Ci 



i • • • i 7 Pn 



Qjm,0n 



u m ( -"(n u 'i)i u m 



J m ^-m 



"m 



rn ^m 



dp 



and 



n£i(*- 



/(s)ds 



ni=i(^- 



, ,'di-ci dici-hci 

f i Pi 



b\-c± 



Therefore, 



UlLiih-ai) 



h - ci 



f(t)dt 



*m ^m 



-'m ^m 



O^rn^m rn C rn 



J m ^m 



dp. 



UlLi(di-d) Jc 



f(s)ds 



1 



. 6i - ai 61C1 - ai&i o m - a m 

J 7 Pi 7 , • • • > 7 Pr, 



UT=i( b i-d) 

rn C rrl — Q, m m 



j j 

01 -ci 



oi -Ci 



o m - 



m ^m 



y m ^m 



,. ,'di — ci diCi - 61C1 d m ~c m dmCm — bmC 
J 1 Pi i, ' • • ■ ' 1 P™ u 

01 - Cl 01 - Cl b m - C m b 



J m u m 



m C m 



dp 



< 



1 



112=1 (0* - C i) 



/ 



b\ — ai b\C\ — a\b\ 



0i -ci 



Pi 



./ m u-ttt, 



')rn ( 



01 - ci 



J * * * ) 



"m C? 



"Pr7 



m*-"m (J, 7n u m 



. /di - ci dici - &1C1 d m - c m d m c m - & m c 

- ,/ 7 Pi r , ■ • ■ ^ 7 Prr 



'■m'-ni u in f -ni 



< 



01 -ci 

1 



n^i(6i-c 

m 

E 



I> 



01 -ci 

b 



^m ^m 



^m "--m 



rip 



Ci - ftj + 6j - di biCi - mbi - d t Ci + biCi 
-Pi 



i=l 

L t \cj - a % + bj - dj| r ' 
h - Ci (bi - Ci) ri 



h - Ci 



h - Cj 



\Pi - PoP dp t . 



dp 
(2.6) 
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With no loss in generality we can take that Cj — a, + 6j — di > 0. Further, j»q 
(6,Cj — aj&j — diCi + b%Ci)/{ci — a% + bi — di) and we have 



Po~ c * 



&,; - d 



C-i &i ~T~ v% u/ ^ 

which implies that p l a ^ [a, bi] and 



(ci-aj) > a,nd p l -bi 



l-l U,*i H^ L/ ^ U, ? 



6i - d. 



(di-h) >0, 



|p» -PoT*^ 



(Po - Pi) n *i - — ttKpo - c«) r4+1 - (PJ - 6i) r4+1 ] 



r,- + l 



- Qi c lH \( c . _ a -Y i+1 - id- - b-Y i+1 ] 

- (r l + l)(c t -a t + h l -d i r^ [[Cl a *> K K) J - 

Substituting this in (2.6) we get (2.5). □ 

An important particular case is one for which the mapping / is Lipschitzian, i.e. 
we have r\ = ■ ■ ■ = r m = 1 in condition (1.2). Thus, we have following corollary. 

Corollary 2. Let f be a Lipschitzian mapping with the constants Li. Then we 
have 



1 



UiLi(bi-ai) 



f(t)dt 



1 



UiLi(di-Ci) 



f(s)ds 



7 = 1 



c A - a.i -bi + di 



The constant 1/2 is the best possible. 



(2.7) 



Proof. Put n = 1 (i = 1, . . . ,m) in (2.5) to get inequality (2.7). 

To prove the best possibility of the constant 1/2, assume that the inequality 
(2.7) holds for some positive constant c > 0, i.e. 



UiLi(bi-ai) 



f(t)dt 



iizm- 



/(s)rfs 



< ^^c- Li(ci ~a { -bi + di). 

i=\ 

(2.8) 



Choose f(ti, ■ ■ ■ ,t m ) — ti (i = 1, . . . , m). Then, by (2.8), we get 
a,: + h a + di 



< c(ci — a,i — bi + di), 



2 2 

which is c > 1/2 and the best possibility is proved. □ 

Remark 2. If in Theorem 4 and Corollary 2 we put c = b = x we get inequalities 

i r 1 



nZ=iOi- a 



f{t)dt 



Y\?=i(di-Xi) 



/(s)cfe 



< 



E^i 
. r,- + l 



Li \X% (Xi) * (di Xj) 



1-i+l 



(2.9) 



nr=i(^ 



z ^i) J a 



f(t)dt 



UT=M 



l ^i) Jx 



f(s)ds 



. v~^ t di — di 

i=l 



(2.10) 



For m = 1 in the above inequalities we get results from [1]. 
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Remark 3. I/a,b,c,de R m are such that for i gSC{l,..., m}, [cj,dj] C [a$, &i] 
anrf /or i G {1, . . . , m} \ S, [a», 6j] fl [c$, rfj] = [cj, bi], then from Theorems 3 and 4 
we get inequality 



n m 77 r/ / t rft - -/ /scfe<> — — 



ij F{a il b i l Ci,d i ) 
bi - di ' 



*Z T ^ "'l 



w/iere 

F(a,i,bi,Ci,di) = (q - a l ) ri+1 + (6; - di) r,+1 i/ [cj.dj] C [a,, 6,] 
and 

F(a i ,b l ,c i ,d l ) = (c, - ftj) n+1 - (dj - Oi) ri+1 i/ [a,, 6,] n [cj,di] = [Ci,bi\. 

3. Four integral identities 

M. Matic, J. Pecaric and N. Ujevic [6] considered generalizations of Theorem 1 
for functions of class C n (Q) and C n+1 (Q) (see also [2]). They proved two integral 
identities for such functions. 

Let Q be any compact and convex subset of R m , m G N. A weight function on 
Q is any function w : Q — > [0, oo) which is integrable on Q and 

w(y)dy > 0. 

For given m-tuple a = (ai,...,a m ), a, £ NU {0}, i = l,...,m, we use the 
notation 



\a\ := 2_, a i an d a ' := I 



a,! = ai! •• -a m !. 



Also, for any z = (z 1; . . . , z m ) G R m , we set 



z a 



n 



Here we assume the convention 0=1. With such notation the following multino- 
mial formula is valid: 



Vi=l / \(X\=n 



Also, for given m-tuplc r = (r 1: . . . , r m ), r, G [0, oo), i = 1, . . . , m, we set 



i*ir---w m , 



|z|:=(N,...,|z m |) and |z| r := IIl^l^ 

»=i 

again with convention 0° = 1. 

If a weight function w : Q — > [0, oo) is given, for any fixed x G Q we define the 
x-centred moment E(x.,Q;w) of order a., of the set Q with respect to w as 



£ a (x,Q;w):= / (y - x) a W (y)dy. 
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Note that L7 (x, Q; w) = J n w(y)dy, where = (0, . . . , 0). In the special case when 
w(y) = 1 for all y G Q — [a, b], where a = (oi, . . . , a m ) and b = (pi, ... , b m ) are 
such that <Xi <bi, i = 1 , . . . , m and 

rn 

[a,b] := JJ[oj,6i] = {(xi, . . . ,x m ) ■a l <x l <b l , %= l,...,m}, 

j=l 

an easy calculation gives 



£a(x, [a,b]) = [J / (y t - x^dy, = JJ 

• i Jav •_-, 



(b i -a; i ) a '+ 1 + (-l) a '(a; i -a i ) a ' +1 
a, + 1 



Next suppose that / : V — > R is any function defined on an open set V C R m 
which contains Q as a subset. If for some fceN partial derivatives fa(y) exist for 
all y G Q and for all a with |cc| < k, then we can define 

fc fc (x, /;«>):= / /(y)w(y)dy - /(x) / ™(y)dy - £ £ M^ a ( X) Q; «;), 
JQ ■'Q j=i | a | = j a 

where x G Q is any fixed clement. Also, we set 

ft (x,J» := / /(yWy)rfy-/(x) f w(y)dy, x G Q. 

Theorem 5. Lei / : V — > R 6e a function defined on an open subset V o/R m , m G 
N. Lei Q 6e any compact and convex subset of V , and let w : Q — > [0, oo) be a 
weight function on Q. 
(i) If f € C n (Q) for some n G N, then for any x G Q we have 



K n ( X J;w) = J2 ~J(y- x ) a (3- 1 ) 

— ct! I n 

\a\=n Jy 

• jjf [f a ( X + t(y- X ))-f a ( X )}(l-t) n - 1 dt\w(y)dy. 
(ii) If f € C n+1 (Q) for some n G N U {0}, then for any x G Q we have 

Tl n ( X ,f;w) = ]T "^/(y-x)" (3.2) 



|a|=«+i ^ 



/a(x + t(y - x))(l - t) n dt\ w{y)dy. 

Now, using identities (3.1) and (3.2) we will establish two new integral identities. 

Theorem 6. Let f : V — > R be a function defined on an open subset V o/R m , m G 
N. Let Qi and Q 2 be compact and convex subsets of V, Q\ n Q 2 =/= and let 
w : Qi — > [0,oo) &e a weight function on Q\ and u : Q 2 — > [0, 00) &e a weight 
function on Q 2 - 
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(i) If f G C n (Qi U Q2) for some neN, then for any x € Q\ C\ Qi we have 

J Ql f{y)w{y)dy Sq 2 f(y)u(y)dy 
J Ql w(y)dy J Q2 u(y)dy 



3=1 \OL\= 

E 

\OL\=n 



/a(x) 



E a (x, Qi;w) E a (x,Q 2 ;u) 



n 



I Ql w(y)dy J Q2 u(y)dy 

J Qi (y - x)« • {Si[f a (x + t(y x)) - / a (x)](l - i)"" 1 ^} w(y)dy 



j* Ql w(y)dy 

/ Q2 (y-x)^.{/ 1 [,fa(x + t(y-x))-/ a (x)](l-tr-Mt} M (y)rfy 

/q. w(y)dy 



(3.3) 



(zz^ If f E C n+1 (Qi UQ2) for some n G NU {0}, then for any x £ Qi [HQ2 we /lave 

J Ql f(y)w(y)dy _ J Q2 f{y)u(y)dy 
J Ql w(y)dy J Q2 u(y)dy 



EE 

i=i |a|=j 



/a(x) 



-^a(x,Qi;w) _ E a (yj,Q 2 ;u) 
J Ql w(y)dy J Q2 u(y)dy 



E 



n + 1 



|a| 



J Qi (y - x)« • { £ / a (x + t(y - x))(l - t)»dt} w(y)dy 



/ Ql w(y)dy 

/ Qa (y - x)° ■ { £ /g(x + t(y - x))(l - t)"dt} u(y)dy 
So, u(y)dy 



(3.4) 



Proof. First we write the identities (3.1) and (3.2) for Qi and for Q 2 - Then we 
divide them with J Q w(y)dy and J Q u(y)dy respectively, subtract them and get 
the above statements. □ 



In the special case when w(y) = u(y) = 1, Q\ = [a, b] and Q2 = [c,d] we get 
four identities. The first two are when x £ [c, d] C [a, b] and the second are when 
x £ [c,b] = [a,b]n [c,d]. 

Corollary 3. (%) Lei / : [a, b] — ► R &e such that f £ C n ([a, b]) for some n £ N. 
If [c, d] C [a, b], then for every x £ [c, d] we Ziowe 

°^f) = E 5/ b *-(y- x ) a 

|a|=n Ja 
• |y [/«(x + t(y-x))-/ a (x)](l-tr 1 rftjdy, (3.5) 
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whe 



0(x,/) = 



n,=i(^-a 

/a(x) 



/(y)rfy - rr m 7 -, _ 



i ^i } J c 



HH 



j =1 |a|=j 



n 

i=l 



/(y)dy 

(&i-a;i) a ' +J +(-l) a «(»i-Oi) a ' +1 



(&i - Oj)(aj + 1) 



n 

»=i 



(di-a;i) Q ' +1 + (-!)<" (a* -<*) 



cti + 1 



(d» - Q)(ai + 1) 



and 



K _J n^i(6i-«i) n^i(di-ci) : 

^ v m — \ 1 

I n™i(fe.-o«)' 



*/ ye (c,d], 

e/se. 



(3.6) 



(ii) If f e C Il+1 ([a,b]) for some n e N U {0}, t/ien /or any x e [c, d] C [a, b] 

°( x '/)= E ^/V m (y-x) a .{/ 1 .f a (x + t(y-x 
|a|=n+i ' a *• ° 



))(l-*)"dtje&r. 

(3.7) 

Corollary 4. (%) Lei / : [a, d] — > R be such that f e C n ([a, d]) for some n e N. 
If [c, b] = [a, b] n [c, d], then for every x G [c, b] we have 

0(x,/) = ^ ^ / d M ro (y-x)« 

|a|=n Ja 

• |y [/ a (x + i(y-x))-/ a (x)](l-i)"- 1 dt|dy ) (3.8) 



w/ie 



M„ 



rniiCbi-oi)' 
i i 



«/ y e [a,c], 

i/ y e (c,b], 
»/ ye(b,d]. 



(3.9) 



Cm; /// € C n+1 ([a,b]) for some n € NU{0}, then for any x e [c,b] = [a,b]n[c,d] 
we ftaue 



0(x,/)= £ ^ / -^„(y-x) 



|Q!|=n+l 



a! 



a 



/ a (x + i(y-x))(l-t) n dijdy. 

(3.10) 



4. Estimations of the difference of two integral means involving 

FUNCTIONS OF CLASS C"([a,b]) 

4.1. Case [c,d] C [a, b]. We use the integral identity (3.5) to obtain some bounds 
on the quantity |C(x, /)|. 
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Theorem 7. Let f : [a, b] — ► R be such that for some n <G N, / <G C"([a,b]). For 
any x £ [c, d] C [a, b] we have 



|0(x,/)| < 



max a .| a | =n ||/ a (-) - /a(x) 



/)! 



n 



6,:- 



I II" i I I "* "* lit. 

jx-aHj + [[, lib -x|| 



b, - o» 



(4.1) 



n£ii(&i-a»)-n£Li(di 



d-c 



c + d 



n,=i( b i- a i) 

Proof. For fixed x G [c,d] and for any a = (ai,...,a m ), a, 6 NU {0}, i = 
1, . . . , m, such that |a| = n, we have 

/ [/a(x + t(y - x)) - / a (x)](l - t)"" 1 * 

Ja 

< ||/a(-)-/a(x)|U / (l-*) n - 1 dt=-||/a(-)-/a(x)||oo- 
So, from (3.5) we get estimation 
| 0(x>/) | < ^ ll/a(-)-/a(x)||cc r b |^|| y _ x |^ y 



< 



< 



|a|=n 

max a: |q Nffi ||/a(-) - /a(x) 
n! 

maxo; : | a | =ra ||/q(-) - /a(x) 
n! 



ja|= 



\K m \\\y- X \\ldy, 



where 



/ |j^m|||y-x||"rfy= m / ||y-x||"dy 

Ja lli=ll°i a i/ Ja 

Q^aHM^ Til ,,n . 1 /■ b || „n . 

■prm 77 ttV^ x / y ~ x i dy + -/ y - x : dy 

[U=i(<>i - ai){di - a) Jc \U=iV>i-ai) J d 

riili(^-Oi)-riili(di-Ci) 



ii ii ti "T r 2 ^* | 2 

< max y — x , I 



III- 



max lly — xll? I I -^ 

yG[d,b]" "ill 6^ a, 

t — 1 



+ max y-x ^ 

bi - at ye[c,d] 

&,: - di 



riiii(^-oi) 



-'z l*^ 



Further, max ye[aj( .] ||y - x||" = ||x-a||™ and max ye[dib] ||y - x||" = ||b - x||™. 
Also, for ye [c, d] 



~ x lli = E \Vi ~ x i\ - y^maxj^i ~ Cj, dj - Xj} 



E 



d, - 



-i i ^% 



d c 

2 



c + d 
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If we define y = (y Q1 , ..., y 0m ) € R™ by 

J Ci II Xi Ci ^_ &% •£%! 

I 01% II Xi C{ *\ (l{ Xi , 

then y € [c, d] and it is easy to check that ||y ~ x lli = II ((d — c)/2) + |x — ((c - 
d)/2)||i. We conclude that 



max y-x ! = 
ye[c,d] 



d c 

2 



c + d 



So, the proof is completed. 



□ 



Corollary 5. Under the assumptions of Theorem 7 and when c = d = x as a limit 
case, the following inequalities hold 



1 



Ili=i(&»-a» 



f(y)dy - /(x) 



y y ,fa(x) -pr fa - x a )"- +1 + (-!)"■ ( Xi - a^ 1 



al 



< 



j=i \a\=j »=i 

max a .| a | = „ ||/a(-) - /a(x)| 



(bi - a l )(a i + 1) 



n 



Xi Cl'i 

h - at 



m , 

|x - a|| x + J_| lib - x|| 



bi - a, 



(4.2) 



< 



max a .| a | = „ ||/a(-) - /ct(x) 



//! 



b a 

2 



a + b 



Proof. If we put c = d = x in (4.1) we get the first inequality in (4.2). Further, 

m m 

||x — a|li = y^j x i - a i) < ^ max{^ - a t , b % - Xj} 



i=l 



E 

1 = 1 



and similar ||b — x^ < II ^y 5 + |x 



b a 



a + b 



2 llli- So, we have 



n^fnx-aii? + n^iib-xii 



a, 



< 



i— 1 ' i— 1 

n^iN - «») + rn= i( fe » - xi 

HiLi(k-ai) 



b a 



a + b 



Because it is obvious that Ol^LiC^i — a i) + IIi!li(^ — x i) — Ili!Li(^ — a i)> we proved 
the second inequality, too. D 

Remark 4. The second inequality from the above corollary is proved in [6]. 

We proceed with some estimations which can be obtained when / satisfies the 
r- Holder condition (1.2). 
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Theorem 8. Let f : [a, b] — > R be such that for some n <G N, / <G C™([a, b]). 
Suppose fa satisfies condition (1.2) for all a = (ai, . . . , a TO ), a» € N U {0}, i — 
1, . . . , m, suc/i i/iai |a| = n. TTien for any x g [c, d] C [a, b] we have 



|0(x,/)|<£ 



^r(r, + 1) 

^ r(r, + 1 + n) 



jj^i|| x _ a ||n (a .._ . r 



,;=i 



n™i(^-aj) 

m h — A 



Proof. If /a satisfies condition (1.2), then 



d-c 



c + d 



(maxjxj - q, dj - Xi}) Ti 



(4.3) 



|/a(x + t(y - x)) - / a (x)| < ]T L,|% 4 - a;,)!''* - E L ** r 'lw - SiP, 



i=i 



for any two x,y G [a,b] and for any t £ [0,1]. This implies 
/ [/«(x + t(y - x)) - / a (x)](l - t) n_1 dt 

JO 

m pi m 

< Y.Lilvi-XiF t ri (l-t) n - 1 dt = J2L i \y i -x i \ r *B(r i + l,n), 
Jo 



where B(u,v) := L t u : (1 — £)" 1 dt, u > 0, w > is a beta function. We 
know that B(u, v) = T(u)T(y)/T(u + v), where T is a gamma function. Also 
T(n) = (n - 1)!, neNso that 



f [/ ct (x + i(y-x))-/ a (x)](l-t)"- 1 rft 
Jo 



Using this estimation we get from (3.5) 






■^T(r l + 1 



l°( x '/)l ^ Ei/ |^ m ||y-x|«. (n-l)!^ 

|a|=n ' a V »=1 



IjTtrj + 1) 
r(rj + 1 + n) 



\Vi ~Xi\ ri dy 



- E 



LiT(n + 1) 



r^r(r 4 



' Ja \|a|=n / 



- tiffir&jfr-Ab-'K**-'*'*' 
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where as in Theorem 7 we have 



,b rn _ 

/ l^m|||y-x||"|?A -Xi\ n dy < max \\y - x\\" \y, - Xip Y\ -^ 

J a ye[a,c] ij-bi-ai 



max Hy-xllj |y, - x % 

y£[c,d] 



n" i( & » - g») - n™ i(j» - c ») 

a — a 



max , ny - xii? in - *,r« n t^ = n 6 

2—1 J— 1 



ye[d,b] 



nr— ?ll b - x ll?(k- a *) r '- 

J=1 °j a j 



d-c 



' "'"x-aliyCxi-Oir 
c + d 



(maxj^i - q, rfj - Xi}) r 



So, we proved the theorem. 



□ 



Now we will give one special case of this theorem. 

Corollary 6. Let f : [a, b] — > R be such that for some n e N, / e C™([a, b]). 
Suppose fey. satisfies condition | /a (u) — /q; (v) | < £||u— v||£, /or some L > 0, r > 0, 
/or aH u, v G [a, b] and /or a// a = (ai, . . . , a m ), a» € N U {0}, i = 1, . . . , m, such 
that \a\ = n. Then for any x G [c,d] C [a, b] we have 



|0(x,/)| < 



zr(r + i) 

T(r + 1 + n) 

n^=i(^-oj) 



n 



x — a 



I n-\-r 



j=i 



n 



&i — d.,- 



n+r 



nTii(rfj-cj) 



n™i(6j -aj) 



d-c 



c + d 



n+r 



(4.4) 



Proof. For any two x,y G [a,b] and for any £ G [0, 1], /a satisfies the condition 



|/a(x + *(y-x))-/ a (x)|<L||i(y-x)||?>Lily-x||i. 



This implies 



/ [/a(x + t(y-x))-/ a (x)](l-t)"- 1 dt <L||y-x||; / f(l -t)"" 1 * 
Jo Jo 



m nr D / , 1 \ ir(r + l)(n- 1)! 

£||y-x|| 1 B(r+l,n)= r(r + 1 + n) lly- x lli- 



The rest of the proof is similar as the proof of the Theorem 



□ 
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Remark 5. It should be noted that inequalities (4-3) and (4-4) are valid for n = 
too. When n = 0, (4-3) becomes 



1 



Yli=iQ>i-a 

m 



f(y)dy - 



UtM 



l '-l) Jc 



f(y)dy 






i=i 



i=i 



njLife--Qj)-njLi( rf i 
n"ii(^-aj) 



-(max{xi - Cj, dj - rrj)' 



(4.5) 



and (4-4) becomes 



Yl™=i{bi-ai) y a 



f{y)dy 



Yl?=i{di-Ci) J c 



f{y)dy 



< L 



m m 7 , 



i=i 



i=i 



fo., — a,- 



n^ife -«?■)- njii( rf j - c j) 



d c 



c + d 



(4.6) 



4.2. Case [c,b] = [a, b] n [c, d]. Wc use the integral identity (3.8) to obtain some 
bounds on the quantity |C(x, /)|. 

Theorem 9. Let f : [a, d] — » R be such that for some neN, / <G C"([a, d]). For 
any x G [c, b] = [a, b] n [c, d] we have 



\0(x,f)\< 



niax a .| a | =n ||/a(0 - /a(x) 



lj£_*||x-a 

A * Oi - Ci 

.1— 1 



i? +n^—^ iid -xii 



Ct-j, Co 



(4.7) 



Proof Similar as proof of the Theorem 7. 



be 



c + b 



D 



We proceed with some estimations which can be obtained when / satisfies the 
r-H61dcr condition (1.2). 



Theorem 10. Let f : [a, d] — ► R be such that for some neN, / <G C™([a, d]). 
Suppose fa satisfies condition (1.2) for all ol = (ai, . . . , a TO ), Qj € N U {0}, i — 
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1, . . . , m, such that \a\ = n. Then for any x £ [c, b] = [a, b] n [c, d] we have 



|0(x,/)|<^ + 

i— 1 ' 



JJ^-^Hx-all^-Oir 



nr=i(^-- c i) nr=ife-%)-nr=i(^ 



n^=i( & j-°j)( d J- c j) 



be 

2 



c + b 



(maxjxj -Cj,6j - £j}) n 



"» 7 _ I 



i=i 



d,- — 



3 <-3 



Proof. Similar as proof of the Theorem 



(4.8) 



□ 



Now we will give one special case of this theorem. 

Corollary 7. Let f : [a,d] — ► R be such that for some n £ N, / g C n ([a,d]). 
Suppose fa satisfies condition | /a (u) — /a (v) | < L||u— v||^, /or some L > 0, r > 0, 
/or aH u, v £ [a, b] and /or a// a = (ai, . . . , a m ), aj € N U {0}, i = 1, . . . ,m, swc/i 
i/iai |a| = n. T/ien /or any x G [c, b] = [a, b] n [c, d] we have 



|0(x,/)| < 



iT(r + l) 
T(r + l + n) 



n 



Cj a - ? ''i x -a||?+ r 



-- bj — aj 

3=1 J 3 



m rl — h 

■Q^^|| d _ xr +r 



j—i dj c j 



rr=A- - cj) [n?=i(bj a^ n?=M - 



be 



U7=l( b 3 - a j)( d 3 "Cj) 



c + b 



Proof. Similar as proof of the Corollary 6. 



(4.9) 



□ 



Remark 6. It should be noted that inequalities (4-8) and (4-9) are valid for n = 
too. When n = 0, (4-8) becomes 



1 



f(y)dy - 



l 



IIZM 



Ui=i(bi-a 

m 

< E^ 

i=l 

i\T=i( b 3 - °3) (njii( & j - a j) - n?=i(dj - cj) 



f(y)dy 



n^(*.-d"+n|^(*-«.) 

^ — ]^ J J 1 = 1 -* *■* 



YYLi% -aj)(dj-Cj) 



(4.10) 
(max{xi -Cj,6j - xj) ri 
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and (4-9) becomes 
1 



H!Li(bi-a,i) 



f(y)dy 



ntiidi- 



f(y)dy 



< L 



n^ii— K+n 



^lld-x||; 



H71i0j - Cj) [YYJL^bj - <Xj) - UT=i( d j - c j) 
H?=i{t>j -aj)(dj-Cj) 



be 



(4.11) 



c + b 



5. Estimations of the difference of two integral means involving 

FUNCTIONS OF CLASS C n+1 ([a, b]) 

5.1. Case [c,d] C [a, b]. We use the integral identity (3.7) to obtain some bounds 
on the quantity |0(x, /)|. 

Theorem 11. Let f : [a, b] — > R be such that for some n e N, / e C™ +1 ([a, b]). 
For any x G [c, d] C [a, b] we have 



|0(x,/)| < 



m axa : |a|=n+i ||/a| 



n 



(n + l)! 

c,- — a. 



6,: - Oi 



im+l , TT "« <*» Mi- II 



d c 



(5.1) 



c + d 



n™i( fo i- a ») 

Proof. If / G C™ +1 ([a, b]) for some n G N U {0}, then for any partial derivative fa 
with \a\ = n + 1 and for any x G [c, d] 

/ / a (x + t(y-x))(l-t)"dt < H/alloo / (1 - t) n dt = i^jlf . 

Jo Jo n+l 

Using this estimation, from (3.7), similar as in Theorem 7 we get inequality (5.1). 

□ 



Corollary 8. Let the assumptions of Theorem 11 be satisfied. Additionally, suppose 
that, for some x G [c, d] all partial derivatives fa, 1 < \a\ < n fulfill /a(x) = 0. 
Then we have 



< 



1 / b f(v) 


1 / >d 
dy n m (a \ \ f(y)dy 




n£i(&i-ai)./a /lJJ 




max a .| a | =n+1 .fa 00 
(n+l)! 


_2 — 1 I— 1 


UiLiih - a») ~ U"L i(di - Ci) 


d c 

2 + 


c + d 
x 

2 


n+l" 
1 


Ilili(^-Oi) 





|b — x M1 



n+l 



(5.2) 
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Proof. Since /a(x) = for 1 < \a\ < n, we have 



0(x,/) 



/(y)rfy 



II™ l( & * - a i) A ' ' Yl?=l{di - Ci) 

and the desired result follows by Theorem 11. 



f(y)dy 



a 



5.2. Case [c, b] = [a, b] n [c, d]. We use the integral identity (3.10) to obtain some 
bounds on the quantity |0(x, /)|. 

Theorem 12. Let f : [a, d] —> R be such that for some n £ N, f £ C™ +1 ([a, d]). 
For any x £ [c, b] = [a, b] n [c, d] we have 

l/n/ J-M ^ maX Ct:\Ot\=n+l ll/alloo 
\°( X >f)\ ^ /„ , 1V 



(n + 1)! 



n c i ^i it iin+1 

/^7rll x - a lli 



dj - h 



n----- |ki 
,»=i "* ^ »=i 

n™ i( & i - c i) (niii( 6 i - a - n™ i( d * - ^)) 



n+l 



T\7=l{ h i - a i){ d i - Ci) 

Proof. Similar as proof of the Theorem 1 1 . 



(5.3) 

n+l" 



□ 



Corollary 9. Let the assumptions of Theorem 12 be satisfied. Additionally, suppose 
that, for some x £ [c, b] all partial derivatives fa, 1 < |a| < n fulfill /a( x ) = 0. 
Then we have 

1 f h 1 f d 

—77 r / f(y)dy - Yfm—r, r / f{y)dy 

-_ 1 { b i- a i) Jb. llj=l(«i- c i) Jc 



< 



n: 

max a : |Q:|=n+i H/ckIIoo 
(n + l)! 

n£i(&i-ci)ai£i(k 



(5.4) 



n 

i=l 
- a, 



I n+l 



6j - a, 

)-n™iK-ci)) 



n 



Proof. Similar as proof of the Corollary 8. 
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Abstract. 

The Rayleigh conjecture on the representation of the scattered field in the ex- 
terior of an obstacle D is widely used in applications. However this conjecture 
is false for some obstacles. AGR introduced the Modified Rayleigh Conjecture 
(MRC). In this paper we present a version of the MRC based on an optimal 
choice of sources. The method is implemented and tested for various 2D and 
3D obstacles including a triangle, a cube, and ellipsoids. The MRC method is 
easy to implement for both simple and complex geometries. It is shown to be a 
viable alternative to other obstacle scattering methods. 
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1 Introduction. 

In this paper wc present a novel numerical method for Direct Obstacle Scat- 
tering Problems based on the Modified Rayleigh Conjecture (MRC). The basic 
theoretical foundation of the method was developed in [9]. The MRC has the 
appeal of an easy implementation for obstacles of complicated geometry, e.g. 
having edges and corners. In our numerical experiments the method has shown 
itself to be a competitive alternative to the BIEM (boundary integral equa- 
tions method), see [4]. Also, unlike the BIEM, one can apply the algorithm to 
different obstacles with very little additional effort. 

However, a numerical implementation of the MRC, may be inefficient or 
fail, so some effort is needed to make it efficient. Our aim is to describe such an 
implementation, and to show the advantages of a properly implemented MRC 
method over BIEM, for example. In this paper we describe an MRC method 
with an optimal choice of sources, and apply it to various 2D and 3D obstacles 
including ellipsoids and a cube. 

In our previous paper [4] we described another implementation of the MRC. 
That method (Multi-point MRC) could be used for 2D obstacles of a relatively 
simple geometry, but it failed for some 2D obstacles, and it was not successful for 
3D problems. The difficulty was in excessive demands on computing resources. 
The new version presented here is an iterative implementation of the MRC 
method. It allows a significant improvement over previously discussed results, 
and provides an efficient and economical numerical solution for 3D obstacle 
scattering problems. 

We formulate the obstacle scattering problem in a 3D setting with the Dirich- 
let boundary condition, but the method can also be used for the Neumann and 
Robin boundary conditions. 

Consider a bounded domain DcM 3 , with a Lipschitz boundary S. Denote 
the exterior domain by D' = R 3 \D. Let a, a' € S 2 be unit vectors, and S 2 be 
the unit sphere in M 3 . 

The acoustic wave scattering problem by a soft obstacle D consists in finding 
the (unique) solution to the problem (l)-(2): 

(V 2 + k 2 ) u = in £>', u = on S, (1) 

& ikr /]\ x 

u = uq + A(ct, a) I~ 0_ j r:=|a;|^oo, a' := —. (2) 

r \r J r 

Here u$ :— e tka ' x is the incident field, v := u—uq is the scattered field, A(a! ', a) is 
the scattering amplitude, its k-dcpcndcncc is not shown, k > is the wavenum- 
ber. Denote 



At(a):= A{a' ,a)Yi{a')da' , (3) 

Js 2 
where Yg(a) are the orthonormal spherical harmonics, Yg = Ye m , — £ < m < £. 

Let hi(r) be the spherical Hankcl functions, normalized so that hg.(r) ~ - — as 

r — ► +oo, see [8]. 
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Our algorithm for the MRC method for 3D obstacles can be described as 
follows. 

Let z be a point (source) inside the obstacle D. For x £ D' , let 

Mx,z) = Y e (a')h e (k\x~z\). (4) 



\x — z\ 

Let gi(s) = Uo(s) — uo(s, a), s £ S. 
Minimize 

L 

$(zi,c(zi)) :=minmin ||ffi(s) + 'Y]ceipt{s,z)\\ L 2(S), (5) 

z£D c£C w — 

e=o 
where c = {c e } = {ct m }o<e<L,-t<m<t, L > is a fixed integer and J2i=o : = 

L 

vi(x) = ^2ct(zi)ipe(x,zi), ce{zi) = ce(zi,a). (6) 

e=o 

The requirement (5) means that the total field u(s) = <?i(s) + Vi(s) has to be 
as close to zero as possible on the boundary S, so that it approximates best 
the Dirichlet boundary condition in (1). This is achieved by varying the interior 
point z £ D and choosing the coefficients c(z) £ C N giving g\+i)\ the best fit to 
zero on the boundary S. Let the minimum in (5) be attained at z\ £ D. If the 
resulting value of the residual r mm = 3>(zi, c(zi)) is smaller than the prescribed 
tolerance e, than the procedure is finished. The sought approximate scattered 
field is vi(x), x £ D' (see Theorem 2 below), and the approximate scattering 
amplitude is 

L 

A 1 {a', a) = e -**°'-»i ^ c l {zi)Y t {of) . (7) 

e=o 

Note that cg(z\) — ci{z\,a). 

The expression for A\(a' ,a) in (7) is obtained from (6) by letting \x\ — > oo 
in x — a'\x\, because of our normalization 

ht(k\x\) = ^- |l + °[j xl ) } . N-»oo, (8) 

and | a; — z| = |a;| — a' • z + 0(l/|x|) as |x| — ► oo. 

If, on the other hand, the residual r mm > e, then we continue by trying to 
improve on the already obtained fit in (5) as follows. Adjust the field on the 
boundary by letting g 2 (s) = g±(s) + t>i(s), 8 £ S, and do the minimization (5) 
with .92(5) instead of 31 (s), etc. Continue with the iterations until the required 
tolerance e on the boundary S is attained. At the same time keep track of 
the changing approximate scattered field v n (x), and the scattering amplitude 
A n (a',a). In this construction g n +\ = uq + v n on S. The goal of (5) is to 
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obtain g n — > in L 2 (S) as n — > oo, yielding wo + "n — > in L 2 (S). According 
to Theorem 2, this gives an approximate scattered solution v n on D' to (l)-(2). 

This iterative feature allows the algorithm to solve scattering problems in- 
tractable by previously developed MRC methods (see [4]). 

Here is a precise description of the algorithm. 

MRC method with optimal choice of sources. 

For z G D and £ > functions ipe(x, z) are defined in (4). 

1. Initialization. Fix e > 0, L > 0, N max > 0. Let n = 0, fo(a;) = 
0, Ao(a', a) = 0, and 51 (s) = «o(s)> s £ S. 

2. Iteration. 

(a) Increase the value of n by 1. 

(b) Minimize 

L 

$>(z n ,c(z n )) := min min \\g n (s) + V* C£ipi(s, z)\\ L 2, s) , 
zeD cec N z — ' 

£=0 

with the minimal value attained at z n G D, c(z„) G C N . 

(c) Let 



v n (aO = i> n -i(aO + X! c e( z n)ipe(x, z„), x e D', 

1=0 

L 

A n {a', a) = An-iia/, a) + e - lka '- z ~ ^ c/(z n )F/(a / ), 
and 

L 

9n+\{s) = 9n(s) + ^2 c e (z n )^ e (s, Zn), s G S, 

e=o 

that is g n+ i(s) — u n (s) +v n (s), s G S. 

(d) Let 

r min :=$(z n ,c(z n )). 

3. Stopping criterion. 

(a) If r mm < e, then stop; v n (x) is the approximate scattered field, and 
A n (a! ,ot) is the approximate scattering amplitude. 

(b) If r rnm > e, and n < N max , then repeat the iterative step (2). 

(c) If r rnm > e, and n = N max , then the procedure failed. 
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2 Direct scattering problems and the Rayleigh 
conjecture. 

Let a ball Br := {x : \x\ < R} contain the obstacle D. In the region \x\ > R 
the solution to (l)-(2) is: 



i(x,a) = e ika - x + J2A e (a)*e(x), <H e ■= Y e (a')h e (k\x\), a' = ^- (9) 



e=o 



where the sum includes the summation with respect to m, — £ < m < £, and 
Ai(a) are defined in (3). Note that ^e.(x) = ipe(x,0). 

The Rayleigh conjecture (RC) is: the series (9) converges up to the boundary 
S (originally RC dealt with periodic structures, gratings). This conjecture is 
false for many obstacles, but is true for some ([1, 2, 6, 10]). For example, if 
n = 2 and D is an ellipse, then the series analogous to (9) converges in the 
region \x\ > a, where 2a is the distance between the foci of the ellipse [1]. In 
the engineering literature there arc numerical algorithms, based on the Rayleigh 
conjecture. These algorithms use projection methods and are reported to be un- 
stable. Moreover, no error estimate has been obtained for such algorithms [2, 6]. 
These algorithms cannot converge for arbitrary obstacles, because the Rayleigh 
conjecture is false for some obstacles. In contrast, the MRC-based algorithm, 
proposed here, converges and an error estimate for the approximate solution 
it yields is obtained. This error estimate is sharp in the order e. We discuss 
the Dirichlet condition but a similar argument is applicable to the Neumann 
boundary condition, corresponding to acoustically hard obstacles. 

What we call The Modified Rayleigh Conjecture (MRC) is actually the fol- 
lowing theorem (see [9]): 

Theorem 1. Let v be the scattered solution to (l)-(2). Then there exists a 
positive integer L = L(e) and the coefficients a = C((e), < £ < L{e) such that 



whe 



(n). 



and 
where 



\\uQ + v e \\ L 2 {S ) < e, (10) 

L(e) 

£ (s) = £>(c)*/(aO. (11) 

£=0 



\\ve-v\\ LHS) <e (12) 

| Ue - v ||| = 0(e), e^O, (13) 



III ' III - II ' \\H™ c (D>) + || ' ||L2(D';(l+|a;|)-T) , 

7 > 1 , m > is an arbitrary integer, H m is the Sobolev space. 
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(in). 

c e (e) — > At , as e — > , W , 

where Ag := Ai(a) is defined in (3). 

The proof of Theorem 1 is not given here since we need a different version of 
the MRC method justified in Theorem 2, and the proof of this theorem is given 
below. 

The difference between RC and MRC is: (10) does not hold if one replaces v e 
by X^=o ^( a )^> an d lets L — > oo (instead of letting e — > 0). Indeed, the series 
Yll— q Af(a)i&t diverges at some points of the boundary for many obstacles. 
Note also that the coefficients in (11) depend on e, so (11) is not a partial sum 
of a series. 

For the Neumann boundary condition one minimizes 



9[uq + J2i=o cfPt 



dN 



L 2 (S) 



with respect to q, and obtains essentially the same results. 

See [11] for an extension of these results to scattering by periodic structures. 

The construction of the approximate scattered field by the MRC method 
described in Theorem 1 is not satisfactory from the numerical perspective, since 
it imposes excessive demands on computational resources. See section 4 for an 
additional discussion. The MRC method with optimal choice of sources was 
designed to overcome these difficulties. It is based on the following Theorem: 

Theorem 2. Let v be the scattered solution to (l)-(2). Let e > 0, and L be a 
nonnegative integer. Suppose U is an open subset of D. 

Then there exist a finite subset {zi,Z2, ■■■, Zj } C U and the coefficients 
ct(e,Zj), < £ < L, 1 < j ' < J such that 



\\uo + Vc\\l2(S) < e, (14) 

where 

J L 

Vz{x) := ^2 Yl C£ ( e ' z Md x i z j) (15) 

3 = 1 1=0 

and the functions ipe(x,z) are defined as in (4). 

(ii). 

he - v\\ L 2 {S) < e (16) 

and 

\\\v € -v\\\ = 0{e), e^O, (17) 

where 

III ' III = || ' \\h™ c {D') + II ' \\l 2 (D>;(1 + \x\)-i) , 

7 > 1 , m > is an arbitrary integer, H m is the Sobolev space. 
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Proof, (i) Let {zj} c *^ 1 be a countable dense subset of U. To establish (14) it is 
sufficient to show that 



H 



span{ipe{s,Zj) : < £ < L, j = 1,2, ...} = L 2 (S) 



(18) 



Suppose that there exists p G L 2 (S), p^ such that p _L H in L 2 (S). Define 
the single-layer potential by 



W(y) 



Jk\x~y\ 

s \x-y\ 



p(x) ds(x) , y G 



Then 



W(zj) = / tpQ(x,Zj)p(x) ds(x) = 



(19) 



(20) 



for j = 1,2,.... 

The continuity of the single-layer potential in M 3 implies that W(y) = for 
all y G U. By the unique continuation principle W = in D. In particular 
W = on the boundary S. Since W is an outgoing solution of (V 2 + k 2 )W = 
0, in D' with VK = on S, one concludes from the uniqueness of solutions to 
the Dirichlet problem in D' that W = in M 3 . Finally, the jump properties of 
the normal derivative of the single-layer potential imply that p = in L 2 (S). 

(ii) Inequality (16) is the same as (14), since v — —uq on S. Estimate (17) 
follows from (16) and Lemma 1. 

□ 

Lemma 1. Given g G L 2 (S), let w be the outgoing solution of the Exterior 
Dirichlet problem (V 2 + k 2 )w — 0, in D' with w — g on S. Then there exists a 
constant C > 0, independent of w, such that 



Mil < C\\g\\ L 2 {s) 



(21) 



where 



\H% C {D>) 



' lli 2 (ri';(i+|a;|)-"'); J > I , m > is an arbitrary 
integer, and H m is the Sobolev space. 

Proof. Let G be the Dirichlet Green's function of the Laplacian in D': 

(V 2 + k 2 ) G = -S(x - y) in D', G = on S, (22) 



lim 

r — »oo 



\x\— r 



dG 

d\x] 



-ikG 



ds = 0. 



(23) 



Let ./V be the unit normal to S pointing into D' . By Green's formula one has 



dG 
w{x) = j g(s) — (x,s)ds 1 x&D 1 . 



(24) 



The estimate for the 7J;™ c (£>')-norm part of (21) follows from this representation 
and from the Cauchy inequality: 



\D^w(x)\ < \\g\\ms) 



dD x j) G 
ON 



(x,s) 



< c(x)\\g\\ L 2 (s) , 
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where c(x) < c(d) for all x S D' such that the distance dist(x, S) > d > 0. 

For the L 2 -weighted norm part of (21) let i? > be such that D C B R = 
{x e K 3 : \x\ < R}. Let D' R = B R \ D, and S R be the boundary of B R . 
Estimate 



dG 

ON 



(x,s) 



< 



1 



> R, 



(25) 
(26) 



and (24) imply 

|H| L 2 (Sh) < C||.9|| L 2 (S) , 

where here and in the sequel c, C denote various constants. Also, using Cauchy 
Schwarz inequality, (24), (25) and 7 > 1, one gets 



w|U 2 (|x|>fl;(l + |x|)-T) < C||#|| L 2( S ) 



1 



(1 + |X|)7+1 



< 



L 2 (\x\>R) 



c\\9\\v(S)- (27) 



To get the estimate for ||w|| L 2(- r ,/ \ choose R such that fc 2 is not a Dirichlct 
eigenvalue of -A in D' R . Then ([5], p. 189): 

||«'||H»(Dj,)<c[||(A + fc 2 )u;|| W m-2 (I ,j i) + ||Hlff«.-o..(s Je ) + ||«;||ff"-o-»(S)]- (28) 

The space Ti in the first term of the right-hand side in (28) is different 
from the usual Sobolev space, but this term is equal to zero anyway because 

(A + k 2 )w = 0. 

Let to = 0.5 in (28). Then 



\\w\\ H 0^ (D , r) < C[\\W\\ L 2 {SR) + |H| L 2 (S) ]. 

Since w = g on S, then (26) and (29) imply 

\\w\\lz(d' r ) < c||5||i,2(s). 



(29) 

(30) 

D 



3 Numerical Experiments. 

In this section we describe numerical results obtained by the MRC method 
with the optimal choice of sources for 2D and 3D obstacles. For a comparison, 
our earlier method (Multi-point MRC) that we used in [4] can be described as 
follows. Choose and fix J interior points Xj, j = 1, 2, ..., J in D by an ad hoc 
method according to the geometry of the obstacle D. The discrepancy on the 
boundary S is minimized with respect to the coefficients c. The number of points 
J was limited by the size of the resulting numerical minimization problem, so 
the accuracy of the scattering solution (i.e. the residual r mm ) could not be made 
small for many obstacles. The method was not capable of treating complicated 
3D obstacles. These limitations were removed by using the MRC method with 
optimal choice of sources. As we mentioned previously, [4] contains a favorable 
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comparison of the Multi-point MRC method with the BIEM (the Boundary 
Integral Equation Method). 

Note that in a 2D case one has 

^(x,z) = Hf\k\x-z\y K , 

where (x — z)/\x — z\ = e 10 instead of (4). 

For a numerical implementation choose M nodes {t m } on the surface S of 
the obstacle D. Given z € D form N vectors 

n = 1, 2, . . . , N of length M. Note that N = 2L + 1 for a 2D case, and N = 
(L + l) 2 for a 3D case. It is convenient to normalize the norm in M. M by 1/M, 
so 

1 M 
H b l| 2 =MEl 6 ™| 2 ' b=(6 1 ,6 2 ,...,6 M )- 

m= 1 

Then ||uo|| = 1. 

Now let b = {<?i(£ro)}ro=ii ( see section 1), and minimize 

$(z,c) = \\b + Ac\\, (31) 

for c <G C^, where A is the matrix containing vectors a^ n \ n = 1, 2, . . . , N as its 
columns. The same numerical procedure is also applied to subsequent iterative 
steps. 

We used the Singular Value Decomposition (SVD) method (see e.g. [7]) 
to minimize (31). Small singular values s n < w m i n of the matrix A are used 
to identify and delete linearly dependent or almost linearly dependent combi- 
nations of vectors a'™'. This spectral cut-off makes the minimization process 
stable, see the details in [4]. 

There is a variety of methods to minimize $(z,c(z)), since after the mini- 
mization in the coefficients c(z) it is just a 2D or 3D minimization in the region 
D. Our choice was Powell's method which imitates the conjugate gradients ap- 
proach, but does not require analytical expressions for the gradient. The Brent 
method was used for a line minimization, see [7]. 

We conducted 2D numerical experiments for five obstacles: a circle, two el- 
lipses of different eccentricity, a kite, and a triangle. The M=720 nodes t m 
uniformly distributed on the interval [0,27r], were used to parameterize the 
boundary S. Each case was tested for wave numbers k = 1.0 and k = 5.0. 
Each obstacle was subjected to incident waves corresponding to a = (1.0,0.0) 
and a — (0.0, 1.0). The results are shown in Table I. The column Ni ter shows 
the number of iterations (number of source points) at the end of the iterative 
process. The process was stopped after the algorithm reached the sought toler- 
ance e = 0.002, or N max = 100. Values L = 5 and M = 720 were used in all 2D 
experiments. 

The last column (MRC - BIEM) / 'BIEM shows the discrepancy in the 
scattering amplitude computed by the MRC and BIEM methods. The values 
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shown are the L-i norms of the difference of the scattering amplitude obtained 
by MRC and BIEM, over the Li norm of the scattering amplitude obtained 
by BIEM. We followed [3] for the BIEM implementation using 64 points on 
the boundary S in every 2D experiment. No comparison is provided for a 
triangular obstacle, since it requires a complete rewriting of the BIEM code to 
accommodate the corner points. No such rewriting is required for the MRC 
method. Table I shows that for the value of tolerance e = 0.002 the computed 
scattering amplitude is in an excellent agreement with the scattering amplitude 
computed using BIEM. 

Concerning the efficiency of the methods, for simple geometries the Multi- 
point MRC (see [4]) is the fastest, provided that the required accuracy can be 
achieved by a relatively small number J of the interior points (sources) used 
simultaneously. This assures the resulting matrices being of a manageable size. 
Otherwise, one has to use the proposed MRC with the optimal choice of sources, 
which takes a significantly longer time to run, but can accomplish the solution of 
scattering problems untractable by single step methods, such as the Multi-point 
MRC or BIEM. 

In another modification of the MRC method (Random point MRC) sources 
were placed randomly inside the obstacle D, and after each such placement the 
discrepancy on the boundary was minimized. Unlike (5) the discrepancy was 
not additionally minimized to obtain an optimal source placement. While this 
method also achieved a better fit than the original MRC described in [4], the 
optimally placed MRC method described here achieves an order of magnitude 
improvement in run time over the Random point MRC. 

Experiment 2D-I. The boundary S is the circle of radius 1.0 centered in 
the origin. 

Experiment 2D-II. The boundary S is the ellipse described by 

r(t) = (2.0 cost, sin t), < t < 2ir . (32) 

Experiment 2D-III. The boundary S is the ellipse described by 

r(t) = (0.1 cost, sin t), < t < 2?r . (33) 

Experiment 2D-IV. The kite-shaped boundary S (see [3], Section 3.5) is 
described by 

r(t) = (-0.65 + cost + 0.65cos2t, 1.5 sin t), < t < 2tt . (34) 

Experiment 2D-V. The boundary S is the triangle with vertices (—1.0, 0.0) 
and (1.0, ±1.0). 

The 3D numerical experiments were conducted for 4 obstacles: a sphere, two 
ellipsoids, and a cube. We used L — 5, e = 0.002, w„ lirl = 10~ 12 . The number 
M of the fit points on the boundary S is indicated in the description of the 
obstacles. The scattered field for each obstacle was computed for two incident 
directions ai, i = 1,2. The first unit vector ai is denoted by (1) in Table II, 
ai = (1.0, 0.0, 0.0). The second one is denoted by (2), a 2 = (0.0, l/\/2, l/\/2). 
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Experiment 3D-I. The boundary S is the sphere of radius 1, with M = 
450. 

Experiment 3D-II. The boundary S is the surface of the ellipsoid x 2 /4 + 
y 2 + z 2 = 1 with M = 450. 

Experiment 3D-III. The boundary S is the surface of the ellipsoid x 2 /16+ 
y 2 + z 2 = 1 with M = 450. 

Experiment 3D-IV. The boundary S is the surface of the cube [— 1, l] 3 
with M = 1350. 

4 Conclusions. 

For a 2D or 3D obstacle Rayleigh conjectured that the acoustic field u in the 
exterior of the obstacle is given by 



i(x,a) = e lka - x + J2Mu)*Pi: i>e~Y e {a')ht{kr), ol = -. (35) 



(=0 



While this conjecture (RC) is false for many obstacles, it has been modified to 
obtain a valid representation for the solution of (l)-(2). This representation 
(Theorem 1) is called the Modified Rayleigh Conjecture (MRC), and is, in fact, 
not a conjecture, but a Theorem. 

Can one use this approach to obtain solutions to various scattering problems? 
A numerical implementation of the MRC with just one source point as presented 
in section 2 is not successful, since it requires a large value of L to obtain an 
acceptable accuracy. However, for such large values of L the involved Hankcl 
functions exceed lower order Hankel functions by many orders of magnitude, 
which, in turn, requires an unacceptably large precision of computations to 
account for delicate cancellations. On the other hand, as we show here and 
in [4], the MRC can be efficiently implemented to obtain accurate numerical 
solutions of obstacle scattering problems if one uses multiple source points. 

The algorithm presented in this paper, MRC with optimal choice of sources, 
was successfully applied to various 2D and 3D obstacle scattering problems. 
This algorithm is a significant improvement over previous MRC implementa- 
tion described in [4]. The improvement is achieved by allowing the required 
minimizations to be done iteratively, while the previous methods were limited 
by the problem size constraints. Still, the Multi-point MRC presented in [4], 
remains very efficient for problems of a relatively simple geometry, and it was 
favorably compared to the Boundary Integral Equation Method. 

The MRC methods have an additional attractive feature that they can easily 
treat obstacles with complicated geometry (e.g. obstacles with edges and cor- 
ners). Unlike the BIEM, it is easily modified to treat different obstacle shapes. 

Further research on MRC algorithms is conducted. It is hoped that the MRC 
in its various implementation can emerge as a valuable and efficient alternative 
to more established methods. 
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Table I: Normalized 
obstacles, ||u || = 1. 
Experiment k 



residuals attained in the numerical experiments for 2D 



NH 



(MRC-BIEM)/BIEM 



I 


1.0 


1.0,0.0* 


i 


0.0000 


0.0001 


Circle 


5.0 


i.o, o.o; 


21 


0.0020 


0.0001 


II 


1.0 


i.o, o.o; 


20 


0.0010 


0.0001 


Ellipse 


1.0 


0.0,1.0 


20 


0.0018 


0.0001 




5.0 


1.0,0.0 


53 


0.0010 


0.0001 




5.0 


0.0,1.0 


45 


0.0020 


0.0001 


III 


1.0 


i.o, o.o; 


100 


0.0041 


0.0008 


Ellipse 


1.0 


0.0,1.0 


100 


0.0027 


0.0000 




5.0 


1.0,0.0 


100 


0.0058 


0.0004 




5.0 


0.0,1.0 


100 


0.0037 


0.0012 


IV 


1.0 


i.o, o.o; 


53 


0.0020 


0.0001 


Kite 


1.0 


0.0,1.0 


32 


0.0020 


0.0001 




5.0 


1.0,0.0 


75 


0.0020 


0.0003 




5.0 


0.0,1.0 


68 


0.0020 


0.0001 


V 


1.0 


i.o, o.o; 


55 


0.0020 




Triangle 


1.0 


0.0,1.0 


48 


0.0017 






5.0 


1.0,0.0 


72 


0.0019 






5.0 


0.0,1.0 


80 


0.0020 
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Table II: Normalized residuals attained in the numerical experiments for 3D 
obstacles, ||u || = 1. 
Experiment k oti Ni ter r mm 



I 


1.0 




1 


0.0000 


Sphere 


5.0 




43 


0.0019 


II 


1.0 


(1) 


20 


0.0019 


Ellipsoid 


1.0 


(2) 


25 


0.0019 




5.0 


(1) 


44 


0.0019 




5.0 


(2) 


58 


0.0019 


III 


1.0 


(1) 


12 


0.0016 


Ellipsoid 


1.0 


(2) 


35 


0.0020 




5.0 


(1) 


55 


0.0020 




5.0 


(2) 


67 


0.0020 


IV 


1.0 


(1) 


12 


0.0019 


Cube 


1.0 


(2) 


7 


0.0019 




5.0 


(1) 


70 


0.0019 




5.0 


(2) 


35 


0.0020 



237 



Instructions to Contributors 
Journal of Applied Functional Analysis 

A quartely international publication of Eudoxus Press, LLC of TN. 

Editor in Chief: George Anastassiou 

Department of Mathematical Sciences 

University of Memphis 

Memphis, TN 38152-3240, U.S.A. 



1. Manuscripts, hard copies in quadruplicate and in English,should be submitted 
by regular, unregistered mail, to the Managing Editor: 

Managing Editor: Carlo Bardaro (FOR ALL SUBMISSIONS) 

Dipartimento di Matematica e Informatica 

Universita di Perugia 

Via Vanvitelli 1 

06123 Perugia, ITALY 

Tel.+390755853822 

+390755855034 

Fax +390755855024 

E mail bardaro@unipg.it 

No submissions should be sent to the Editor in Chief George Anastassiou. 

Authors may want to recommend an associate editor most related to the submission to 
possibly handle it. In addition, to assist the Managing Editor and speed the decision 
process, authors may include a PDF file of the paper on disk with the submitted copies 
of the manuscript. 

Also authors may want to submit a list of six possible referees, to be used in case we 
cannot find related referees by ourselves. 



2. Manuscripts should be typed using any of TEX,LaTEX,AMS-TEX,or AMS-LaTEX 
and according to EUDOXUS PRESS, LLC. LATEX STYLE FILE.(Visit http:// 
www.msci.memphis.edu/~ganastss/jafa to save a copy of the style file.)They should be 
carefully prepared in all respects. Submitted copies should be brightly printed (not 
dot-matrix), double spaced, in ten point type size, on one side high quality paper 
8(l/2)xll inch. Manuscripts should have generous margins on all sides and should not 
exceed 24 pages. 

3. Submission is a representation that the manuscript has not been published 
previously in this or any other similar form and is not currently under consideration 



238 



for publication elsewhere. A statement transferring from the authors(or their 
employers,if they hold the copyright) to Eudoxus Press, LLC, will be required before 
the manuscript can be accepted for publication.The Editor-in-Chief will supply the 
necessary forms for this transfer.Such a written transfer of copyright, which previously 
was assumed to be implicit in the act of submitting a manuscript,is necessary under the 
U.S.Copyright Law in order for the publisher to carry through the dissemination of 
research results and reviews as widely and effective as possible. 

4. The paper starts with the title of the article, author's name(s) (no titles or degrees), 
author's affiliation(s) and e-mail addresses. The affiliation should comprise the 
department, institution (usually university or company), city, state (and/or nation) and 
mail code. 

The following items, 5 and 6, should be on page no. 1 of the paper. 

5. An abstract is to be provided, preferably no longer than 150 words. 

6. A list of 5 key words is to be provided directly below the abstract. Key words should 
express the precise content of the manuscript, as they are used for indexing purposes. 

The main body of the paper should begin on page no. 1, if possible. 

7. All sections should be numbered with Arabic numerals (such as: 1. 
INTRODUCTION) . 

Subsections should be identified with section and subsection numbers (such as 6.1. 
Second- Value Subheading). 

If applicable, an independent single-number system (one for each category) should be 
used to label all theorems, lemmas, propositions, corrolaries, definitions, remarks, 
examples, etc. The label (such as Lemma 7) should be typed with paragraph 
indentation, followed by a period and the lemma itself. 

8. Mathematical notation must be typeset. Equations should be numbered 
consecutively with Arabic numerals in parentheses placed flush right,and should be 
thusly referred to in the text [such as Eqs.(2) and (5)]. The running title must be placed 
at the top of even numbered pages and the first author's name, et al., must be placed at 
the top of the odd numbed pages. 

9. Illustrations (photographs, drawings, diagrams, and charts) are to be numbered in 
one consecutive series of Arabic numerals. The captions for illustrations should be 
typed double space. All illustrations, charts, tables, etc., must be embedded in the body 
of the manuscript in proper, final, print position. In particular, manuscript, source, 
and PDF file version must be at camera ready stage for publication or they cannot be 
considered. 

Tables are to be numbered (with Roman numerals) and referred to by number in 
the text. Center the title above the table, and type explanatory footnotes (indicated by 



239 



superscript lowercase letters) below the table. 

10. List references alphabetically at the end of the paper and number them 
consecutively. Each must be cited in the text by the appropriate Arabic numeral in 
square brackets on the baseline. 

References should include (in the following order): 

initials of first and middle name, last name of author(s) 

title of article, 

name of publication, volume number, inclusive pages, and year of publication. 

Authors should follow these examples: 

Journal Article 

1. H.H.Gonska,Degree of simultaneous approximation of bivariate functions by Gordon operators, 
(journal name in italics) J. Approx. Theory, 62,170-191(1990). 

Book 

2. G.G.Lorentz, (title of book in italics) Bernstein Polynomials (2nd ed.), Chelsea,New York,1986. 

Contribution to a Book 

3. M.K.Khan, Approximation properties of beta operators,in(title of book in italics) Progress in 
Approximation Theory (P.Nevai and A.Pinkus,eds.), Academic Press, New York,1991,pp.483-495. 

11. All acknowledgements (including those for a grant and financial support) should 
occur in one paragraph that directly precedes the References section. 

12. Footnotes should be avoided. When their use is absolutely necessary, footnotes 
should be numbered consecutively using Arabic numerals and should be typed at the 
bottom of the page to which they refer. Place a line above the footnote, so that it is set 
off from the text. Use the appropriate superscript numeral for citation in the text. 

13. After each revision is made please again submit four hard copies of the revised 
manuscript. And after a manuscript has been accepted for publication submit four 
hard copies of the final revised manuscript. Additionally, two copies of the final 
version of the TEX/LaTex source file and a PDF file, are to be submitted to the 
Managing Editor's Office on personal 3.5 inch computer disks. Label the disks 
individually with clearly written identifying information, e.g. : 



Your name, title of article, kind of computer used, kind of software and version number, disk format 
and files names of article, as well as abbreviated journal name. 

Package the disks in a disk mailer or protective cardboard. Make sure contents of 
disks are identical with the ones of final hard copies submitted! 



240 



Note: The Managing Editor's Office cannot accept the disks without the 
accompanying matching hard copies of manuscript. No e-mail final submissions are 
allowed! File submission on disk must be used. 



14. Effective 1 Nov. 2005 the journal's page charges are $8.00 per PDF file page. 
Upon acceptance of the paper an invoice will be sent to the contact author. The fee 
payment will be due one month from the invoice date. The article will proceed to 
publication only after the fee is paid. The charges are to be sent, by money order or 
certified check, in US dollars, payable to Eudoxus Press, LLC, to the address shown on 
the Eudoxus homepage. 

No galleys will be sent and the contact author will receive one(l) electronic copy of 
the journal issue in which the article appears. 



15. This journal will consider for publication only papers that contain proofs for 
their listed results. 



TABLE OF CONTENTSJOURNAL OF APPLIED FUNCTIONAL ANALYSIS, 
VOLUME 1, NO. 2,2006 

SOLUTION OF PARAMETER- VARYING LINEAR MATRIX INEQUALITIES 
IN TOEPLITZ FORM,G.MERTZIOS, 131 

ITERATIVE SCHEMES WITH MIXED ERRORS FOR GENERAL NONLINEAR 
RESOLVENT OPERATOR EQUATIONS ,H. LAN, 153 

EIGENFUNCTIONS OF A CLASS OF FREDHOLM-STIELTJES INTEGRAL 
EQUATIONS VIA THE INVERSE ITERATION METHOD, P. NATALINI, 
R.PATRIZI,P.RICCI, 165 

NONLINEAR A-MONOTONE VARIATIONAL INCLUSION SYSTEMS AND THE 
RESOLVENT OPERATOR TECHNIQUE,RVERMA, 183 

ON CERTAIN INTEGRAL OPERATORS BETWEEN WEIGHTED Lp SPACES, 
N.HAYEK,B.GONZALEZ,E.NEGRIN, 191 

AN m-DIMENSIONAL VERSION OF DIFFERENCE OF TWO INTEGRAL MEANS 
FOR MAPPINGS OF THE HOLDER TYPE,J.PECARIC,A VUKELIC, 203 

MODIFIED RAYLEIGH CONJECTURE METHOD WITH OPTIMALLY PLACED 
SOURCES,S.GUTMAN,A.RAMM, 223 



Volume 1, Number 3 



July 2006 



ISSN: 1559-1948 (PRINT), 1559-1956 (ONLINE) 



EUDOXUS PRESS,LLC 









u.^ A 







ty .^trt 'ija--y 6 <■' ft j 



£ vdgxvS v ~ - JOURNAL OF 

APPLIED FUNCTIONAL ANALYSIS 



244 



SCOPE AND PRICES OF 

JOURNAL OF APPLIED FUNCTIONAL ANALYSIS 

A quartely international publication of EUDOXUS PRESS, LLC 
ISSN: 1559-1948 (PRINT) , 1559-1956 (ONLINE) 

Editor in Chief: George Anastassiou 
Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, USA 
E mail: ganastss@memphis.edu 



Managing Editor: Carlo Bardaro (FOR ALL SUBMISSIONS) 

Dipartimento di Matematica e Informatica 

Universita di Perugia 

Via Vanvitelli 1 

06123 Perugia, ITALY 

Tel. +390755853822 

+390755855034 

Fax +390755855024 

E mail: bardaro@unipg.it 



The purpose of the "Journal of Applied Functional Analysis" (JAFA) is to 
publish high quality original research articles, survey articles and book 
reviews from all subareas of Applied Functional Analysis in the broadest form 
plus from its applications and its connections to other topics of Mathematical 
Sciences. A sample list of connected mathematical areas with this publication 
includes but is not restricted to: Approximation Theory, Inequalities, 
Probability in Analysis, Wavelet Theory, Neural Networks, Fractional Analysis, 
Applied Functional Analysis and Applications, Signal Theory, Computational Real 
and Complex Analysis and Measure Theory, Sampling Theory, Semigroups of 
Operators, Positive Operators, ODEs, PDEs, Difference Equations, Rearrangements, 
Numerical Functional Analysis, Integral equations, Optimization Theory of all 
kinds, Operator Theory, Control Theory, Banach Spaces, Evolution Equations, 
Information Theory, Numerical Analysis, Stochastics, Applied Fourier Analysis, 
Matrix Theory, Mathematical Physics, Mathematical Geophysics, Fluid Dynamics, 
Quantum Theory. Interpolation in all forms, Computer Aided Geometric Design, 
Algorithms, Fuzzyness, Learning Theory, Splines, Mathematical Biology, Nonlinear 
Functional Analysis, Variational Inequalities, Nonlinear Ergodic Theory, 
Functional Equations, Function Spaces, Harmonic Analysis, Extrapolation Theory, 
Fourier Analysis, Inverse Problems, Operator Equations, Image Processing, 
Nonlinear Operators, Stochastic Processes, Mathematical Finance and Economics, 
Special Functions, Quadrature, Orthogonal Polynomials, Asymptotics, Symbolic and 
Umbral Calculus, Integral and Discrete Transforms, Chaos and Bifurcation, 
Nonlinear Dynamics, Solid Mechanics, Functional Calculus, Chebyshev Systems. 
Also are included combinations of the above topics. 

Working with Applied Functional Analysis Methods has become a main trend 
in recent years, so we can understand better and deeper and solve important 
problems of our real and scientific world. 



245 



JAFA is a peer-reviewed International Quarterly Journal published by 
Eudoxus Press, LLC. 

We are calling for high quality papers for possible publication. The 
contributor should send four copies of the contribution to the MANAGING EDITOR 
in TEX, LATEX double spaced. They should be sent BY REGULAR MAIL ONLY, NOT 
REGISTERED MAIL, AND NO E-MAIL SUBMISSIONS [ See: Instructions to Contributors] 

Journal of Applied Functional Analysis (JAFA) 

is published in January,April,July and October of each year by 

EUDOXUS PRESS,LLC, 

1424 Beaver Trail Drive,Cordova,TN38016,USA, 

Tel.001-901-751-3553 

anastas sioug @ yahoo .com 

http://www.EudoxusPress.com visit also http://www.msci.memphis.edu/~ganastss/jafa. 

Webmaster:Ray Clapsadle 

Annual Subscription Current Prices:For USA and Canada,Institutional:Print $250,Electronic 
$220,Print and Electronic $310.Individual:Print $77, Electronic $60,Print &Electronic $110. For any 
other part of the world add $25 more to the above prices for Print. 
Single article PDF file for individual $8. Single issue in PDF form for individual $25. 

The journal carries page charges $8 per page of the pdf file of an article,payable upon 
acceptance of the article within one month and before publication. 

No credit card payments. Only certified check,money order or international check in US dollars are 

acceptable. 

Combination orders of any two from JoCAAAJCAAMJAFA receive 25% discount,all three 

receive 30% discount. 

Copyright©2006 by Eudoxus Press,LLC all rights reserved.JAFA is printed in USA. 

JAFA is reviewed and abstracted by AMS Mathematical Reviews,MATHSCI,and 

Zentralblaat MATH. 

It is strictly prohibited the reproduction and transmission of any part of JAFA and in any form and 

by any means without the written permission of the publisher.lt is only allowed to educators to 

Xerox articles for educational purposes. The publisher assumes no responsibility for the content of 

published papers. 

JAFA IS A JOURNAL OF RAPID PUBLICATION 



246 



Journal of Applied Functional Analysis 

Editorial Board 

Associate Editors 



Editor in-Chief: 

George A.Anastassiou 

Department of Mathematical Sciences 

The University of Memphis 

Memphis, TN 38152, USA 

901-678-3144 office 

901-678-2482 secretary 

901-751-3553 home 

901-678-2480 Fax 

ganastss@memphis . edu 

Approximation 

Theory, Inequalities, Probability, 

Wavelet, Neural Networks, Fractional Calculus 

Managing Editor 

Carlo Bardaro 

Dipartimento di Matematica e Informatica 

Universita di Perugia 

Via Vanvitelli 1 

06123 Perugia, ITALY 

TEL+390755853822 

+390755855034 

FAX+390755855024 

E-mail bardaro@unipg.it 

Web site:http: //www.unipg. it /-bardaro 

Functional Analysis and Approximation 

Theory, 

Signal Analysis, Measure Theory, Real 

Analysis . 

Honorary Editor 

Paul.L.Butzer 

Lehrstuhl A fur Mathematik 

RWTH Aachen 

52056 Aachen, Germany 

Tel. home +49-241-72833 

Butzer@RWTH-Aachen . de 

Approximation Theory, Sampling Theory, 

Signal Theory, Semigroups of Operators, 

History of Mathematics . 

Associate Editors : 

1) Francesco Altomare 
Dipartimento di Matematica 
Universita' di Bari 
Via E . Orabona, 4 



19) Don Hong 

Department of Mathematical Sciences 

Middle Tennessee State University 

Murfreesboro,TN 37132, USA 

dhong@mtsu . edu 

Approximation Theory, Splines, Wavelet, 

Stochastics, Mathematical Biology Theory. 

20) Hubertus Th. Jongen 
Department of Mathematics 
RWTH Aachen 
Templergraben 55 

52056 Aachen 

Germany 

Tel +49 241 8094540 

Fax +49 241 8092390 

jongen@rwth-aachen . de 

Parametric Optimization, Nonconvex 

Optimization, Global Optimization. 

21) Nikolaos B.Karayiannis 
Department of Electrical and 
Computer Engineering 

N308 Engineering Building 1 

University of Houston 

Houston, Texas 77204-4005 

USA 

Tel (713) 743-4436 

Fax (713) 743-4444 

Karayiannis@UH . EDU 

Karayiannis@mail . gr 

Neural Network Models, Learning 

Neuro-Fuzzy Systems. 

22) Theodore Kilgore 
Department of Mathematics 
Auburn University 

221 Parker Hall, 

Auburn University 

Alabama 36849, USA 

Tel (334) 844-4620 

Fax (334) 844-6555 

Kilgota@auburn . edu 

Real Analysis, Approximation Theory, 

Computational Algorithms . 



247 



70125 Bari, ITALY 

Tel+39-080-5442690 office 

+39-080-3944046 home 

+39-080-5963612 Fax 

altomare@dm . uniba . it 

Approximation Theory, Functional Analysis, 

Semigroups and Partial Differential 

Equations, 

Positive Operators . 

2) Angelo Alvino 

Dipartimento di Matematica e Applicazioni 

"R.Caccioppoli" Complesso 

Universitario Monte S . Angelo 

Via Cintia 

80126 Napoli, ITALY 

+39(0)81 675680 

angelo . alvino@unina . it , 

angelo . alvino@dma . unina . it 

Rearrengements, Partial Differential 

Equations . 

3) Weimin Han 
Department of Mathematics 
University of Iowa 

Iowa City, IA 52242-1419 

319-335-0770 

e-mail: whan@math.uiOwa.edu 

Numerical analysis, Finite element method, 

Numerical PDE, Variational inequalities, 

Computational mechanics 

4) Catalin Badea 

UFR Mathematiques , Bat . M2 , 
Universite de Lillel 
Cite Scientifique 
F-59655 Villeneuve d'Ascq, France 
Tel. (+33) (0)3.20.43.42.18 
Fax (+33) (0)3.20.43.43.02 
Catalin . Badea@math . univ-lillel . f r 
Approximation Theory, Functional 
Analysis, Operator Theory. 

5) Erik J. Balder 
Mathematical Institute 
Universiteit Utrecht 
P.O.Box 80 010 

3508 TA UTRECHT 

The Netherlands 

Tel. +31 30 2531458 

Fax+31 30 2518394 

balder @math . uu . nl 

Control Theory, Optimization, 

Convex Analysis, Measure Theory, 

Applications to Mathematical 

Economics and Decision Theory. 



23) Jong Kyu Kim 
Department of Mathematics 
Kyungnam University 

Masan Kyungnam, 631-701, Korea 

Tel 82- (55) -249-2211 

Fax 82- (55) -243-8609 

j ongkyukgkyungnam . ac . kr 

Nonlinear Functional Analysis, Variational 

Inequalities, Nonlinear Ergodic Theory, 

ODE, PDE, Functional Equations. 

24) Miroslav Krbec 
Mathematical Institute 

Academy of Sciences of Czech Republic 

Zitna 25 

CZ-115 67 Praha 1 

Czech Republic 

Tel +420 222 090 743 

Fax +420 222 211 638 

krbecm@matsrv.math.cas . cz 

Function spaces, Real Analysis, Harmonic 

Analysis, Interpolation and 

Extrapolation Theory, Fourier Analysis. 

25) Peter M.Maass 

Center for Industrial Mathematics 

Universitaet Bremen 

Bibliotheksstr . 1 , 

MZH 2250, 

28359 Bremen 

Germany 

Tel +49 421 218 9497 

Fax +49 421 218 9562 

pmaass@math . uni-bremen . de 

Inverse problems, Wavelet Analysis and 

Operator Equations, Signal and Image 

Processing. 

26) Julian Musielak 

Faculty of Mathematics and Computer Science 

Adam Mickiewicz University 

Ul.Umultowska 87 

61-614 Poznan 

Poland 

Tel (48-61) 829 54 71 

Fax (48-61) 829 53 15 

Grzegorz .Musielak@put .poznan.pl 

Functional Analysis, Function Spaces, 

Approximation Theory, Nonlinear Operators. 

27) Pier Luigi Papini 
Dipartimento di Matematica 
Piazza di Porta S.Donato 5 
40126 Bologna 

ITALY 

Fax +39(0)51 582528 



248 



6) Heinrich Begehr 
Freie Universitaet Berlin 

I. Mathematisches Institut, FU Berlin, 

Arnimallee 3,D 14195 Berlin 

Germany, 

Tel. +49-30-83875436, office 

+49-30-83875374, Secretary 
Fax +49-30-83875403 
begehr gmath . f u-berlin . de 
Complex and Functional Analytic 
Methods in PDEs, Complex Analysis, 
History of Mathematics . 

7 ) Fernando Bombal 

Departamento de Analisis Matematico 
Universidad Complutense 

Plaza de Ciencias,3 

28040 Madrid, SPAIN 

Tel. +34 91 394 5020 

Fax +34 91 394 4726 

f ernando_bombal@mat . ucm . es 

Operators on Banach spaces, 

Tensor products of Banach spaces, 

Polymeasures, Function spaces. 

8) Michele Campiti 

Department of Mathematics "E.De Giorgi" 

University of Lecce 

P.O. Box 193 

Lecce, ITALY 

Tel. +39 0832 297 432 

Fax +39 0832 297 594 

michele . campiti@unile . it 

Approximation Theory, 

Semigroup Theory, Evolution problems, 

Differential Operators . 

9)Domenico Candeloro 

Dipartimento di Matematica e Informatica 

Universita degli Studi di Perugia 

Via Vanvitelli 1 

06123 Perugia 

ITALY 

Tel +39(0)75 5855038 

+39(0)75 5853822, 

+39(0)744 492936 
Fax +39(0)75 5855024 
candelorgdipmat . unipg . it 
Functional Analysis, Function spaces, 
Measure and Integration Theory in 
Riesz spaces . 



papini@dm.unibo. it 

Functional Analysis, Banach spaces, 

Approximation Theory. 

28) Svetlozar T.Rachev 

Chair of Econometrics, Statistics 
and Mathematical Finance 
School of Economics and 
Business Engineering 
University of Karlsruhe 

Kollegium am Schloss, Bau 11,20.12, R210 
Postfach 6980, D-76128, 
Karlsruhe, GERMANY . 
Tel +49-721-608-7535, 
+49-721-608-2042 (s) 
Fax +49-721-608-3811 
Zari . Rachev@wiwi . uni-karlsruhe . de 
Second Affiliation: 

Dept.of Statistics and Applied Probability 
University of California at Santa Barbara 
rachevgpstat . ucsb . edu 
Probability, Stochastic Processes and 
Statistics , Financial Mathematics , 
Mathematical Economics . 

29) Paolo Emilio Ricci 
Department of Mathematics 
Rome University "La Sapienza" 
P.le A. Moro, 2-00185 

Rome, ITALY 

Tel ++3906-49913201 office 

++3906-87136448 home 
Fax ++3906-44701007 
Paoloemilio . Ricci@uniromal . it 
riccip@uniromal . it 

Special Functions, Integral and Discrete 
Transforms, Symbolic and Umbral Calculus, 
ODE, PDE, Asymptotics, Quadrature, 
Matrix Analysis . 

30) Silvia Romanelli 
Dipartimento di Matematica 
Universita' di Bari 

Via E . Orabona 4 

70125 Bari, ITALY. 

Tel (INT 0039) -080-544-2668 office 

080-524-4476 home 

340-6644186 mobile 
Fax -080-596-3612 Dept . 
romans@dm.uniba. it 

PDEs and Applications to Biology and 
Finance, Semigroups of Operators. 



10) Pietro Cerone 

School of Computer Science and 

Mathematics, Faculty of Science, 



31) Boris Shekhtman 
Department of Mathematics 
University of South Florida 



249 



Engineering and Technology, 

Victoria University 

P.O. 14428, MCMC 

Melbourne, VIC 8001, AUSTRALIA 

Tel +613 9688 4689 

Fax +613 9688 4050 

Pietro . cerone@vu . edu . au 

Approximations, Inequalities, 

Measure/Information Theory, 

Numerical Analysis, Special Functions. 

11) Michael Maurice Dodson 

Department of Mathematics 

University of York, 

York YO10 5DD, UK 

Tel +44 1904 433098 

Fax +44 1904 433071 

Mmdl@york . ac . uk 

Harmonic Analysis and Applications to 

Signal Theory, Number Theory and 

Dynamical Systems . 

12) Sever S.Dragomir 

School of Computer Science and 

Mathematics, Victoria University, 

PO Box 14428, 

Melbourne City, 

MC 8001, AUSTRALIA 

Tel. +61 3 9688 4437 

Fax +61 3 9688 4050 

sever @csm . vu . edu . au 

Inequalities , Functional Analysis , 

Numerical Analysis, Approximations, 

Information Theory, Stochastics. 

13) Paulo J.S.G.Ferreira 
Department of Electronica e 
Telecomunicacoes/IEETA 
Universidade de Aveiro 
3810-193 Aveiro 

PORTUGAL 

Tel +351-234-370-503 

Fax +351-234-370-545 

pjf@ieeta.pt 

Sampling and Signal Theory, 

Approximations, Applied Fourier Analysis, 

Wavelet, Matrix Theory. 

14) Gisele Ruiz Goldstein 
Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, USA. 

Tel 901-678-2513 
Fax 901-678-2480 
ggoldste@memphis . edu 
PDEs, Mathematical Physics, 



Tampa, FL 33620, USA 

Tel 813-974-9710 

boris@math . usf . edu 

Approximation Theory, Banach spaces, 

Classical Analysis. 

32) Panayiotis Siafaricas 
Department of Mathematics 
University of Patras 
26500 Patras 

Greece 

Tel/Fax +302 610 997169 

panos@math . upatras . gr 

ODE, Difference Equations, Special 

Functions, Orthogonal Polynomials, 

Applied Functional Analysis . 

33) Rudolf Stens 
Lehrstuhl A fur Mathematik 
RWTH Aachen 

52056 Aachen 

Germany 

Tel ++49 241 8094532 

Fax ++49 241 8092212 

stens @mathA. rwth-aachen . de 

Approximation Theory, Fourier Analysis, 

Harmonic Analysis, Sampling Theory. 

34) Juan J.Trujillo 
University of La Laguna 
Departamento de Analisis Matematico 
C/Astr.Fco. Sanchez s/n 

38271 . LaLaguna . Tenerif e . 

SPAIN 

Tel/Fax 34-922-318209 

Juan . Tru jillo@ull . es 

Fractional : Differential Equations- 

Operators- 

Fourier Transforms, Special functions, 

Approximations, and Applications. 

35) Tamaz Vashakmadze 

I.Vekua Institute of Applied Mathematics 

Tbilisi State University, 

2 University St. , 380043, Tbilisi, 43, 

GEORGIA. 

Tel (+99532) 30 30 40 office 

(+99532) 30 47 84 office 

(+99532) 23 09 18 home 
Vasha@ viam . hepi . edu . ge 
tamazvashakmadze@yahoo . com 
Applied Functional Analysis, Numerical 
Analysis, Splines, Solid Mechanics. 

36) Ram Verma 
International Publications 



250 



Mathematical Geophysics . 

15) Jerome A.Goldstein 
Department of Mathematical Sciences 
The University of Memphis 
Memphis, TN 38152, USA 

Tel 901-678-2484 

Fax 901-678-2480 

jgoldste@memphis . edu 

PDEs, Semigroups of Operators, 

Fluid Dynamics, Quantum Theory. 

16) Heiner Gonska 
Institute of Mathematics 
University of Duisburg-Essen 
Lotharstrasse 65 

D-47048 Duisburg 

Germany 

Tel +49 203 379 3542 

Fax +49 203 379 1845 

gonska@math . uni-duisburg . de 

Approximation and Interpolation Theory, 

Computer Aided Geometric Design, 

Algorithms . 

17) Karlheinz Groechenig 

Institute of Biomat hematics and Biometry, 

GSF-National Research Center 

for Environment and Health 

Ingolstaedter Landstrasse 1 

D-85764 Neuherberg, Germany . 

Tel 49- (0) -89-3187-2333 

Fax 49- (0) -89-3187-3369 

Karlheinz . groechenig@gsf . de 

Time-Frequency Analysis, Sampling Theory, 

Banach spaces and Applications, 

Frame Theory . 

18) Tian-Xiao He 
Department of Mathematics and 
Computer Science 

P.O.Box 2900, Illinois Wesleyan University 

Bloomington, IL 61702-2900, USA 

Tel (309)556-3089 

Fax (309)556-3864 

the@iwu.edu 

Approximations, Wavelet, Integration Theory, 

Numerical Analysis, Analytic Combinatorics. 



In#40: Fax 334-844-6555 

zalik@auburn . edu 

Approximation Theory, Chebychev Systems, 

Wavelet Theory . 



5066 Jamieson Drive, Suite B-9, 
Toledo, Ohio 43613, USA. 
Verma99@msn . com 
rverma@internationalpubls . com 
Applied Nonlinear Analysis, Numerical 
Analysis, Variational Inequalities, 
Optimization Theory, Computational 
Mathematics, Operator Theory. 

37) Gianluca Vinti 

Dipartimento di Matematica e Informatica 

Universita di Perugia 

Via Vanvitelli 1 

06123 Perugia 

ITALY 

Tel +39(0) 75 585 3822, 

+39(0) 75 585 5032 
Fax +39 (0) 75 585 3822 
mategian@unipg . it 

Integral Operators, Function Spaces, 
Approximation Theory, Signal Analysis. 

38) Ursula Westphal 
Institut Fuer Mathematik B 
Universitaet Hannover 
Welfengarten 1 

30167 Hannover, GERMANY 
Tel (+49) 511 762 3225 
Fax (+49) 511 762 3518 
westphal @math . uni-hannover . de 
Semigroups and Groups of Operators, 
Functional Calculus, Fractional Calculus, 
Abstract and Classical Approximation 
Theory, Interpolation of Normed spaces. 

39) Ronald R. Yager 

Machine Intelligence Institute 

Iona College 

New Rochelle,NY 10801, USA 

Tel (212) 249-2047 

Fax(212) 249-1689 

Yager@Panix . Com 

ryager@iona . edu 

Fuzzy Mathematics, Neural Networks, 

Reasoning, 

Artificial Intelligence, Computer Science. 

40) Richard A. Zalik 
Department of Mathematics 
Auburn University 

Auburn University, AL 36849-5310 
USA. 

Tel 334-844-6557 office 
678-642-8703 home 



JOURNAL OF APPLIED FUNCTIONAL ANAL YSIS,VOL.1,NO.3,251-270,2006,COPYRIGHT 2006 EUDOXUS PRESS, LLC 



On Kurzweil-Henstock type integrals with 

respect to abstract derivation bases for 

Riesz-space-valued functions 

A. Boccuto - V. A. Skvortsov * 

Department of Mathematics and Computer Sciences, 

via Vanvitelli 1, 1-06123 Perugia (Italy) 
e-mail: boccuto@dipmat.unipg.it, boccuto@yahoo.it; 

Department of Mathematics, Moscow State University, 

Moscow 119992, (Russia), 

and Instytut Matematyki, Universytet Kazimierza Wielkiego, 

85-065 Bydgoszcz (Poland) 

email: vaskvor2000@yahoo.com 

Abstract 

Some kinds of integral, like variational, Kurzweil-Henstock and (5 r L)-integral are intro- 
duced and investigated in the context of Riesz-space-valued functions and with respect to 
abstract derivation bases. Some versions of the Fundamental Theorem of Integral Calculus 
are given. 

2000 AMS Subject Classification: 28B15, 28B05, 28B10, 46G10. 

Key words: Riesz spaces, derivation basis, Kurzweil-Henstock integral, Variational integral, 

Lusin property, interval functions, Fundamental Formula of Calculus. 



'Supported by RFFI-05.01.00206. 



252 BOCCUTO.SKVORTSOV 

1 Introduction 

In this note we consider three kinds of definitions of Kurzweil-Henstock type integrals with respect 
to an abstract derivation bases: the original definition of the Kurzweil-Henstock integral based on 
generalized Riemann sums, variational integral and the so-called SL- integral, introduced in [10]. The 
relation between those integrals depends on whether we consider them in application to the real-valued 
functions or to the Banach-space- valued functions or at last to the functions with values in Riesz spaces 
(vector lattices) . In the case of real- valued functions all the three integrals are equivalent (see [4] and 
[10]). In the Banach case the ST-integral is equivalent to the variational integral, but both are strictly 
included into the Kurzweil-Henstock integral (see [19]). As for the Riesz-space- valued case, we shall 
check here that the Kurzweil-Henstock integral is equivalent to the variational integral, and the SL- 
integral is not equivalent to them. All three integrals are equivalent only if we impose some additional 
assumption on the involved Ricsz space. 

These subjects are investigated in Section 4. In Section 2 we introduce some definitions and 
notations related to the notion of the abstract derivation basis and to Riesz spaces. In Section 3 we 
introduce a Kurzweil-Henstock type integral in our setting and study some of its properties. In Section 
5 we prove some versions of the Fundamental Formula of Integral Calculus in our abstract setting. 

2 Preliminaries 

We introduce some definitions and notations. A derivation basis (or simply a basis) B in a measure 
space (X, M, fi) is a filter base on the product space Ixl, where X is a family of measurable subsets 
of X having positive measure /i and called generalized intervals or B-intervals. That is B is a nonempty 
collection of subsets of X x X so that each j3 £ B is a set of pairs (I, x), where 7" £ X, x £ X, and B has 
the filter base property: £ B and for every /?i,/?2 £ B there exists /3 £ B such that /3 C /3i fl /?2- So 
each basis is an ordered directed set and the order is given by the "reversed" inclusion. We shall refer 
to the elements (3 of B as basis sets. 

In this paper we shall always suppose that (I, x) £ j3 implies x £ J, although it is not the case in 
the general theory (see [15], [18]). For a set E C X and (5 £ B we write 

/3(E) = {(7, a;) £ (3 : I C E}, j3[E] = {(I,x) £ /? : x £ E}. 

We shall assume that for any two basis sets f3\,f3i £ B and for any disjoint sets E\ , E2 such that 
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Ex U E 2 = X, the set f3i[Ei] U /3 2 [-E 2 ] is a basis set in 23. 

In the case of a topological space X we say that a basis B is a Vitali basis, if for any x, for each 
neighborhood U(x) of x and for every j3 £ B the set {(7, a;) G /3, 7 C U(x)} is nonempty. The simplest 
Vitali derivation basis in R m is the full interval basis. In this case, X is the set of all m-dimensional 
intervals in M m and each basis set is defined by a positive function 8 on M m called gage as 

[3 5 = {(I,x):I el, xel C U(x, 6(x))}, 

where U(x,5(x)) is the ball of center x and radius 5(x). So the full interval basis is the family (/3s)s 

where 5 runs over the set of all possible gages. Some other examples of bases in M m , also defined by 

gages, are considered in [15]. Among them are so called regular bases which are defined with X being a 

set of intervals with their regularity restricted from below by some positive number (the regularity of 

an interval is the ratio of its Lebesgue measure to that of the smallest cube containing it). The dyadic 

basis (see [3]) is defined as an interval basis determined by a class of dyadic intervals, i. e. intervals 

3 .7 + 1" 



which are Cartesian product of intervals of the form 



Different kind of symmetrical bases 



2 fe' 2 fc 
for which (7, x) G j3 implies that 7 is centered at x, are widely used in harmonic analysis (see [23]). 

Note that the notion of a derivation basis which is used in Henstock theory is slightly different from 

the one in [5] where it is defined locally, for each point x G X. All the above interval bases can be 

considered not only in the usual Lebesgue measure space (JR m ,M, \ m ), with A m being the Lebesgue 

m-dimensional measure but also in measure spaces generated by different kind of Stieltjes measures fi 

on X leading to the respective Henstock-Stieltjes integrals. An interesting example of a basis can be 

considered in the Wiener space with X being the set of all cylindrical intervals in it (see [14]). Finally, 

we mention a measure space (X, M, n) with X being a locally compact Abelian zero-dimensional group 

with Haar measure jj, in it and with X being formed by cosets of all subgroups of this group (see [20]). 

A finite collection it C /3 is called a /3-partitton if, for any distinct elements (I',x') and (I",x") 
in 7r, the 23-intcrvals 7' and I" are non-overlapping (i.e. their intersection is a set of measure /i zero). 
If a partition n — {(Ii,Xi)} C (3(1) for some 7 G X is such that U;7; = 7, then we say that n is a /3- 
partition of I. We denote by the symbol II(/3; 7) the totality of all /3-partitions of a generic 23-interval 
I. 

We say that a basis B has the partitioning property if the following conditions hold: (i) for each finite 
collection Iq, Ii, . . . , I n of B-intervals with 7i, . . . , 7 n C 7o the difference 7o \ U™ =1 7; can be expressed 
as a finite union of pairwise non-overlapping B-intervals; (ii) for each 23-interval 7 and for any /3 G B 
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there exists n G H(/3;I). In the particular case of the full interval basis on ]R, this property has long 
been known as the Cousin lemma. For the full interval basis in M m , the partitioning property can also 
be established without difficulty. But for some bases this property was proved only recently (see [6]), 
and there are bases for which it is not valid at all or holds true only in some weaker sense as it is in 
the case of the symmetric approximate basis (see [17]). 

We say that a basis B ignores a set E C X if there exists a basis set 13 £ B such that /3[E] is empty. 
We say that B is a complete basis if it ignores no point. If (X, M,n) is a measure space, we say that B 
is an almost complete basis if it ignores n o set of non-zero measure /i. Having a complete basis B on 
E, fi(E) > 0, we can always extend it to an almost complete basis by including into B together with 
each basis set (3 all the sets of the form (3\(3[K], where K is any set of measure /i zero. We shall denote 
this almost complete extension of the basis B by Bo. (Filter base property for the basis Bo follows 
easily from the fact that B has this property, from assumption fi(E) > and from obvious properties 
of the family of the sets of measure zero.) Now we consider a Dedekind complete Riesz space R. We 
add to R two extra elements, +oo and -co, extending ordering and operations, in such a way that 



+oo > r, Vr G R, 

0- (+co ) = 0, 

A- (+co) = +oo, VAG R + , 

+oo +r = +oo, VreflU {+oo}, 



and 



— oo < r, Vr e R, 

0- (-oo) =0, 

A- (-oo) = -oo,VAg 1R+, 

— oo + r — — oo, Vr G R U {— oo} 

A ■ (+co) = -oo, A ■ (-oo) = +oo,VA G R~ 



Let R — R[J{+oo, — oo}. A nonempty set T C R is said to be upper bounded if there exists si € R such 
that si > t for all t G T, lower bounded if there exists S2 G R such that s? < t for all t G T, bounded if 
it is both upper and lower bounded. By convention, we will say that the supremum of any not upper 
bounded nonempty subset of R is +oo and the infimum of any not lower bounded nonempty subset of 
R is — oo. 
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Given a sequence (r„) n in R, we define 

lim sup r n — inf [ sup r m ] , 

lim inf r n = sup [ inf r m ] . 
Given a net (r v ) ve A in R, where (A, >) ^ is a directed set, let 

lim sup r v — inf [supr^], 
v v (>v 

lim inf r v — sup [inf re;]. 
We say that (r v ) v order converges (or in short (o)-converges ) to r £ R if r — limsup r v = lim inf,, r v , 
and we write (o) lim,, e A r v = r. An (o)-net (r v ) v eA is a monotone decreasing net of elements of R, 
such that inf,, e A r v — 0. In particular this defines also the notion of (o)-sequence. 

A Riesz space R satisfies property a if, given any sequence («„)„ in R with u n > Vn £ IN, there 
exists a sequence (A n ) n of positive real numbers, such that the sequence (X n u n ) n is bounded in R. A 
Riesz space R satisfies the Swartz property if there exists a sequence (h n ) n in R such that, for each 
x £ R, 3 k, n e IN such that \x\ < kh n (see [21]). 

3 Differential and Integral Calculus 

We now introduce a concept of " generalized derivative" (with respect to a basis) for B- interval functions 
with values in Riesz spaces. From now on in this and in the next section, we fix a measure space 
(X, M,n) and a complete basis 23 in it. We shall always suppose that all the suprema and the sums 
"along the empty set" are equal to zero. 

Let R be a Dedekind complete Riesz space and let a ,6-interval function r : I — ► R be given. We 
say that r is additive if t(I' \J I") — t(I') + r(I") whenever I' and I" are any two non-overlapping 
23-intervals. The function r is said to be (o) -continuous (or simply continuous) at the (fixed) point 
xo € X if 

inf [sup {|t(J)| :(/,*(,)€/?}]= 0. (1) 

Given 7^ E C X, we say that an additive function r is (o)- continuous (or continuous) in E if it is 
continuous at every point xo £ E. In particular, r is said to be (o) -continuous (or continuous) if it is 
(o)-continuous (or continuous) in X. The function r is (u) -continuous in E if 

inf [sup {\r(I)\: (I, x)ef3[E]}] = 0- (2) 
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We say that an additive function r is (u)-differentiable in E if there exists a function g : E — > 7? such 
that 



inf 

13 eB 



sup 



m(-0 



-sO) 



(/,z)e/3[£] 



= o, 



(3) 



or, equivalently, if there exist a function g : E — » R and an (o)-net (p^p^B such that, for all /3 G 23 and 
for every (I,x) G /3[-E], we get: 

\r(I)-n(I)g(x)\<n(I) Pl 3. 

(Of course, here it is implicit the convention that, if (3[E] is empty for some element /3 G Z3, then every 
Z3-interval function r is (u)-differentiable in E: this can be viewed also as an immediate consequence 
of our previous conventions) . 

The function g in (3) is called the (u) -derivative (or simply derivative) of r in E. More simply, we 
say that the function r is (u)- continuous (resp. (u)- differentiate ) if it is (u)-continuous in X (resp. 
(u)-differentiable in X). 

Furthermore, the function r is said to be (o)- differentiate in E if it is (u)-differentiable in {x} for 
all x G E. We note that, in the case of the bases defined by a constant gage S (i.e. [3s — {(I,x) : 
x G / C U(x, 5)}, we get uniform continuity and differentiability. Moreover, it is easy to check that, 
if R — M and we have the usual interval bases, then (o)- and (tt)-differentiability at a point coincide 
with usual differentiability. 

The upper derivative of a Z3-intcrval function r at a point x in E is defined as 

Til) 



h (x) = inf 

/3ee 



supi —T-r : (I,x) G [3 



(4) 



Similarly, the lower derivative is defined as 



g'(x) = sup 

pes 



infjgl: (I, X )eP 



(5) 



If we apply these definitions to the particular bases described in the previous section we get the 
respective known derivatives. In particular the regular interval basis defines the regular derivative, the 
dyadic basis defines the dyadic derivative and so on. 

We now prove the following: 

Theorem 3.1 Let r be an R-valued B-interval function and d/BcI. Then the following conditions 
are equivalent: 



i) r is (u)- differ entiable in E; 
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ii) infuse Pe(/3) — 0, where 

Pe(0) - sup 



r(I') r(7") 



(l'x),(l",x)<E/3[E] 



Ai(J') MU") 

7n i/iis case, g'(x) — h'(x) W x G E, where g' and h' are defined by (4) and (5) respectively. Moreover, 
the (u)- derivative coincides with g and h , and is uniquely determined. 

Proof: The implication i) => ii) and uniqueness of (w)-derivative are straightforward. Now we prove 
ii) => i). For every G B, let 

«(/?) = supj^j : (I,x) G 0[E]\ , K (/?) =inf j^j : (/,») G /?[£]} , 



p(/3) = sup 



r(I') t(I") 



!*(!') Hi.!") 



(I',x),(I",x)£0{E}\ 



We have: 



^<p(/3) + ^| Vf/',,),^,,)^^]. 



Taking the suprema and the infima, we get 



Moreover, 



r(I') r(I") 



a(P) < pifi) + «(/?)■ 



<a(/?)-K(/3) V(/', a; ),(J",x-)G/3[ J B]; 



(6) 



mu(J') /*(/") 
taking the supremum we obtain 

p(/3) < a(/3) - «(/?), 

and hence we have 

p(/3) = a(/3) - «(/?). 

We observe that the nets (a(/3)) / 3 g g and (k(0))/3^b are monotone decreasing and increasing respectively, 
and (p(/3))p e i3 is monotone decreasing, and thus, thanks also to (6), there exist in R the following (de- 
limits: 

(o) lim a(0) = inf a(fl), (o) lim k(0) = sup k(/3), (o) lim p(/3) = inf p{0) 

x ' pes v ' [ieB v ny ' pes x ' ^gg v ' v ' 0eB pes 

(indeed, it is enough to observe that there exists at least an element 0o £ B such that a(/3) G -R V/3 G Z3, 
6 G do, since by hypothesis 



(o) lim p(/3) = inf p(/3) = 0). 

,3eB /3GB 



(7) 
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From (7) we obtain: 



= (o) lira p(3) = (o) lim a(B) - (o) lim «(/?). 

/3ee [ieB pes 



Thus there exists an (o)-net (w,g)/3eB such that 



< a(/3) - «(/3) < w V/3 € B, /? C /?o, 



and hence 



r(7) 
M(/) 



< W,g + «(/?) 



whenever (J, a;) £ /3[75], that is whenever x £ E and (7, x) £ 13. Thus it follows that, whenever 

(I,x) € /3[E], we have: 

t(I) 

h'(x) <w,3 + k(/3) <w (i + -y-, 

and so 



-77Y - 9 {x > -^ - h (x) > -w fj . 
fj,{I) £t(7) 



(8) 



Analogously, it is possible to check that, whenever (I,x) € /3[E], we get: 

r(7) 



?'(#) > — w /3 + a (/3) > — W/3 + 



M') : 



and so 



W)~ {x) -W)' g{x) - W0 - 



From (8) and (9) it follows that 

r(7) 
M(/) 



•5 w 



< W/3, 



r(7) 

m(/) 



- ft' (a) 



< Wf3 



(9) 



(10) 



whenever x € E and (7,ir) £ /3[7?]. From (10) it follows that 



< sup 



< sup 



r(I) 



Till 
M-0 



-9(x) 



(I,x) e f3[E] \ < wp and 



h'(x) 



(I,x)e(3[E]\ <wp 



for any j3 G B, /3 C /3o- Thus ii) implies i). From (10) it follows that g'(x) = ft' (a) Wx £ E and that 
5' = ft' is the requested (u)-derivative. This concludes the proof. Q 

We now introduce a Kurzweil-Henstock type integral with respect to an abstract derivation basis 
(for the real case, see [4], [15]). If E is a fixed 23-intcrval, / : E — » R and n — {(./;,£;) : i — 1, . . . , q} 
is a partition of E, we will call Riemann sum associated with n and we will write it by the symbol 
S(f,iv) the quantity ^ A*(Ji)/(&)- 
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Definition 3.2 Let R be a Dedekind complete Riesz space, B be a fixed complete basis having the 
partitioning property and E C X be a Z3-interval. We say that / : E — > _R is Kurzweil-Henstock 
integrable (in brief, HB-integrable) on E (with respect to B) if there exists an element Y G R such that 

inf (sup {\S(f, n)-Y\:ne H(/3; £)}) = 0. (11) 



In this case we write (Hb) / f = Y. 

Je 

It is easy to see that the element Y in (11) is uniquely determined. 

Definition 3.3 Let R be a Dedekind complete Riesz space, B be a fixed complete basis having the 
partitioning property and E C X be a B-interval. We say that a family (/a)asa of iifg-integrable 
functions f\:E^Ris uniformly HB-integrable on E if there exists an (o)-net(p / a) / 3gs such that 



sup | S(h,n)-(H B )J fx 



*en(J3;E)\<pf, (12) 



for all A G A. 



The Cauchy criterion for ffg-integrability can be proved repeating the argument in [3] where a less 
general class of bases is considered. In a similar way the following Cauchy criterion for the uniform 
ffg-integrability can be established. 

Theorem 3.4 Let R,B and E be as in Definition 3.3. A family (/a)aga of functions fx'.E^Rts 
uniformly HB-integrable on E if and only if there exists an (o)-net (p/3)/3gs such that 

su P {|S(/a,7t 1 ) - S(/a,7T 2 )| : Tri.Tra G U(0;E)} < pp 

for all A G A. 

The following two propositions can be proved repeating the arguments of the corresponding propositions 
in [3]. 

Proposition 3.5 If E — I U J where E, I, J are B-intervals, I and J are non- overlapping and f is 

HB-integrable on I and on J, then f is HB-integrable on E and (Hb) / / = (Hb) / / + (Hb) / /■ 

Je Ji J.j 

Proposition 3.6 If f is HB-integrable on a B-interval I and J C I is a B-interval, then f is HB- 
integrable on J too. 

Uniform versions of the above two propositions can also be established, the second one being a con- 
sequence of Theorem 3.4 in the same way as Proposition 3.6 is a consequence of the usual Cauchy 

criterion. 
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Proposition 3.7 If E — I U J where E, I , J are B-intervals, I and J are non-overlapping and a 
family (/a)asa of functions f\ : E — > R is uniformly Hs-integrable on I and on J, then the family 
{f\)xeA *s uniformly Hs-integrable on E. 

Proposition 3.8 // a family (f\)\eA of functions f\ : E — > R is uniformly Hs-integrable on a B- 
interval I and J C I is a B-interval, then the family (/a)asa is uniformly Hg-integrable on J too. 

It follows from Propositions 3.5 and 3.6 that for any f/g-integrable function / : E — > R the indefinite 
Hjg-integral is defined as an additive 7?-valued 23-interval function on the family of all Z?-intervals in E. 
We shall denote it by 



F(I) = (H B )J /■ 



(13) 



We now prove the following version of the Saks-Henstock Lemma (a little bit less general version is 
proved in [3]; see also [12], Lemma 12, pp. 353-354): 



Lemma 3.9 /// is Hg-integrable on E and F is as in (13), then 



inf 

,ff_B 



surJ J2 \li(I)m-F(I)\:ir€ll(fi;E) 

l(i»€7T 



Proof: By (11), there exists an (o)-net (pp)p^B such that 



sup • 



(I,x)£n E 



TV G 11(0; E) ) < pp 



(14) 



(15) 



for every (3 £ B. Let [3 G B and {(Ji,&),i = 1, ••-,«} = f € n(/3;S). By Proposition 3.6, / is 
integrable on J*, i — 1, . . . ,q. Thus for each i there exists an (o)-net (P/3 i )/3 i es(./ i ) such that 



sup 



Y Ki) m - (Hb) f 



n € n(/3 i; Ji) \ <pp t 
Now, fix arbitrarily 8/Lc {1, . . . , q}. Let Hi G n(/3i ; Ji), and set 



(16) 



To = {(Ji,£i) G 7T :iG i}(J(lJ vri 
We can suppose that f3i G /3[</;]- Then ttq G IT(/?; _E) and hence 



S(/,77o)- (tffl) / / 



<P/3- 
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Thus we have 



0< 



E^)/fe)-E(*) / 



iti 



iei 



S(f,n )-(H B ) f + ^(H B ) /"!>(/> *0 



i<?L 



i?L 



S(f, no) - (H B ) f f + J^(H B ) f f-J2 S{f, m) 

•'^ it?L J J i igL 

< S(f,n )-(H B ) f f +V (fli) / f-S{f,m) 

Je i=1 J. h 

n 

< P/3 + E p Pi ■ 

Considering this inequality for a fixed (5 and for arbitrary f3iS we can take the (o)-limit to get 



0< 



E^o/teo-E^)/ / 



<P/3- 



(17) 



We now observe that, since i? is a Dedekind complete Riesz space, by virtue of the Maeda-Ogasawara- 
Vulikh representation theorem (see [1]) there exists a compact extremely disconnected topological space 
Q, such that 7? can be embedded Riesz isomorphically as a solid subset of Coo(^) = {/ : fi — * 1R '■ 
f is continuous, and the set {to G SI : |/(u>)| = +00} is nowhere dense in Q}. From (17), for all lj £ Q, and 
for each {(Ji, £0 : i — 1, . . . , q} — n G n(/3; E), we have (using the same notations for elements of R 
and for the corresponding elements of Coo(fi)): 



0< 



$>(■*)/(&) -£(#»)/ / 



(u>) <pp{io) 



for all L C {1, 2, . . . , q} (with the convention that the sum along the empty set of any quantity is zero). 
Fix now lu £ Q.. If p^(w) = +00, there is nothing to prove. Suppose that pp(u>) G M. Let L [resp. L'\ 
be the sets of all indices i £ {1, . . . , q} such that 



»{Ji) /(CO - (Hb) I f 

Ji ■ 



(w) > [resp. < 0]. 



We have: 



£ 

i£L' 



n 
i=l 


M^O /(CO - 


(H B )J f 


(u 


= E 

ieL ' 


nWfm- 


[Hb) [ f 
J Ji - 


(u 


M^o/te: 


- (Hb) f f 
J ji _ 


(w) < 2p 


(w 



From this the assertion follows. Q 
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The following uniform version of Lemma 3.9 also can be proved using Propositions 3.7 and 3.8: 
indeed it is enough to proceed step by step analogously as in the proof of Lemma 3.9, by replacing / 
with f\ and taking into account that the involved p^'s and pp t 's are independent on the parameter 
AG A. 

Lemma 3.10 If a family (f\)xeA of HB-integrable functions f\:E^Ris uniformly Hs-integrable 
on E, so that there exists an (o)-net (pp)peB such that (12) holds for all X £ A and F\ is the indefinite 
Hjg-tntegral of f\, then for the same (o)-net (p ; a) / 3gs 

supi J2 \n(I)h(x)-F x (I)\:neU(p;E)[<p p (18) 

{(I,x)e7T J 

for all A G A. 



4 Variational integral and .SL-integral 

Having fixed a set W C X, a complete basis B and a point-set function F : X x X — > R we define, for 
each E C W, 

V ar ((5, F,E) = sup V \F(I,x)\ 

where the involved supremum is taken over the totality of all /3-partitions tt on E. We also define 

V (B, F, E) = inf Var (/3, F, E) . 

Being considered as a set function on the family of all the subsets E C W, we call Var (/3, F, ■ ) the 
/3-variation and V (B, F, ■ ) the variational measure on W , generated by F, with respect to the basis 
B. (We are using the term "measure" here because in the real- valued case the variational measure 
is in fact a metric outer measure.) If in the above definitions we replace a complete basis B by the 
almost complete basis Bo generated by B, we get the essential /3-variation and the essential variational 
measure, respectively. That is 

Var ess (f3, F, E) = sup ^ \F(I,x)\, 

*" (I,x)£tt 

where the involved supremum is taken over the totality of all /3-partitions tt on E, /3 G Bo, and 

V ess {B,F,E)= inf Var ess {p,F,E). 
/3eB 

It is clear that 

V esa (B,F,E)<V(B,F,E). (19) 
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Definition 4.1 We say that two interval-point functions F and G are variationally equivalent if 
V(B,F-G,E) = 0. 

Definition 4.2 We say that a function / : E — > R defined on a 23-interval E is variationally integrable 

(VHg -integrable) if there exists an additive 23-interval function r which is variationally equivalent to 

the interval-point function n(I) f(x). In this case we write (VHb) / / = t(E). 

J e 

As an immediate consequence of the Saks-Henstock lemma we get the following 

Theorem 4.3 For functions f : E — > R defined on a B-interval E the variational integral VHb is 
equivalent to the H& -integral. 

Definition 4.4 We say that two interval-point functions F and G are almost variationally equivalent 
if V eaa (B, F-G,E) = 0. 

It follows from (19) that variational equivalence implies almost variational equivalence. 

Now we introduce the concept of SX-integral with respect to an abstract basis B (in the case of 
the full interval basis this integral was considered in [9] and [10] for real- valued functions and in [2] for 
Riesz-space- valued functions). We shall use below two versions of the notion of absolute continuity of 
the variational measure. 

Definition 4.5 We say that the variational measure V(B, F, ■) is absolutely continuous with respect to 
a measure /j, or ^-absolutely continuous on E, if V(B, F, N) = whenever fi(N) — for N C E. 

Definition 4.6 We say that the variational measure V(B, F, ■) is uniformly absolutely continuous with 
respect to a measure /i or uniformly ^.-absolutely continuous on E, if there exists an (o)-net (pp)/3 of 
elements of 7?, such that 

sup {Var (j3, F,N):NcE, /x(N) = 0} < pp (20) 

for all p€B. 

Definition 4.7 We say that a ,6-interval i?-valued function r is of class (SL) [of class (uSL)] or has 
property (SL) [property (uSL)] on a B-interval E if the variational measure generated by this function 
is /^-absolutely continuous [uniformly ^-absolutely continuous] on E. 

Definition 4.8 Let R be any Dedekind complete Riesz space. We say that / : E — > R is SL-integrable 
[uS L -integrable] on a 23-interval E if there exists a Z?-interval R- valued additive function r of class (SL) 
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[of class (uSL)] which is almost variationally equivalent to the interval-point function fi(I) f(x). The 
function r is called the indefinite SL-integral [uSL -integral] of /. In this case we put (by definition) 



(SL) / / = T {E) 



E 



(uSL) f f = r(E) 

■J E 



Of course in the real-valued case ttSL-integral coincides with SL-integral. 

Proposition 4.9 If a function f is Hs-integrable and its indefinite He-integral is of class (SL) [of 
class (uSL)], then f is SL-mtegrable [uSL-mtegrable] with F being its indefinite SL-integral [uSL- 
integra\ . 

Proof: It follows from the fact that variational equivalence implies almost variational equivalence. □ 

Proposition 4.10 Let R be any Dedekind complete Riesz space, N C X be a set with fi(N) — 0, and 
/o : X — > R be such that fo(%) = for all x £ N. Then /o ts SL-integrable and the identically zero 
function is its indefinite SL-integral. 

Proof: Straightforward. □ 
As a consequence we get 

Proposition 4.11 Let R be as in Proposition 4.10, and f,g : X — > R be two functions, which differ- 
only on a set of measure jj, zero. Then f is (S L) -integrable if and only if g does, and in this case 

(SL) f / = (SL) f g. 
J x J x 

The SL-integral in general does not coincide with the Lie-integral. An example of a function which is 
SL-integrable but is not Lfg-integrable can be obtained from Example 4.21 given in [2]. In this example 
the space R C M consisting of all sequences with only a finite number of nonzero coordinates (see also 
[11], p. 479) does not satisfy property a. An example in the opposite direction also can be constructed 
using the same property (see below). So this property is a necessary condition for the equivalence of 
SL- and Lfg-integrals. 

Example 4.12 Consider the dyadic intervals A* = [^, ^±), < j < 2 k - 1, k G N U {0}. Note 
that (0, 1) = U^LiAj and Aj = A^ +1 U A^ +1 . We define a basis B on [0, 1) as follows. Let T consist 
of right-open intervals / = [«, v) such that: if u — 0, then I = Aq, k G IV U {0}; if u G A* +1 , j = 2, 
or 3, then I C A - + with j = 2 or 3, respectively. We consider a family of gages 8, each of which is 
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constant on every interval A - + , j — 2, 3, k G IN. Now every basis set of B is denned by a gage from 
the above family as 

Pi = {(/, x) : I = [u, v) e 1, x = it, |7| < <J(a:)}, 

where the symbol | • | denotes the Lebesgue measure. It is easy to check that this basis has the 
partitioning property and so the iifg-integral is defined for it. Now let R be a Riesz space which does 
not satisfy property a (for example, the space given in [2], Example 4.21), and let a sequence (pfc)fc 
in R with pk > Vfc G IN be such that for any sequence (Xk)k of positive real numbers the sequence 
(AfcPfe)fe is not bounded in R. We define a function / : [0, 1) — » R as follows: f(x) = if x — 0; 
f(x) = (— l) J Pfe if a; G A- + , j = 2,3, k G IV. It is easy to check that with the considered basis the 
function / is iJe-integrable. Moreover, 

(Hb) [ f = for any k G W U {0} and 

(Hb) / f = \I\ f(x) for any/ = [u, v) with x — U ^ 0. 
In particular, denoting by F the indefinite integral of /, we have 

F(I) = {H B ) j f = \I\ph 

if J C Aj +1 . Now take a countable set E = {x k : k G IN} with a; fc G A* +1 Vfe. Note that for any 
{(Ik,Xk)}k — tv € H((3s\E) we have I k C A% +1 and so 

(I,x)eir (I,x)eir 

Because of the choice of the sequence (pk)k the set of the values of these sums is not bounded. Hence 
Var (#5, F,E) = V (B, F, E) = +oo and so F is not of class (SL). 

We give now some kind of indirect characterization of the space R for which Hg-integrability implies 
SX-integrability (or wS'L-integrability) . 

Proposition 4.13 The indefinite Hb -integral of an R-valued function f which is Hs-integrable on a 
B-interval E is 

i) of class SL on E if and only if for any set N C E with n(N) — the function f\N is Hs-integrable 
on E with integral equal to zero; 

ii) of class uSL on E if and only if the family {fxN '■ N C E,n(N) — 0} is uniformly Hs-integrable 
on E with integral equal to zero. 
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Proof: We begin with the "if part of i). Let / be ffe-integrable with the indefinite integral F and 
let N be any set of measure /x zero. By the assumption f\N is -ffe-integrable with zero integral. Then 
fi — f — /xjv is Tife-integrable with F being its indefinite integral. For any partition n C /3[N] we have 

E \F(I)\= E \KI)h(x)-F(I)\, 

(I,x)€iv (I,x)eir 

and so, by Lemma 3.9, V (B, F, N) — 0. Hence F is of class (SL). 

In the opposite direction, let the indefinite Hg-integral of / on E be of class (SL). Then, for any 
partition tt C f3[N], we have: 

E \tii)mx»\< E \i*v)m-F(i)\+ E F ( J )i- 

(I,x)eir (I,x)eir (I,x)Sir 

As the Riemann sum for the function f\N with respect to any partition n € IT(/3; E) coincides with 
the sum with respect to the respective /3[iV]-partition, so taking first supremum over all n C ft[N] in 
the above inequality and then taking infimum over all f3 € B we get that f\N is Hg-integrable with 
zero integral value. This completes the proof of the part i). 

In the proof of the part ii) it is enough to use Lemma 3.10 instead of Lemma 3.9 and to proceed 
analogously. □ 

Theorem 4.14 An R-valued junction f, Hs-integrable on E, is 

i) SL-integrable on E with the same integral value if and only if for any set N <Z E with n(N) = the 
function f\N is Hs-integrable on E with integral equal to zero; 

ii) uSL-mtegrable on E with the same integral value if and only if the family {fxN '■ N C E,/j,(N) — 0} 
is uniformly Hn-integrable on E with integral equal to zero. 

Proof: It is enough to apply Propositions 4.13 and 4.9. □ 
As a corollary of the above theorem we get the following 

Theorem 4.15 i) If a Dedekind complete Riesz space R is such that any R-valued function, which is 
equal to zero almost everywhere, is Hs-integrable with integral equal to zero, then any Hs-integrable 
R-valued function is SL-integrable with the same integral value. 

ii) If a Dedekind complete Riesz space R is such that the family of all R-valued functions, which 
are equal to zero almost everywhere, is uniformly Hs-integrable with integral equal to zero, then any 
Hs-integrable R-valued function is uSL-integrable with the same integral value. 
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As a very strong assumption imposed on the space R which gives a sufficient condition for any 7?-valued 
function, which is equal to zero almost everywhere, to be f/g-integrable with integral equal to zero, is 
the assumption that R has both property a and the Swartz property. 

We consider now conditions under which SX-integrability implies iig-integrability. 

Theorem 4.16 If an R-valued function f is SL-integrable on a B-interval E with SL-integral F and 
if for any set N C E with fi(N) — the function f\N is Hs-integrable with integral equal to zero, then 
f is H/s-integrable on E and F is its indefinite Hb -integral. 

Proof: Let (rg)e^B be an (o)-net given by SX-integrability of /, such that, for any partition n C 9, 

J2 \n(I)f(x)-F(I)\<re. 

Each fixed 6 G Bo of the form /3 \ f3[N] defines a set N of measure ji zero such that 8[N] is empty. By 
assumption the function f\N is iifg-integrable to zero and this together with Lemma 3.9 implies the 
existence of an (o)-net (pe,/3)/3es such that, for any partition -n C P[N], 

Yl IM-0/(aOXJv|<Pe,/3- 

(i,x)en 

Another (o)-net (se,/3)/3ge is defined by the fact that F is of class (SL). With this net, for any partition 

■k C @[N], we get 

E \ F (I)\<se,p- 
(i,x)eir 

Now take a basis set 7 £ B defined by setting 

I3[{x}]\ixe N, 

-;{{■<■}-_ = { (21) 

6[{x}]D (3[{x}} if x<£N. 

(This basis set of B exists by assumption imposed on the basis, see Section 2). It is clear that the set 
of such 7's is cofinal in B, that is for every j3 G B there exists 7 as in (21) such that 7 C j3. 
Now we can sum up the above estimations getting, for any partition n C 7, 

J2 \u(i)m-F(i)\< J2 \rii)m-nn\+ 

(i,x)eir (i,x)eir,xeN a 

+ J2 IM-D/(«)I+ J2 \ F i I )\< r e+Pe,i3 + se > [3. 

(i,x)£ir,xeN (i,x)eir,xeN 

From this and cofinality of the set of our involved 7's in B, it follows that 

inf {(r e + p e ,g + s M ) : 6 £ B , /3 £ B} = 0, 
and consequently / is f/g-integrable with F being its i?g-integral. □ 
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5 The Fundamental Theorem of Calculus 

We now formulate a version of the Fundamental Formula of the Integral Calculus in our abstract 
setting. Supposing that fi(X) < +00 and B is a complete basis in X, the following result holds: 

Theorem 5.1 Let f : X — > R and r be an R-valued additive B-interval function of class (SL) on X . 
Suppose that there exists a set N C X with i-i(N) — 0, such that f is the (u)- derivative of r in X\N . 
Then f is S L-integrable, and (SL) / / = r(X). 



Proof: Let iV c — X\N. As / is the (w)-derivative of r in N c , then we get the existence of an (o)-net 
(P/3[iv c ])/3g8 such that, for all (5 € B, if 7r = { (L, xi) : i — 1, . . . , n} is a /?[-/V c ]-partition, then 

^\V-{Ii)f{xi)~T(Ii)\ < H(Ii) Pt3[ N c] 

and so 

n 

sup V |A»(/0/(*0 - ^( J I < tik) P/9[jv«]. (22) 

As P[N C ] £ Bo where Bo is the almost complete extension of the basis B, then (22) implies that r is 
almost variationally equivalent to fi(I)f(x). This proves the theorem. D 

Now we state some other versions of the Fundamental Formula of Integral Calculus considered for 
some special Riesz spaces. 

Definition 5.2 A Dedekind complete Riesz space is said to be regular if it satisfies property a and if 
for each sequence (r„) n in R, order convergent to zero, there exists a sequence (l„) n of positive real 
numbers, with lim n l n — +00, such that the sequence (l n r„)„ is order convergent to zero. We note that, 
if (X,M,/j,) is a measure space with fi positive, a-additive and cr-fmite, then the spaces L°(X,A4, ft) 
and L P (X,M, pi), with 1 < p < +00, arc regular; moreover the space of all real sequences, with the 
usual coordinatewise ordering, is regular (see [11], pp. 478-481, and [3]). 

The following two results hold, which can be proved repeating the arguments of Theorems 4.1 and 4.2 
of [3] (for similar theorems existing in the literature in other abstract structures see [22], for the real 
case of the Fundamental Formula of Integral Calculus see also [16], and for other versions in the context 
of Riesz spaces see [2, 3, 24]). 

Theorem 5.3 Let R be a regular Riesz space, f : X — > R and r be an R-valued B-interval function, 

such that there exists a countable set Q C X, Q G M, such that f is the (u) -derivative of r in X \Q 

and t is continuous in Q. Then f is Hs-integrable on X, and (Hb) / / = t(X). Moreover, if R is 

J x 
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any arbitrary Dedekind complete Riesz space, and t is a B-interval R-valued function, (u)- differentiate 

in X with derivative r' , then r' is Hg-integrable on X, and (Hb) / t — t(X). 

J x 

Remark 5.4 We observe that all our results, except the ones concerning Theorem 3.1, remain true 
also if we consider a (finitely additive) Riesz-space-valued positive measure p instead of a real-valued 
measure fi: to this aim, it is enough to consider a product triple (Ri,R 2 ,R), whose definition will be 
given below. Our involved functions /, g and our measure /i will be Ri- and i? 2 -valued respectively, 
while our function r and our integral will be i?-valued. 

Let Ri, R 2 , R be three Dedekind complete Riesz spaces. We say that (Ri, R2, R) is a product triple if 
there exists a map • : R\ x R 2 — » R, which we will call product, such that 

5.4.1) (n + si) ■ r 2 = n • r 2 + Si • r 2 , 

5.4.2) ri • (r 2 + s 2 ) = n • r 2 + n • s 2 , 

5.4.3) [n > ai, r 2 > 0] => [n • r 2 > si • r 2 ], 

5.4.4) [n > 0, r 2 > s 2 ] ^ [n • r 2 > n • s 2 ] for all rj,Sj G iij, j = 1, 2; 

5.4.5) if (a^)AeA any (o)-net in R 2 and < b £ _Ri, then (6 ■ a^AeA is an (o)-net in R; 

5.4.6) if (aA)AeA is any (o)-net in Ri and < b £ R 2 , then (oa ■ b)AeA is an (o)-net in R. 
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Abstract - We consider positive solutions of the doubly nonlinear parabolic equation 

(\u\ p - 1 ) t = div{\Du\ p - 2 Du), P >2. 

We prove mean value inequalities for positive powers of nonnegative subsolutions and for negative powers of 
positive supersolutions using De Giorgi's methods. We combine them with Moser's logarithmic estimates to 
show that positive solutions satisfy a proper Harnack inequality. 
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1. - Introduction 

In the final Section of [16], without any explicit calculation, Trudinger states that Moser's method (see 
[11]) can be extended to prove the following 

Theorem 1. Let u be a positive solution of 

(\u\ p - 1 ) t -div{\Du\ lp - 2 Du) = Q (1) 

in fix and suppose that the cylinder [(xo,^o) + Q(2p, 2 p 8p p )] C £It- Then there exists a constant C > 1 that 
depends only on the data and on 9 s.t. 

sup u < C inf u 

(we refer to the next Section for the notation). It is immediate to see that with the substitution u p_1 = v, 
(1) can be rewritten as 

v t - ( — — ) div(\v\ 2 - p \Dv\ p - 2 Dv) = 

which is just a particular istance of the more general class of doubly nonlinear parabolic equations 

v t - divdvr-^DvlP^Dv) = (2) 

where p > 1 and m + p > 2. This equation describes a lot of phenomena. Just to limit ourselves to the 
motion of fluids in media, when p — 2 we obtain the well - known porous medium equation; if m — 1 we have 
the parabolic p-laplacian, which describes the nonstationary flow in a porous medium of fluids with a power 
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dcpcndance of the tangential stress on the velocity of the displacement under elastic conditions; in the whole 
generality, that is when p^2 and m ^ 1, (2) is a model for the polytropic case when we have dependance 
between stress and velocity of the displacement. However these are just few examples; the interested reader 
can find further applications in [1] or in [15]. 

Regularity issues for doubly nonlinear parabolic equations like (2) have been considered by a lot of 
authors and a complete bibliographic list cannot be given here: under this point of view, we refer to [4] 
(updated to 1993) and to [5] (just published). Let us just mention that, among others, continuity has been 
proved both in the degenerate (p > 2 and m > 1) and in the singular (1 < p < 2 or < m < 1) case in 
[8], [13] and [18]. Other interesting references can be found in [6], where the regularity in Sobolev spaces is 
considered. 

Coming back to (1), the reason of Trudinger's statement basically lies in the p-homogencity of the 
equation, that makes the proof of mean value inequalities for positive and negative powers of the solution as 
natural as in the case of the general parabolic equation with bounded and measurable coefficient a,j 



iV 



u, 



div 2_. a-ijDjii = 0. 



The Harnack inequality has indeed been proved with full details not only for (1), but more generally for (2) 
when p > 1, m + p > 2 and m + p + -£= >3in [17] and the essential tools are the comparison principle, 
proper L°°-cstimatcs and the Holder continuity of u. Now a natural question arises, namely if the particular 
link between m and p in (1) allows a different method, which does not require any previous knowledge of 
the regularity of u (not to mention the comparison principle) . 

The p-homogencity of (1) naturally suggests an approach based on parabolic De Giorgi classes of order 
p (see [10], Chapter II, Section 7 for a definition when p = 2; in [7] we consider the general case), but it 
is rather easy to see that they do not correspond to solutions of (1). Hence we have a twofold problem: 
understand what kind of De Giorgi classes (that is, energy estimates) are associated to positive solutions of 
(1) and verify if Trudinger's claim can be proved using De Giorgi's method, starting from the corresponding 
classes. In this short note we characterize the classes associated to (1) and prove that proper mean value 
inequalities can indeed be obtained relying on them (see Sections 2 and 3). We then conclude in Section 4 
with a proof of Theorem 1 based on logarithmic estimates first proved by Moser in [12]. 

As explained in Remark 1 (see the next Section for more details), our result applies to more general 
equations and under this point of view it can indeed be seen as a (limited!) extension of the Harnack 
inequality proved in [17]. 

When finishing this note, we learnt that T. Kuusi (see [9]) gave a full proof of Trudinger's statement 
using classical Moser's estimate. 

2. - Notation and Energy Inequalities 

Let f2 be an open bounded domain in R, N ; for T > we denote by f2y the cylindrical domain fiy = 
51x]0,T]. In the following we will work with smooth solutions of the equation 

(|w| p_1 )« - dw(\Du\ p - 2 Du) = in n T (3) 

with p > 2, but our estimates depend only on the data and not on the smoothness of the solutions, which 
is assumed just in order to simplify some calculations. Moreover we will deal with bounded nonnegative 
solutions, namely we assume that 

l|u|U~ ( n T ) < M, u(x,t)>0 V(x,t)en T 

so that we can drop the modulus in the |u| p_1 term. For p > denote by K p the ball of radius p centered 
at the origin, i.e. 

K p = {x e R w | \x\ < P }. 
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Wc let [y + K p ] denote the ball centered at y and congruent to K p , i.e. 

[y + K p } = {x€K N \ \x-y\<p}. 
For 9 > denote by Q(p, Off) the cylinder of cross section K p , height 9p p and vertex at the origin, i.e. 

Q(p,ep p ) = K p x]-e P p ,o]. 

For a point (y, s) G H N+1 we let [(y, s) + Q(p, 0p p )] be the cylinder of vertex at (y, s) and congruent to 
Q(p,6pP),i.e. 

[(y, s ) + Q( p ,epP)} = [y + K p }x}s-$pP, S }. 

The truncations (u — fc)+ and (u — fe)_ for k G R arc defined by 

(u — k) + = max{w — k, 0}; (u — fc)_ = {k — u, 0} 

and we set 

At P {T) = {xEK p : (u - k)±(x,r) > 0}. 

In the following with |S| we denote the Lebesgue measure of a measurable set S. 

Remark 1. Even if we consider the p-Laplacian operator, all the following results still hold if we deal 
with a second order homogeneous operator 

C = div &(x, t, u, Du) 

where a : Q,t x R w+1 — > R^ is measurable and for a.e. (x,t) G ri^ satisfies 

a(x,t,u,Du) ■ Du> Ci\Du\ p , 

\a(x,t,u,Du)\ <C 2 \Du\ p ~ 1 
for two given constant < C\ < C<i. The main point is that the lower order terms are zero ■. 

Definition 1. A measurable function u is a local weak sub (super) - solution of (3) if 

u G Cf oc (0, T; LUM) n Lf oc (0, T; W^(fi)) 
and for every compact subset K, of fl and for every subinterval [ti,to\ o/]0,T] we have that 

uP-^dxlll + [ 2 [ [- uP_1 Ct + J2 \Du\ p - 2 DiuDiC] dxdr < (>)0 (4) 



/C J t\ J K. 



for all testing function 

(eW^(0,T;LP(IC))nLl c (0,T;W^(IC)) 

with £ > 0. A function u that is both a local subsolution and a local supersolution is a local solution m. 

For general degenerate or singular parabolic equations of the type considered in [4] , energy inequalities 
are proved both for {u — k) + and (w — fc)_ with k G R. Due to the presence of the (w p_1 ) t term, which 
gives rise to some difficulties when dealing with {u — k) _ , here we follow a different strategy in that we prove 
energy inequalities for +-truncations of u and - . The fact that we deal with ( - — k) + instead of working with 
(u — fc)_ should not look so surprising as both are convex, monotone decreasing function of the argument u. 
For the sake of simplicity we state and prove the two energy inequalities indipendently from one another. 
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Proposition 1 (First Local Energy Estimate). Let u be a locally bounded nonnegative weak subso- 
lution of (3) in f2y- There exists a constant 7 that can be determined a priori in terms of the data such that 
for every cylinder [(y,s) + Q{p 1 9p p )] C Qt and for every k G R + 

— - sup J (u-k) p + tp p (x,t)dx + [[ \D{u-k) + \ p <p p dxdT 

P s-epP<t<sJ[y+K p ] JJ[{y,s)+Q(p,e p P)] 

<7 ff (u - k) p + \Dtp\ p dxdr+ 



[(y,s)+Q(p,9pP)]n{u-k<k} 



P(P - 1) E ( P '- ^ k p - 2 - n {U _ k) } + \ p - ' ft <l.r<h+ 



l(y,s)+Q(pMpP)]n{u-k>k} 



n + 2 
p — n 



(5) 



P(P-1)Y( P 2 )k n {u k)+ f p -\ t dxdr~ 
^ \ n J p-n 

(p - l)2 p - 2 (u - kf + ip p - l if t dxdr 



[(y,s)+Q(pfi P p)}n{u-k=k} 

for every <p G C([(y, s) + Q(p,9p p )]) with <p(-, s — 6p p ) = where C(Q(p,9p p )) denotes the class of all piecewise 
smooth functions if : Q(p, 9p p ) — > R + such that 

1) x -» if(x,t) G Wl'°°{K p ) Vt G] - 0^,0]; 

2; p t > 0; 

Proof- Since we assume u regular, we can rewrite (4) in a slightly different way, namely 



rt 2 r N 

/ / [(u p - 1 )t( + V \Du\ p - 2 D lU Di(} dxdr < 0. 
J tl Jk i=1 



(6) 



After a translation we can assume (y, s) = (0, 0) without loss of generality. Let us now fix k G R+ and 
take C = (u — k) + ip p with <p G C(Q(p,9p p )) and f(-,—9p p ) = as test function in (6) and integrate over 
ATpX] - 6>/9 p ,t] with i G] - <V,0]. We obtain 

// {u p - l ) t {u-k) + ip p dxdT + ff \Du\ p - 2 Du-D((u-k)+tp p )dxdT = 

JjQ(p,0pP+t) JJQ(pMpP+t) 

where Q(p, 6p p + t) = K p x ] - <V, t] C Q(p, 9p p ). As usual 

\Du\ p - 2 Du ■ D((u - k) + f p ) dxdr = ff f p \D(u - k) + \ p dxdr+ 

Q( P fipp+t) JjQ(p,epp+t) 

+pff \D(u - k) + \ p - 2 tp p - 1 (u - k)+D(u - k)+ ■ Dip dxdr 

JjQ(p,BpP+t) 

and for the estimate of the second term of the right - hand side we reason as usual. Let us now come to the 
estimate of / / (u p ~ 1 ) t (u — k) + ip p dxdr. Relying on the series expansion of (1 + z) a we have 

JjQ(p,6pP+t) 



(« P " 1 )t 



(p - l)k p - 2 J2 ( P 2 ) f !L r^V«t il' » < " - /•■ '•- 



n=0 



( P -i)(u-k) p - 2 j2 



n=0 



p-2 



k 



n J \u — k 
_ (p - l)2 p ^(u - fc) p ^u t if u - fc = fc > 



u t if u — fc > k > 



(7) 
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and hence 



(u p - 1 ) t (u-k) + ip P dxdT = 

Q( P ,e P p+t) 

(p-i)ji k p -ijr( p ~ 2 ) ( u - k Xu t (u-k) + ^dxdr + 

IQ(pfipP+t)r\{u-k<k} n=0 V n / V K / 



+(p-l) 



Q(pfipP+t)n{u-k>k} 
+ (P-1) 



(«-fcf + - 2 E 



n=0 



p-2 



n / \ (u — fc). 



Ut(u — k) + Lp p dxdr+ 



2 p - 2 (u-k) p T 1 u t ip p dxdT. 

lQ(p,BpP+t)n{u-k=k} 

We clearly need to work distinctly on the previous three terms. Let us start from (8). We have 

(p-1)// k p -ijr( p - 2 ) f^Jl) n u t (u-k) +V p dxdr^ 

JJQ(p,8pp+t)n{u-k<k} „ =0 V n / V K / 

= (p - 1)// V C P _ 2 ) k p - 2 - n {u - k)l +1 u t <p p dxdr = 

JjQ(p,8pP+t)n{u-k<k} n=0 V n / 



(p- 1 )// E v „ 



P 2 \ fcP-2-n 



(u-k) 



ri+2 



n + 2 



(p p dxdr 



(P-1) 



E 



/f p n{«-fc<fe} n _ 



n + 2 



¥> p (x, i) dx+ 



/Q(p,e P p+t)n{«-fc<fe} n=0 V n / 



n + 2 



Let us now deal with (9). We obtain 



(p-1 



Qip.fi pp+t)n{u-k>k} 
(P-1) 



(« - *r a E 



n=0 



p-2 



n J \(u — fc)_ 



Ut(u — k) + ip p dxdr = 



)// V f P 2 ) jfc»(« - k) p - 1 - n u t y p dxdr 

JJQ{ P ,0pp+t)r\{u-k>k} n=0 V n J 

OO / s 



/Q( P ,e P p+t)n{«-fc>fe} n=0 V " 



("-fc)r n 

p — n 



ip p dxdr 



p-2v_„(«-*)r' 

K p n{«-*;>fc} ^rj v n 



.,-ii/ EC/]*"^^-^ 



-P(P-1)// E( P 2 U" ( " fc)+ ipP^tptdxdT. 

/Q(p,e p p+t)n{u-k>k} n=0 \ n J p n 



Finally, coming to (10) we get 

(p-1)// 2 p - 2 (u-k) p + - 1 u t cp p dxdT=(p-l)[[ 2 p - 2 

JjQ(p,0pP+t)n{u-k=k} JjQ(pfipP+t)n{u-k=k} 

p-1 



(u-kf + 



(8) 

(9) 

(10) 



</? p dxdr 



2 p - 2 (u-k) p + ip p (x,t)dx-(p-l) 2 p - 2 (u-k) p + <p p - 1 Lp t dxdT. 

V J K p n{u-k=k} JjQ(p,0pp+t)n{u-k=k} 
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If we now put everything together we obtain 



J K p n{u-k<k} ^ V n J n + 2 

+(p- i) / E f p ~ 2 ") fc" ( "~*°+~V (s,«)<fr+ 

7 K p n{«-fc>fe}^ V n ) p-n 



p-1 



2 p - 2 (u - k) p + ip p (x, t) dx + // <p»\D(u - k) + \ p dxdr < 

<7 ff (u - kf + \Dip\ p dxdr+ 



+p(p - 1) 
+p(p - 1 



JJQ(p,0 P p+t)n{u-k<k} n=0 \ n J n + Z 

f( P - 2 )k JU - k) +\ p -^ t dxdT + 

f-L\ n J p-n 



Q(p,9p-P+t)n{u-k>k} n=0 



+ (p-l)// 2 p - 2 (u-k) p + tp p - 1 <p t dxdr 

IQ{p,9pf+t)r\{u-k=k} 



If < u - k < k then 



(P-1) 



E^- 1 ) 



n=0 



/'-n fcP -2-n ("-fc)+ +2 

n + 2 



/' - n p - 2 ("- fc ) 2 + + (P- 2 \ fcP - 3 ("- fc ) + 



/ 2 V "I 

as ( P 7 2 ) > 0. Analogously, ifw-fc>/c>0 



>^i( U -tf + 



fc * V n. I rt — n 



n=0 



p — n 



(P-1) 



p-2\(u-k) p + fp-2\(u-k) p + 



\p-i 



1 ) p-1 



We obtain 



> P -^(u-k) p ,. 
P 



(u - k) p + tp p (x, t) dx + // yP\D(u - k) + \ p dxdr < 

P J k„ JJQ(p,e P p+t) 



Pi JAP ir P 



<1 



Q(p,Bpv+t) 



(u-k)\\Dip\ p dxdT+ 



+P (l>-\)\\ W P 2 )k p - 2 - JU k J+ v p -^tdxdT+ 

jQ(p,0pp+t)n{u-k<k}^ o \ n / n + Z 



+p(p-l)/7 

JJQ(p, 

+ (p-l) 



f;f p - 2 W tt ~* )r V vt*ttfr+ 

Q(p,epp+t)n{u-fc>fc} „ =0 \ n J p-n 



Q(p,8pP+t)n{u-k=k} 



2 p - 2 (u-k) p tp p - 1 cp t dxdT 
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and since t G] — 9p p ,0] is arbitrary, we conclude ■. 

Proposition 2 (Second Local Energy Estimate). Let u be a locally bounded positive weak superso- 
lution of (3) in SIt and let us set v = - . There exists a constant 7 that can be determined a priori in terms 
of the data such that for every cylinder [(y, s) + Q(p, 9p p )\ C £It and for every I G R + 

y;_J sup f (v-l) p + tp p (x,t)dx + [[ \D(v-l) + \ p p p dxdr 



V s-8pP<t<sJ[ y+ K p ] JJ[(y,s) + Q(p,epP)] 

< 7 ff (v - l) p + \Dtp\ p dxdr+ 

JJ\(v.s)+Q(o.6op)] 



[(y,s)+Q( P ,6p<>)\ 

n+2 
±_ 

n I n + 2 



P(P-1)J2( P 2 )l p - 2 - n iV 5+ <pe- 1 <p t dxdr+ (11) 

[(y,s)+Q( P ,e P P)]n{v-l<l} ^T v " ' 



P (p - 1) V ( P 2 ) l n {v °+V "Vt dxdr+ 
l(y,s)+Q(p,e P p)]r){v-l>l} ^\ n ) V-n 

(p - l)2 p - 2 (« - l) p + ip p - l ip t dxdr 

l(y,s)+Q(p,8pP)]n{v-l=l} 

for every ip G C([(y, s) + Q(p, 9p p )]) with ip(-, s — 9p p ) = 0. 

Proof- After a translation we can assume (y,s) = (0,0) without loss of generality. If we set v = -, (6) 
becomes 

r / [(p " i) i vtc+ £^=? AvAc]da:dr - - (i2) 

Let us now fix I G R + and take £ = (v — l) + v 2p ~ 2 tp p with ip G C(Q(p,8p p )) and p(-,—9p p ) — as test 
function in (12) and integrate over K p x] — 9p p , t] with t G] — 9p p , 0]. With simple calculations we obtain 

(p -l)(v- l)+v p - 2 v t p p dxdr + (J \Dv\ p - 2 (Dv ■ D(v - l) + )p p dxdr+ 

Q{p,6pP+t) JjQ(p,$pP+t) 

(2p - 2) ^-^{v - l) + ip p dxdr + II p\Dv\ p - 2 (v - l) + cp p - 1 Dv ■ Dip dxdr < 

Q(p,9pP+t) v JjQipfipP+t) 

that is 

(p -l)(v- l)+v p - 2 v t ip p dxdr + If \D(v - l) + \ p ip p dxdr+ 

)Q(p,BpP+t) JjQ(p,0pP+t) 

(2p - 2)\D(v - l) + \ p ( - V ~^ + p p dxdr+ 
Q( P ,e P p+t) v 

p\D(v - l)+\ p ~ 2 {v - 0+<^ p_1 -D(v - 0+ • Dipdxdr < 0. 

Q(p,6pP+t) 

We can then work as in the proof of the previous Proposition to conclude that 

1^1 J (v-l) p + ip p {x,t)dx + ff p p \D{v-l) + \ p dxdr+ 

P J K p JjQ(p,9pP+t) 



+ (2p-2)H ^ — l ^±\D(v-l) + \ p ip p dxdT<~/ 

)Q(p,e P p+t) v 



(v - l) p + \D<p\ p dxdr+ 

Q(p,6pP+t) 
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+PiP - dII f ( p : 2 ) i p - 2 - n{ ^-^ ^-^ d XdT+ 



Q{p,6pp+t)c\{v-i<i} ^T Q \ n J n + 2 



■)—??, 



+P(P - 1)// E f P 2 ) l J ^ J) ^^- 1 ^ dxdr- 

JjQ(p,e P p+t)n{v-i>i} ? t^o V n / p-n 

+{p - 1)[[ 2 p - 2 (v - 0+^ p_ Vt <fodr 

JjQ(p,0pp+t)n{v-l=l} 

The third term on the left - hand side can be dropped since it is positive and relying on the arbitrarness of 
t we are finished ■. 



3. - Mean Value Inequalities for Sub- and Supersolutions 

As we discussed in the first Section, in [16] Trudinger states that it can be proved that positive solutions 
of (3) satisfy proper mean value inequalities relying on the method first developed in [11]. Here we show that 
the same results can be proved using De Giorgi's technique based on the energy inequalities for truncated 
subsolutions of the previous Section. We have 

Proposition 3. Let u be a nonnegative subsolution of (3) Then for all e €]0,p] there exists a positive 
constant C depending upon the data, 6 and e s. t. for all [(xo, to) + Q{p, 8p p )\ C £It and for all a €]0, 1[ 

sup u<- -n+E [ ft \u\ e dxdT] -. (13) 

l(x o ,t o ) + Q(ap,0aPpP)] (1 - a) « \ JJ[(xo,t a )+Q(p,6p p )\ J 

Proposition 4. Let u be a positive supersolution of (3). Then for all e €]0,p] there exists a positive 
constant D depending upon the data, 6 and e s. t. for all [(xq, to) + Q(p, 0p p )] C £It and for all a G]0, 1[ the 
function v = - satisfies 

i 
sup v<- -ji^yl -ft \v\ e dxdT) .. (14) 

[(x a ,t a )+Q(a P fiaPpP)] (l_o-)—^- ^ J J[(x a ,t Q )+Q(pfipP)} ) 

Proof- Due to the same structure of (5) and (11), we limit ourselves to the proof of (13). We assume k > 
and set 

kj = k(l - —). 

As usual we can suppose that (xo, to) = (0, 0). Let us now consider the second term on the right - hand side 
of (5) with respect to level kj + \. 



. n (u-k j+ i) 



ip p l w*dxdr- 



JjQ(pfi P p)n{u-k j+1 <k ]+l } n=0 \ n J 

= II P(P 1) E ( P ~ 2 ) ^ H^+^V V dxdr+ 

JjQ(p,8pP)n{u-k 3 + 1 <k ] + 1 } ^ V n / n + ^ 

+11 p(p-i) e ( p i 2 ) k r + i n {u fc i + f +2 ^^ dxdT 

JjQ(p,e P p)n{u~k J+1 <k ]+1 } „=[p_2]+i ^ ' n 

Notice that V s > 

(u — kj) s + dxdr = (u — kj) s + dxdr > 

Q(p,9pP)n{u-k j + 1 <k j + 1 } JjQ(p,0pP)n{k j <u<2k j + 1 } 
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> // (u-kjY+dxdT > (k j+1 - k,Y\A 1+l \ = o77 ^ 7 |^ +1 | (15) 

JJQ( P ,0pP)n{k j + 1 <u<2kj + 1 } zu ' 

where Aj+i = {fcj+i < u < 2kj + i}. Then 

p( P - 1) e ( p - 2 ) ff ^?-" (u " fc i + f + V -^ ^ 

[P-2] / _r,\ UP-" 2 -™ ( ff \^ lr 

^ V n / n + 2 yjQ(p, ep p)n{ M -fe J+1 <fe 3+1 } / 

< C, P ( P - 1) £ f P " 2 ) %^ f/7 (« - k )l dxdr) * • 



„ =0 V n J n + 2 yjQ(p,0pv)n{u~k J+1 <k j+1 } 



1- 



I I a 



(u — fcj )5. dxdr 



2(i+i)(p-(«+2)) 
/Q(p,epp)n{u-fe i+ i<^ + i} '" J /cp-(«+2) 

where we have taken (15) into account and C v := sup ip v ~ X Lp t , 



t4'/t)-2\ 2<J+ 1 )(p-( ,, + 2 )) / 1 \P-("+ 2 ) /•/• 

<C V P(P-1)E Z^ ^-Ti+r) // (u-k^dxdr 

^ \ n / n + 2 V 23+1 J JJQ(p,e pP )n{u-k ]+1 <k ]+1 } 

< c vP { P - 1) E z^ — // ( u - fe ^+ dTdT 

< 7(p) 2 JP // (u - % )P dxdr. 

JJQ{p,6pP)n{u-kj +1 <k i+1 } 



Then we have 

n I " J+i ra + 2 



" /p-2\ , p _ 2 _„ (^-fc j+1 )^ +2 p-1 
( P ,0pp)n{«-fc i+1 <fc J+1 } t4 ' ' 



<7(p)2 JP // (« - fy)^. dxdr+ 

X/Q(p,0pP)n{u-fe., + i<fc.j + i} 



[p-2] + l/ J+1 JjQ{p,6pp)n{u-k j+1 <k j+1 } [p-2] +3 

Moreover 

< (« - fc J + 1 ) + < fc j+1 =► b _ 2] _ (p _ 3 ) < ; , ^-2]-(p-3) 

°* (M ^ + 2] + 3 1+3 *^i 3 "^ < b,-2] + 3 ( " " *' +l) + = 7(P) ( " " *' +l) + " 7(P) (U " *'>+ 
and we can then conclude that 

// P (p-i)E( p_2 ) ^- ^"-y ^-v, d:ttfT (16) 

j-/Q(p,epp)n{«-fe ; j + i<fej + i} n=0 V "■ / n + ^ 

< 7(p) 2 JP ff (u -kjf + dxdr + C vl {p)ff (u - k 3 ) p + dxdr. 

JjQ(p,8pP)n{u-k j + 1 <k j + 1 } JJQ(p,9pP)n{u-k j + 1 <k j + 1 } 
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We can now consider the third term on the right - hand side of (5) with respect to level kj+\. We have 

ff P( P -l)f:( P - 2 ) k? +1 {U ~ %+l)r " ^ V dxdr = 

JjQ( P: 9pp)n{u-k 3+1 >k j+1 } n = \ n J p-n 

IP— 2] + l , v / , \p—n 

P(P-1) E ( P " )fe" + l ( j+l)+ V P - 1 V t dxdT+ 

Q(p,9pp)n{u-k ]+1 >k 3+1 } n=0 \ n J p n 

P(P-1) £ ( P - 2 )k« +1 {U - kj+l) + n <pO-^ t dxdT 

Q(p,9pP)n{u-k : , + 1 >k j + 1 } n=[p-2]+2 ^ " ' P ™ 

< // P(P - 1) ' E +1 (" " 2 ) ^ ^-^^V -Vt d*dT. 

JjQ(pMpp)n{u-k j+1 >k ]+1 } n=0 V n / P-« 

Moreover 

fcj+i < (it - kj+i)+ => kj +1 <(u- kj+i)+, 

and we obtain 

P~ 2 \,n (^- fc j + l)+~" p-1 j j 



II *-i)Ef p * 2 )^i 

JjQ( P ,e P p)n{u-kj +1 >k :l+1 } Zr \ n J P - n 



< C vl {p) I p(p - 1)(« - fc j+ i)^ dxdr (17) 



<C v j(p) p(p — l)(u — kj) p + dxdT. 

JjQ(pfipP)n{u-k j + 1 >k j + 1 } 

As for the last term on the right - hand side of (5), it is easy to check that 

(u — kj + i) p + ip p ~ l Lp t dxdr < (u — kj) p + tp p ~ 1 Lp t dxdr. (18) 

Q(p,9pP)C\{u-k ] + 1 =k ] + 1 } ' JJQ(p,8pP)n{u-k J + 1 =k ] + 1 } 

Relying on (5) and (16) - (18) we conclude that 
p-1 



sup / (u — kj + i)+ip p (x,t) dx + // \D(u — kj + i) + \ p if p dxdr 

P -6pP<t<nJ K p ' JjQ(p,GpP) 



(u - kj f+\Dip\ p dxdr + C v 2 jP H (u - kj ) p + dxdr 

Q(pfipp) JjQ(pfipP) 



<7 

When p = 2, this last inequality is the standard starting point to prove boundedness of u, as shown in [10], 
Chapter II, Section 6. In our case, even if we are dealing with a general p > 2, it is not difficult to see that 
the same calculations still hold, due to the p-homogcneity of both sides. 

Similar estimates are developed in [4], Chapter V, to obtain boundedness estimates for solutions of 
degenerate parabolic equations, like the parabolic p-laplacian ■. 

4. - A Harnack Inequality 

We can now come to the proof of Theorem 1. First of all let us recall the main Lemma of [12], which 
is actually a suitable adaptation to the parabolic setting of an idea introduced in [2] for the elliptic setting. 
We denote by Q(p), p > any family of domains satisfying Q(p) C Q(r) for < p < r. We have 
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Proposition 5. Let m, p, cq, 5 be positive constants and let w > be a measurable function defined in 
a neighborhood of Q{\) and such that 

sup w p < , °\ ff w p dx (19) 

Q(% (r-p) m JJ Q{ r) 

for all p, r, p satisfying 

- < p < r < 1, <p < fj,' 1 . 



Moreover, let 



\{xeQ(l): lnw>s}\ < °^ (20) 



for all s > 0. Then there exists a constant 7 = j(p, f] C01 $) such that 

sup w < 7. (21) 

It is worth to notice that in [12] the parameter S is taken equal to one, but as it is remarked in [3] any 
positive 5 can do. In [12], Proposition 5 is the key point in proving the Harnack inequality for parabolic 
equations with bounded and measurable coefficients. Here we follow the same strategy and therefore we 
need the equivalent of (20) in our setting. We have 

Proposition 6. Fix 8 > and a G]0, 1[. If u is a positive solution of (3) in [(xq, to) + Q{p, Op 11 )], there 
exists a constant c = c(u, a) such that, for all s > 

\{(x,t) e Qap+.logu < -s-c}\ < ^\Q(p,8pn\ (22) 

and 

\{(x,t)eQ„ p -:logu>s-c}\ < -SL\Q( p ,e,?)\ (23) 

where Q ap + = [.To + K ap \ x]t — 0a p p p , to] and Q ap ~ = [xo + K ap \ x]to — 0p p , to — Qa v p p \ . Here the constant 
C is independent of s, u, {xo,to) and K p . 

Proof- Things arc very much the same as in the proof of the analogous proposition of [12]. Here we closely 
follow the exposition given in Lemma 5.4.1 of [14]. First of all we set (xo,to) = (0,0) as always and take 
6=1. Let K' be any concentric ball larger than K p . For any nonnegative £ € CjfiK') we consider the test 
fp 

function ip = — — r. If we insert it in (3), relying on the regularity of u we obtain 
u p 1 



r \ r p C p 

\ {u p - 1 ) t -^ + \Du\ p - 2 Bu-D(-^ 

J K , [ y ' v?- 1 up- 1 



dx = 



and also 

(P" 1 )^/ (C p lnu)dx+(p-l) [ e\\Du\ p dx+pj \Du\ p - 2(1 —Du-D(dx = 0. 
at j K , j K i up j K , up 

p p p 

If we set w = — log u, we can rewrite the previous inequality as 



d_ 

dt 



j C, p wdx=-j C p \Dw\ p dx + -?— j Wwf^C^DwDCdx 
Jk> Jk> p - 1 Jk> 

p p p 

from which we obtain in a standard way 

/ ( p wdx + d [ ( p \Dw\ p dx<C 2 (sup\D(\ p )\K'\. (24) 

JK' JK' K> 



d_ 

m 
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Let us now choose £(x) = (1 — — )+: C is n °t smooth, but it can easily be approximated by nonnegative C^ 
functions in K'. Then the weighted Poincare inequality of Theorem 5.3.4 of [14] becomes 



\w - W\ p ( p dx < A oP p / \Dw\ p ( p dx (25) 

K„ Jk„ 

with 

f„ wC p dx 
W= JK " — ■ (26) 

Ik p c p dx 

If we divide (24) by J K ( p dx and take into account (25) and (26), we obtain 

dt ' A iP *+p J K J- "' "~ : P i- 
for some constants A\, A 2 > 0. We can rewrite this inequality as 

dW 1 



|w — W\ p dx < 



dt A lP "+pJ Kap l ' 

where u)(x,i) = w{x,t) - A 2 p~ p {t - t'), W(t) = W(t) - A 2 p- p (t - t') with i' = -a p p p . We now set 
c(u) = W{t') and 

^ + (s) = {i£i( a/! : w(x,t) > c+s}, 

K^~(s) = {x e i^o-p : w(x, i) < c — s} 

and we can finish exactly as in Lemma 5.4.1 of [14], with the only difference that the exponent for s is p — 1 
instead of 1 ■. 

We can now conclude with the 

Proof of Theorem 1 - As always we assume (xo, to) — (0,0). Fix 9 > and let u be a positive solution of 
(3) in K 2p x] — 2 p 8p p ,0]. By Proposition 6 with a = \ we have 

\{(x, t) e K p x] - 29p p , -9p p ] : logu > s - c}\ < 

< \{(x,t) e K p x] - 2 p 9p p 7 -9p p ] :logu > s - c}\ < ^\\Q(p,9p p )\ 
and by Proposition 3 



Q 

UO,-0pP) + Q(crp,0crPpP)] ~ (l-cr) (W+p) \ JJ[(0-9pP)+Q(p,8pP)} 



sup u e < 3^x^ ( TT U<E dxdl ~ 

JJ\(C 



We can then apply Proposition 5 and conclude that 

sup e c u<C 3 . (27) 



v 2 ' 2P 



Analogously, by Proposition 6 

\{( x ,t)GK p x]-ep p ,0]:logu<-s-c}\<^\Q(p,6p p )\ 
and by Proposition 4 

sup (T)'<„ C »„,,f-ff r^V^ 



Q(apM<jPpP) 



(l-a)(^+P) I JT Q( p fi p P) \u) ) 
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We can then apply Proposition 5 and conclude that 

sup e- c M _1 <C 4 . (28) 

We can now multiply (27) by (28) and conclude that 

sup u < C5 inf u (29) 



v 2 ' IV I 



Q(S,5FP p ) 



with C5 = C3C4 ■. 
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1 Introduction 

The proximal point algorithm was introduced by Martinet for solving proper 
lower semi-continuous convex minimization problems and extensively studied 
by Rockafellar [4] in the context of monotone variational inequalities. It's will 
known that if we drop the convexity assumption on the objective function sev- 
eral problems arise. The proximal mapping is not well-defined and in general it 
is not nonexpansive anymore even in arbitrary small neighbourhoods of minima. 
Only few research has been proposed concerning the construction of solutions 
in this nonconvex case, see for instance [3]. Here we focus our attention on the 
method recently proposed by Sun et al. [5]. To find a critical point of / := g — h, 
it consists to increasing the function h along the direction of the subgradient 
and then decreasing the function / thanks to a proximal step. They proved 
that if the sequence generated by their algorithm is bounded, then every cluster 
point is a critical point of /. Here, we propose an elementary proof of their 
convergence result and we complete their study by proving the convergence of 
both the sequences of points, (xfe), and values, (f(xk))- Afterwards, we provide 
conditions that ensure the boundedness of these sequences and discus the con- 
vergence of two approximate proximal schemes. Finally, suggest an algorithmic 
pattern obtained by coupling the latter method with cutting plane approxima- 
tions. 
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Let / := g — h where / and g are two convex lower semicontinuous and proper 
functions defined on M n . We consider the problem: 

min (g(x) - h(x)) (1.1) 

and the associated dual 

mm (h*(y)-g*(y)) (1.2) 

y&M n 

9*{y) = suPxGiR™ {d{ x ) ~ (?/i • E ))' ^* stand for the conjugate functions of g and h. 
It's well known that 

mi{g{x) - h(x)) = M(h*(y) - g*(y)), 

and that a necessary condition for x G domf to be a local minimizer of / is 
dh(x) C dg(x). As in general this necessary condition is hard to be reached, we 
will focus our attention on finding critical points of /, namely points satisfying 
the relaxed condition dh(x) n dg(x) 7^ 0. 

Throughout the paper / := g — h : M n — > M is a real DC function. We recall 
that the Moreau-Yosida approximate and the proximal mapping of g are defined 
for c > by 

g c {x) := inf {g(u) + — \\u- x\\ 2 } 
ueM n 2c 

j 

prox cq (x) := (I + cdq{x))~ l {x) = argmin{g(w) + —\\u — x|| 2 }, 

and that a vector w is called a subgradient of g at x € domg, if 

ff(w) > g{x) + (w, u - x) MueM 1 . (1.3) 

The set of all subgradicnts of 5 at x is denoted by dg(x) and called the subdif- 
ferential of g at x. It worth mentioning the richness of the class of DC functions 
which contains de class of lower-C 2 functions and constitutes a minimal realistic 
extension of the class of convex functions. It has been successfully used in many 
nonconvex applications such as finance, molecular biology, mutlicommodity net- 
work and seems particularly well suited to model several nonconvex industrial 
problems (Molecular optimization, computer's vision, fuel mixture ...). 



2 Proximal Point Algorithm for DC functions 

The method we will study is based on the following equivalence: 

a; is a critical point of g — h <=> x = prox cg (x + cw),Vc > and w G dh(x). 
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Thanks to this fixed-point formulation, Sun ct al. [5] proposed an algorithm for 
finding a critical point of a DC function. This method combines proximal point 
algorithm with subgradient method, more precisely: 
Algorithm: Proximal Method for DC Functions (PMDC) 

Setp 1: Given xq,cq > c. Set k = 0. 

Compute w k € dh(x k ) and set y k = x k + c k w k . 

Compute Xfe +1 = prox Ckg {y k ) (Proximal step). 
If Xk+i = Xk stop. Otherwise increase k by 1 and loop to step 2. 

The following proposition contains the convergence results of PMDC. 



Step 2 



Step 3 



Proposition 2.1 If f := infjj" / > — oo, then the sequence {f{x k )) converges 
to some value f^ > / and the sequence (x k ) is asymptotically regular, namely 

lim (g(x k ) - h(x k )) = foo and lim c^ l \\x k+ i - x k \\ 2 = 0. (2.4) 

k — >+oo k — >+oo 

Furthermore, we have 

lim (h*(w k ) - g*(c k 1 (x k - x k+1 ) + w k )) = f^. 

k — »+oo 

Moreover, if the sequences (x k ) and (w k ) are bounded then every cluster-point 
^oo (respectively w^) of (x k ) (respectively (w k )) is a critical point of g — h 
(respectively h* — g* ). 

Proof. Combining the fact that c^ (x k — x k+ \) + w k G dg(x k+ i), w k G dh(x k ) 
and using the definition of the subdiffcrcntial, we obtain 

f(x k+ i) < f(x k ) - c' k 1 \\x k - x k+1 \\ 2 . (2.5) 

First, this shows that the Algorithm is a descent method. It is clear that the 
sequence (f(x k )) decreases and since it is minorized, it converges to some /oo. 
With this result in hand, we infer the asymptotical regularity of (x k ) from (2.5). 
Furthermore, since 

h(x k ) + h*(w k ) = (xk,w k ) 

and 

g(x k ) + g*(c k 1 (x k -Xk+i) + w k )) = {x k ,c k 1 (x k - x k +i) + w k )), 
by subtracting the latter equalities, we obtain, at the limit, that 
lim (h*(w k ) - g*{c k 1 {x k - x k+1 ) + w k )) = f^. 

k — >+oo 

Now let {x ku ) and (w ku ) be two subsequences converging respectively to x^ and 
Woo. By passing to the limit in the following relations 

c fe 1 ( X K - x K+i) + WK e dg{x kv+l ) and w kv <G dh(x kv ) 
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and taking into account the fact that the graphs of dg and df are closed, we 
obtain 

Woo G <9g(xoo) and w^ e dh{x 00 ), 

from which we infer that x^ is a critical point of g — h and by duality that Woo 
is a critical point of h* — g* . ■ 

Remark 2.1 It should be noticed that the assumption that (xk) is bounded holds 
true if, for example, g — h is coercive, namely lim|| a ,|i_ > _)_ 00 (g(x) — h(x)) = +00 
and that (wk) is bounded if, for instance, Xk G int (dom h) or h is a finite 
convex function. 

The following lemma will be needed in the proof of the next proposition. 

Lemma 2.1 (see [3]): Let (xk) be a sequence of a compact metric space (E,d). 
If the set of its cluster points is finite and lixrik^oo d(xk, Xk+i) = 0, then the 
sequence (Xk) is convergent. 

We would like to emphasize that the set of cluster points of the sequence (xk) 
is finite if, for example, h is polyhedral, namely h — h{x) + 5c(x), where h(x) = 
maxj = i.. m {(aj, x) — a^} and C is a nonempty convex polyhedral subset of MP 1 . 

Proposition 2.2 Suppose that 

1. the sequence (xk) is bounded and the set of its cluster points is finite, 

2. there exists a bounded sequence (uik) with Wk G dh(xk). 

Then (xk) converges to a critical point x^ of f and linife^+oo f{xk) = f{x 00 ). 

Proof. The first part of the proposition follows by invoking proposition 2.1 and 
lemma 2.1. Since Woo G dh(xoo) and Wk G dh{xk) , we have successively 

h(Xk)>h(Xoo) + (Xk—Xoo,Woo) Vfc G IN 

and 

h{Xoo) > h(Xk) + (a;oo - x k , w^) Mk G IN. 

By passing to the limit and taking into account the fact that Yivuk^+oo Xk = £00 
and that the sequence (wk) is bounded, we derive linife^ +00 h{xk) — h{x 00 ). On 
the other hand, since c^~ (xk — Xk+i) + Wk G dg(xk+i), this implies 

g(xk) < g{Xoo) + (Cfe 1 (xk - Xk+l) + Wk, Xk ~ Xoo) 

which in turn ensues that limsup<?(:Efc) < g{x ao ). By invoking the lower semi- 

k — >+oo 

continuity of g, we can write g(xoo) < liminf g{xk) and the proof is complete. 

k — >+oo 
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In a practical point of view, we may consider errors in the computation of the it- 
erates by replacing, for example, subdiffcrcntials by their e^-enlargements (see, 
[2]). It is worth mentioning that the results are still valid for these type of 
approximate versions under a condition involving summability of the sequence 
{\/CkSk)keiN- Indeed, the definition of the e-cnlargcmcnt, (dg) e (x), of the sub- 
differential of the proper convex lower-semicontinuous function g, namely 

(dg) e (x) := {v G M n ; (u — v, y — x) > — e Vy, u G dg(y)} where e > 0, 

directly yields that 

\\{I + c k (dgf k y 1 {y k ) - prox Ckg (y k )\\ 2 < c k e k . 

Another critcrium, considered in [5], for an approximate calculation of the prox- 
imal mapping is provided by the following inexact minimization problem 

.T fe+ i = e k - argmin{g(x) + -— \\x - j/fc|| 2 }, (2.6) 

2c k 

in other words 

Cfe 1 {xk+i - Vk) e d Ek g(x k+1 ). 

Since the enlargement is larger than the approximate subdifferential, we can 
write 

de k g(x k +i) C (dg) Sk (xh+i), 

which leads to our approximate method. Thus convergence properties of (2.6) 
can be obtained as a consequence of those of our approximate algorithm. 
To conclude, let us now focus our attention on the proximal step. It is will 
known that any convex function can be written as the envelope of its supporting 
hyperplanes, i.e. 

g{x) = max{g(u) + (s(u),a; — u),u G lR n 1 s(u) G dg(u)}. 

Now assume that for any x G lR n , we can find g{x) and a subgradient s{x) G 
dg(x) at x via an orcale (black box) (see, for example [1]). After k iterations of 
the PMDC, we have a sequence (xi)i=o wn i cn can be used to build the classical 
cutting plane approximation function c/k of g: 

k 

g k (x) :=max{g(xi) + {Si,x-Xi)} with s, := s(xi) G dg{xi). 

It results from the convexity that g k is an under-estimate of g which is exact at 
each Xi, namely 

9k(x) < g(x), gk{xi) = g{x t ) and s, G dg k {xi) for i = 1 • -k. 
The next approximation is better then the previous one, more precisely 

9k+i{x) > g k (x) for all x£WL n . 
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Coupling the proximal step with the bundle strategy yield to the following: 

Algorithm: Bundle Proximal Method for DC Functions (BPMDC) 

Step 1: Choose xo,co and set k — 0, fco — 0,p = 1. 

Step 2: Call the orcale for x k (to compute w k G dh{x k )). 

Compute y k = x k + c k w k and x k = argmin{g fc (x) + ^\\y k - x\\ 2 }. 

Step 3: If g{x k ) — g k {x k ) < e p , set x k+ i := x k , k p = k,p := p+ 1 (serious step). 

Otherwise set x k+ \ = x k (null step). 

Step 4: Call the orcale for x k to obtain s(x k ) and update the cutting plane 

model <7fc+i with x k , g(x k ) and s(x k ). Increase k by 1 and loop to step 2. 

The stopping criterion is not specified, but we may use the stopping rule 

g{x k ) — g{x k ) < S for some prescribed tolerance <5 > 0. 

For the choice of e p we refer, for instance, to [1]. We would like to empha- 
size that k p denotes the iteration number of p th serious step and that we have 
ll^fep — x kp || < Jc kp e p where i kp is the the exact value of the proximal step corre- 
sponding to (x kp ). Indeed, from step 2, we have <E dg kp (x kp ) + c^ 1 (x kp -y kp ). 
Then for any x € M n 

g(x)>g kp (x) > gk p (x kp ) + (c kp (x kp -y kp ),x-x kp ) 

> 9{xk p ) + (c kp (x kp - y kp ),x- x kp ) - e p , 

which implies that c kp (x kp - y kp ) £ d £p g(x kp ). 

The convergence of the algorithm then follows provided that J\ ^jc k e p < +oo. 

The usefulness of BPMDC to solve (1.1) depends on the availability of subrou- 
tines to solve the quadratic subproblcms in step 2. This will be the case by 
considering the following equivalent quadratic problem with linear constraints: 

min r +-— \\x - yk\\ 2 

2c k 

r > g{xi) + (si,x — Xi), i = 0, • • -,k, 

(x,r) eM n+ \ 

which is much easier and has a unique solution (x k ,f k ) with r k = g k {x k ). 

This note is aimed at studying the convergence properties of a proximal algo- 
rithm for minimizing DC functions in both exact and approximate forms and 
suggesting a concrete computational algorithm pattern for the proximal point. 
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1. INTRODUCTION AND FORMULATION 

In the last two decades, the theory of variational inequalities was extended and 
generalized in many different directions because of its applications in mechanics, 
physics, optimization, economics and engineering sciences. The variational-like 
inequality also known as pre-variational inequality, is one of the generalised form 
of the variational inequality. The variational-like inequality problem and its gen- 
eralizations are the powerful tool to study the nonconvex and nondifferentiable 
optimization problems; see for instant [1, 11, 15] and references therein. 

The variational inequalities and quasi-variational inequalities for the ran- 
dom operators are called random variational inequalities and random quasi- 
variational inequalities; See for example [2, 3, 4, 6, 7, 9, 12, 14, 16] and ref- 
erences therein. Tan et al [13] studied random variational inequalities with 
applications to random minimization and nonlinear boundary problems, while 
Tarafdar and Yuan [14] gave the applications of random variational inequali- 
ties to random best approximation and fixed point theorems. In [9] and [16], 
random quasi-variational inequalities are studied with applications to random 
generalized games. 

In this paper, we consider the completely generalized nonlinear variational- 
like inclusions for noncompact valued random mappings and suggest new itera- 
tive algorithm to compute the approximate solutions of our problem. We prove 
the existence of a random solution of our completely generalized nonlinear ran- 
dom variational-like inclusion and we study the convergence of random iterative 
sequences generated by the suggested algorithm. 
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Let (fi, S) be a measurable space, where fiis a set and £ is a c-algebra of 
subsets of fi. Let H be a real separable Hilbert space whose norm and inner 
product are denoted by ||.| and (.,.), respectively. We denote by B(H) the class 
of Boral c-field in H. 

Definition 1. A mapping x : Q — > H is said to be measurable if for any 
B e B(H), {teQ: x(t) GB}6E. 

Definition 2. A mapping / : fi x H — > H is called a random operator if for 
any x e H, f(t,x) = x(t) is measurable. A random operator / is said to be 
continuous if for any t € Q, the mapping f(t, .) : H — > H is continuous. 
Definition 3. A multivalued map T : fi — > 2 H is said to be measurable if for 
any B e £(#), T^B) = {feO: T(t) n £ / 0} e S. 

Definition 4. A mapping u : Q — >■ i7 is called a measurable selection of a 
multivalued measurable map T : Q — > 2 H if u is measurable and for any teO, 
u(t) G T(t). 

Definition 5. A map T : fi — > 2 H is called a random multivalued map if for any 
x G H , T(., a;) is measurable. A random multivalued map T : fix if — >■ CB(H) 
is said to be %-continuous if for any iGfi, T(£, .) is continuous in the Hausdorff 
metric. 

Given random multivalued maps M, S, T : fi x H — > 2 H , random operators 
f,g,p '■ fi x H — > H with Im(g) fl dom d(f> ^ $ and the random map 77 : 
fi x H x H — >■ if, we consider the following completely generalized nonlinear 
random variational-like inclusion problem: 

Find measuable mappings x, u, v, w : Q — > -ff such that 
V £ e fi and y(i) e if 

x(t) e if, u(t) e M(t,x(t)), v(t) e 5(t,x(t)), 

to(t) G T(t, x(t)), #(£, u(t)) n dom d(f) ± and 

<p(t, «(*)) - (/(*, «(*)) - <?(t, «;(*))), ry(t, y(t), x(t))) > <f>(x(t)) - <f>(y(t)), 

where d(f> is the subdifferential of a proper, convex and lower semicontinuous 
function <f> : H — > R U {+oo}. The set of measurable mappings (x,u,v,w) is 
called a random solution of completely generalized nonlinear random variational- 
like inclusion problem. 

If p = 0, /, g and M are identity maps, and S and T are single valued mappings, 
then completely generalized nonlinear random variational-like inclusion problem 
reduces to the problem of finding a measurable mapping x : Q — > H such that 
V t e n and V y(i) eH, 

{T(t, x(t)) - S(t, x(t)), n(t, y(t),x(t))) > 0. (1) 

Problem (1) is considered by Ding [3] in the setting of Banach spaces. 

2. PRELIMINARIES 
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Lemma 1. [2] Let T : fi x H — > CB(H) be a ^-continuous random multivalued 
map. Then for any measurable mapping w : Vt — » H, the multivalued map 
T(.,w(.)) : £1 -> CB(H) is measurable. 

Lemma 2. [2] Let S, T : £1 — > CB(H) be two measurable multivalued maps, 
e > be constant and v : £1 — > H be a measurable selection of S. Then there 
exists a measurable selection w : £1 — > H of T such that Vtefi, 

Ht)-™(t)||<(l + e)ft(S(t),T(t)). 

Definition 6. A random mapping n: QxHxH^H is called: 
(i) monotone if 

<z(*)-j/(*),rK*,z(*), */(*))) >0, V x{t),y{t) e H, t e fi; (2) 

(ii) strictly monotone if the equality holds in (2) only when x(t) = y(t); 
(iii) strongly monotone if there exists a measurable function q : fi — > (0, oo) 
such that 

(x(t) - y{t), V {t, x(t),y(t))) > q(t)\\x(t) - y(t)\\\ V x{t), y(t) eH,teQ; 

(iv) Lipschitz continuous if there exists a measurable function s : Q — > (0, oo) 
such that 

\\n(t,x(t),y(t))\\ < S\\x(t) - y(t)\\, V x(t),y(t) e H ,t e Q. 

Definition 7. A random operator g : fi x i7 — >■ if is said to be Lipschtiz 
continuous if there exists a measurable function r : fi — > (0, oo) such that 

||0(t,ioi(t)) - s(t,w 2 (t))|| < r(t)\\ Wl (t) - w 2 (t)\\, V ^i(t),t(j 2 (t) eH ,ten. 

Definition 8. A random multivalued map S : fi x H — > CB(H) is said to be 
%-Lipschitz continuous if there exists a measurable function d : Vt — > (0, oo) 
such that 

U{S{t,x{t)),S{t,y{t))) < d(t)\\x(t) - y(t)\\, V x(t),y(t) e H t e fi. 

Definition 9. Let / : if — > if be a random operator. A random multivalued 
map S : H — > 2 ff is said to be: 

(i) relaxed Lipschitz with respect to f if there exists a measurable function 
ft : fi — > (0, oo) such that 
(f(t,u(t)) - f(t,v(t)),x- y) < -k(t)\\x(t) - y{t)\\\ 

V x(t),y(t) e H, u(t) e S(t,x(t)), v(t) e S(t,y(t)), t e ft; 



296 AHMADJRFAN 



(ii) relaxed monotone with respect to f if there exists a measurable function 
c : fi — > (0, oo) such that 
</(t, u(t)) - f(t, v(t)),x(t) - y(t)) > -c(t)\\x(t) - y(t)\\ 2 , 

V x(t),y(t) e H, u(t) e 5(t,x(t)), w(*) e S(t,y(t)), t e a 

Definition 10. Let n : Q x H x H — > H be & given random map. A random 
multivalued map Q : fi x H ^ 2 H is called n-monotone if V x(t),y(t) € i7 and 

<«(*) - u(<),r7(t,a;(t),3/(<))> > 0, V u(t) e Q{t,x{t)), v(t) e Q{t,y{t)). 

Q is called maximal n-monotone if and only if it is ^-monotone and there is no 
other 77-monotone random multivalued map whose graph strictly contains the 
graph of Q. 

Assumption 1. The random operator n : VtxHxH — >■ H satisfies the condition 
rj(t, y(t),x(t)) + n(t, x(t), y(t)) = 0, V x(t), y(t) eH,teQ. 

Remark 1. If 77 : x H x H — >■ H satisfies Assumption 1 and <j> : H — >■ 
MUJ+oo}, then it is easy to see that the random multivalued map d n 4> : H — >■ 2 ff 
is 77-monotone. 

The following result is the random version of Proposition due to Lee, Ansari 
and Yao [10]. 

Preposition 1. Let n : Q x H x H — > H be strictly monotone random map 
and Q : Q x H — > 2 H an ^-monotone random multivalued map. If, the range 
of (I + XQ), R(I + XQ) = H, for A > and I is the identity operator, then Q 
is maximal ^-monotone. Furthermore, the inverse operator (I + XQ)^ 1 is single 
valued. 

3. AN ITERATIVE ALGORITHM 

Throughout this section, we will assume that n : £1 x H x H — > H is strictly 
monotone and satisfies Assumption 1 and <j> : H — > K U {+00} is a functional 
such that R(I + \d v <f>) = H for A > 0. 

From Proposition 1, we note that the mapping 

j}(x(t)) = (I + Xd^y^xit)), V x(t) EH, te Q 

is single valued. 

Lemma 3. The set of measurable mappings x, u, v, w : Q — > H is a ran- 
dom solution of completely generalized nonlinear random variational-like in- 
clusion problem if and only if V t e Q, x(t) <G H, u(t) <G M(t, x(t)), «(£) <G 
S(t,x(t)), w(t) e T(t,x(t)) satisfy the following relation: 

z(t) = J A %[z(t) - A(*)(p(*,u(*)) - (/(*,«(*)) - <?M(t)))], (3) 
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where A : ft — > (0, oo) is a measurable mapping and jt t , = [I + \(t)d(j)] 1 is so 
called proximal map on H and / stands for the identity operator on H. 

Proof. From the definition of Jt t \, it follows that 

x(t) - X(t)[p(t, u(t)) - (f(t, v(t)) - g(t,w(t)))} e x(t) + \(t)d^x(t) 

and hence 

[f(t,v(t))-g(t,w(t))]-p(t,u(t)) G \(t)d v <f>x(t). 

By using the definition of 77-subdifferential, we have 
((f^ v(t)) - g(t, w(t))) - p(t, u(t)), V (t, y(t),x(t))) 

< cf)(y(t)) - cf)(x(t)) V y(t) e H, t e ft. 
Thus (x,u,v,w) is a random solution of completely generalized nonlinear ran- 
dom variational-like inclusion problem. 

To obtain the approximate solutions of completely generalized nonlinear ran- 
dom variational-like inclusion problem we can apply a successive approximation 
method to the problem of solving 

x(t)eQ(t,x(t)) (4) 

for allt e ft, where 

Q(t,x(t))=x(t) + J A %[x(t)-A(t)((p(t,n(t))-(/(t,5(t,«(t)))-^(t,r(t,^(t))))]. 

Based on (3) and (4), we propose the following algorithm to compute the 
approximate solutions of completely generalized nonlinear random variational- 
like inclusion problem. 

Algorithm 1. Let M,S,T : ft x H — >■ CB(H) be ^-continuous random mul- 
tivalued maps and f,g,p : ft x H — >■ H be continuous random operators. 
For any given measurable mapping x : ft — > H, the multivalued mappings 
M(.,x (.)), S(.,x (.)), T(.,x (.)) : ft — > CB(H) are measurable by Lemma 1. 
Hence there exist measurable selection u : ft — > H of M(.,x (.)), measurable 
selection v : ft — > H of S(.,x (.)) and measurable selection w : ft — > H of 
T(.,x (.)) by Himmelberg [5]. Let 

Xl (t) = x (t) + Jf° {t) [x (t) - \(t)((p(t,u (t)) - (f(t,v (t))) - g(t,w (t)))}. 

It is easy to see that x\ : ft — > H is measurable. By Lemma 2, there exist 
measurable selections u\ : ft — > H of M(.,xi(.)), measurable selection v\ : ft — > 
H of 5(.,a;i(.)) and measurable selection w\ : ft — > H of T(.,xi(.)) such that 
V t e ft, 

IM*)-mi(*)II < (i + i)n(M(t,x (t)),M(t, Xl (t))), 

\\v (t) - Vl (t)\\ < (1 + 1) U(S(t,x (t)),S(t, Xl (t))), 
\\w (t) - Wl (t)\\ < (l + l)«(T(*,a;o(<)),r(*,a;i(t))). 
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Let 

x 2 (t) = x x (t) + jffaMt) - X(t)((p(t, Ul (t)) - (/(Mi(t))) - g{t, Wl {t)))}, 

then x 2 '■ fi — > H is measurable. 

By induction, we can obtain sequences {x n (t)}, {u n (t)}, {v n (t)} and {w n (t)} 
as follows: 

x n+1 (t) = x n (t) + Jf{ t) [x n {t) -X(t)((p(t, u n (t)) - (/(*, v n {t)))-g{t, w n {t)))}, (5) 

K(t) - m„+i(<)|| < (1 + (n + l)" 1 ) n(M(t, x n (t)), M(t, x n+1 (t))), 

\\v n (t) - v n+1 (t)\\ < (1 + (n + I)" 1 ) n(S(t, x n (t)), S(t, x n+1 (t))), 

\\w n (t) - w n+1 (t)\\ < (1 + ( n + I)" 1 ) H{T{t,x n {t)),T{t,x n+1 {t))), 

for any teO and n = 0, 1, 2, 

Lemma 4. Let n: QxHxH^Hbea strongly monotone and Lipschitz 
continuous random map with constants q(t) > and s(t) > 0, respectively , 
and satisfy Assumption 1. Then 

Ptitfit) ~ %y(t)\\ < r(t)H*) ~ V(t)\\ V x(t),y(t) e H, 

where r(t) = g|. 

Proof. For the proof see Lemma 3 of [10]. 

Theorem 1. Let r\ : fixHxH^-Hbe strongly monotone and Lipschitz 
continuous random map with constants q(t) > and s(t) > 0, respectively, and 
satisfy Assumption 1. Let f,g,p : fi x H ^ H be Lipschitz continuous with 
corresponding constants £(£), r(t) and cr(t), respectively. Let M,S,T : fix H — > 
CB(H) be % -Lipschtiz continuous with corresponding constants ^(t),h(t) and 
d(t), respectively and S be the relaxed Lipschtiz with respect to f with constant 
k(t) and T be relaxed monotone with respect to g with constant c(t). For each 
n, let (j) n : H — > R U {+00} and <f> : H — > R U {+00} be mappings such that 
R(I + \\t)d n (j) n ) = R(I + X(t)d n (/)) = H for X(t) > 0. Assume that 

J&» Kvw - J Ki;m\ = o, v Z (t) e # 



and «/ 



A(t) 



< 



m)h(t) + r{t)d{t)Y - eHthHt) 

ygg - fc(t)) 2 - [(fl*)M*) + gggg - a 2 (t)7 2 (t)] 
[£(t)h(t) + r(t)d(t)] 2 ~ ° 2 (th 2 (t) 



it) - k(t) > ^W)h{t)+l{t)d{t)?-° 2 {t)m (6) 
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£(t)h(t) + r(t)d(t)>a(t)i(t). 

Then there exists a set of elements x(t) € H,u(t) € M(t,x(t)),v(t) € S(t,x(t)) 
andw(t) e T(t, #(£)) which is a solution of completely generalized nonlinear ran- 
dom variational-like inclusion problem and x n (t) — > x(t),u n (t) — > u(t),v n (t) — > 
v(t),w n (t) — > wj(t) as n ^ oo ; where {x n (t)},{u n (t)},{v n (t)} and {w n (t)} are 
the random sequences obtained by Algorithm 1. 
Proof. From (3), we have 

\\ Xn+1 (t) - X n (t)\\ = \\x n (t) - X n -!(t) + J§ t) (h(x n (t)) - ^'(M^n-lW))!!, (7) 

where 

/i(z n (t)) = z«(*) - A(t)[(p(t, «„(*)) - (/(*, «„(*)) - g(t, w n (t)))}. 
By introducing the term J^ t Jh(x n -i(t)), we get 

ll^-^nW))-^- 1 ^--!^)))!! 

<||jf(^n(t)))-jf(M^n-l(t)))|| + ||jf(M^-l(t)))-jf- 1 (/ i (^_ 1 (t)))||.(8) 

By Lemma (4), we have 

' \\Ji"(h(x n (t)))-jf^(h(x n ^(t)))\\ 

<r(*)||M^(*))-M^-i(*))ll+ll-^(M^-i(*)))-^ _1 (M^-i(*)))ll. (9) 

where r(t) = 4|, and 

||/i(a; n (t)) - h(x n ^(t))\\ = \\x n (t) - X(t)(p(t, u n (t)) - (f(t, v n (t)) 

-g(t,w n (t)))) - z n _i(t) + A(t)(p(t,u n _i(t)) 
-(/(M„-i(t))-<?(t,™„-i(t)))|| 
< ||x„(t) - a; n _i(t) + X(t)(f(t,v n (t) - fit, u n _i(t)) 
-A(*)(^(*,u;„(*) - ^(t,io„_i(t))|| 
+A(t)r(t)||(p(t,M n (t) -p(t, Un _i(t))||. (10) 

From (7) - (10), we get 

||x„ + i(t) -z n (*)|| < ||a; n (t)-a; n _i(t)|| 

+r(t)||x„(t)-x„_ 1 (t) + A(t)(/(t,^(t) 

-/(*, u n _i(t)) - A(t)(<?(t, w n (*) - g(t, w„-i(t))|| 

+A(t)r(t)||p(t,M n (t)-p(t,M n _i(t))|| 

+ || J A %(^n-l(t)) - J A %(M^-l(t))||. (11) 

Since M, 5 and T are %- Lipschitz continuous, and /, g and p are Lipschtiz 
continuous, we have 

\\p(t,u n (t))-p(t,u n ^(t))\\ < a(t)\\u n (t) - u n ^(t)\\ 

< a(t)^(t)(l + l/n)\\x n (t)-x n ^(t)\\ (12) 
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\\f(t,v n (t))-f(t,v n ^(t))\\ < m\K(t) - v n ^(t)\\ 

< C(t)h(t)(l + l/n)\\x n (t)-x n ^(t)\\ (13) 

\\g(t,w n (t))-g(t,w n ^(t))\\ < r(t)\\w n (t) - w n ^(t)\\ 

< r{t)d(t)(l + l/n)\\x n (t)-x n ^(t)\\. (14) 

Further , since S is relaxed Lipschitz and T is relaxed monotone , we have 

\\x n (t)-x n ^(t)+X(t)(f(t, v n (t)-f(t, v n ^(t))-X(t)(g(t, w n (t)-g(t, w n ^(t))\\ 2 

= \\x n (t) - x n ^(t)\\ 2 + 2X(t)(f(t,v n (t)) - f(t,v n ^(t)),x n (t) 
-x n -i(t)) - 2X(t){g(t,w n (t)) -g(t,w n -i(t)),x n (t) - x n -i(t)) 
+X 2 {t)\\f(t J v n (t)) - f(t,v n ^(t)) - (g(t,w n (t)) - g{t,w n ^{t))\\ 2 

< [1 - 2X(t)(k(t) - c(t)) + X 2 (t)(l + l/n) 2 (£(t)h(t) 

+r{t)d{t)) 2 ]\\x n {t)-x n _ 1 {t)\\ 2 . (15) 

From (11) - (15) , it follows that 

\\x n+1 {t) - x n {t)\\ = 9 n \\x n (t) - a; n _i(t)|| 

+ \\J^ t) (h(x n - 1 (t)) - Jf^(h(x n ^(t)))l (16) 

where 

9 n (t) = 1 + r(tW(l - 2X(t))(k(t) - c(t)) + X 2 (t)(l + l/n) 2 [i(t)Ht) + r(t)d(t)] 2 
+X(t)a(tHt)r(t)(l + l/n). 

Let, 

9(t) = 1 + T(t)y/(1 - 2X(t))(k(t) - c(t)) + X 2 (t)[Z(t)h(t) + r(t)d(t)] 2 
+X(t)a(t) 1 (t)r(t). 

Then 9 n (t) -> 9{t) as n -> oo. It follows from (6) that 9{t) < 1. 

Since lim n ^ +00 \\J*fez(t) - jffe 1 z(t)\\ = 0, It follows from (16) that {x n (t)} 
is a Cauchy sequence in H. Since H is complete, then there exists a measurable 
map x : fi — > H such that x n (t) — > x(t), for all ieO. Now we prove that u n (t) — > 
u(t) G M(t,x(t)),v n (t) -> «(*) G 5(t,x(t)) and w n (t) -> to(*) e T(t,x(t)). In 
fact , It follows from Algorithm 1 that 

K(*) - m«-i(*)|| < (1 + l/n) 7 (t)||x„(t) - x n ^{t)\\, 

\\v n (t) - u„-i(<)|| < (1 + l/n)/i(t)||:r n (t) - z n _i(*)||, 
lhn(<) " t0n-i(<)|| < (1 + l/n)c?(t)||x„(t) - z n _i(*)||, 
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which implies that {u n (t)}, {v n (t)} and {w n (t)} are also Cauchy sequences in 

H. Let u n (t) — > u(t),v n (t) — > v(t),w n (t) — > w(t) as n — > oo . We have 

d(v(t),S(t,x(t)) = inf{\\v(t)-y(t)\\:yeS(t,x(t)} 

< \\v(t) - v n (t)\\ + d(v n (t), S(t,x(t)) 

< \\v(t) - v n (t)\\ + U(S(t, x n (t)), S(t, x{t)) 

< \\v{t) - v n {t)\\ + h\\x n (t) - x(t)\\ -> as n -> oo 

Hence v(t) <G S(t,x(t)). Similarly we can prove that u(t) <G M(t,x(t)),w(t) <G 
T(t,x(t)). This complete the proof. 
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Abstract 

In this paper we prove a sufficient condition for the existence of mild solutions for an im- 
pulsive Cauchy problem monitored by the semilinear evolution differential inclusion x'(t) € 
A{t)x{t) + F(t,x(t)) where {^4(i)} te r ^ is a family of linear operators in a Banach space 
E generating an evolution operator and F is a Caratheodory type multifunction. Since we 
do not assume any hypothesis on the impulse functions, our existence theorem extends in a 
broad sense a proposition obtained by Benchohra, Henderson and Ntouyas. 
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1 Introduction 

The impulsive Cauchy problems have advantage over the traditional Cauchy problems since 
they can be used to model processes which are subjected to abrupt changes. In the math- 
ematical simulation it is convenient to assume that these changes take place momentarily 
and that the change of the state is given by a jump. 

During recent years, the impulsive differential equations have been an object of intensive 
investigation because of the wide possibilities for their application in various fields of science 
and technology as theoretical physics, population dynamics, economics, etc. (see, e.g. [6], 
[15], [21], [24]). 

Several monographs related to this subject have been published (see, e.g. Bainov and 
Covachev [2], Bainov, Lakshmikantham and Simeonov [3], Bainov and Simeonov [4], [5], 
Mil'man and Myshkis [20], Samoilenko and Perestyuk [23]). 

Later Liu [18], by means of the semigroup theory, has proved the existence and unique- 
ness of mild solutions for an impulsive Cauchy problem (with Lipschitz impulse functions) 
controlled by an evolution equation 

x'{t)=Ax{t) + f{t,x{t)) , 
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being A an unbounded operator generating a strongly continuous semigroup and / a con- 
tinuous function, Lipschitz with respect to the second variable. 

In last years some works concerning impulsive Cauchy problems have appeared also 
monitored by semilinear differential inclusions (see, e.g. [1], [7], [8], [9], [12], [13]). 

In this note we provide a sufficient condition for the existence of mild solutions (see 
Definition 1) for the following impulsive Cauchy problem governed by a semilinear evolution 
differential inclusion 

x'(t) G A{t)x{t) + F(t, x(t)) , a.e. t G [0, 6] , t / t k , k = 1, ■ ■ ■ , m 



(P)\ x{t+) = x{t k ) + I k {x{t k )) , k = !,•■• 



m 



x(0) = a£ E 

where {^4(£)}ie[o,dl is a family of linear operators (not necessarily bounded or closed) in the 
Banach space E generating an evolution operator; F is a Caratheodory type multifunction; 
= to < ti < • • • < t m < t m+ i = b; I k : E — ► E, k = 1, • • • , m, are impulse functions and 
x(t + ) = lim s ^ t + x(s). 

We achieve our result by applying some of the theorems stated in [10] and a fixed point 
theorem for condensing multifunctions (see [16], Corollary 3.3.1). 

We observe that our hypotheses are more general than conditions assumed by Liu in 
[18]. 

Moreover, we remark that our existence theorem extends in a broad sense an analogous 
proposition obtained by Benchohra, Henderson and Ntouyas in [7]. In fact, they require 
the impulse functions to be continuous and to satisfy a suitable property, whereas we don't 
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assume any hypothesis on these. 

2 Preliminaries 

Let X and Y be topological spaces and let us denote by P(Y) the collection of all nonempty 
subsets of Y. 

A multivalued map (multimap) T : X — > P(Y) is said to be: 

upper semicontinuous (u.s.c) if !F~ l (y) = {x £ X : J-(x) C V} is an open subset of X for 
every open V C Y; 

closed if its graph Tp = {(x, y) : y £ F(x)} is a closed subset of the space X x Y. 

Let (E, || • ||) be a Banach space and (A, >) be a (partially) ordered set. 

We recall (see, e.g. [16]) that a function /3 : P(E) ^ A is called a measure of noncompact- 
ness (MNC) in E if 

!3{coQ) = (3(0) 

for every $7 G P{E). 

Moreover, a MNC is said to be: 

monotone if fioj^i £ P(E), Qq C fii implies /5(Oo) < /^(^i) ; 

nonsingular if /3({a} Ull) = /3(fi) for every a G £, O £ P(P)'i 

real if „4 = [0, +oo] with the natural ordering and /?(fi) < +oo for every bounded 17. 

If „4 is a cone in a Banach space we say that the MNC (3 is regular if (3(0,) = is equivalent 
to the relative compactness of 0,. 
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In the following we will often use the Hausdorff MNC 

x(^) = inf{e > : 0, has a finite e-net} 

which is a MNC possessing all the properties described above. 

Let W be a closed subset of a Banach space E, (3 : P{E) — > A be a MNC on E and 
K{E) [Kv{E)\ denote the collection of all nonempty compact [compact convex] subsets of 
E. 
A multimap T : W — > K{E) is said to be (3- condensing if for every Vl C W the relation 

implies the relative compactness of f2. 

Also the following notions from the literature (see, e.g. [11], [14], [16]) will be used 
throughout this paper. 

Let J and J be respectively a bounded interval of the real line and its closure. 

A multifunction Q : J — ► K{E) is strongly measurable if there exists a sequence (Q n )^=i 
of step multifunctions such that 

H(g n (t),g(t))^o 

as n — > oo for a.e. t £ J (on the interval J we consider the Lebesgue measure and .ff is the 
Hausdorff metric on K{E)). 

Every strongly measurable multifunction Q admits a strongly measurable selection g : J — > 
£? , i.e. g is strongly measurable and g{t) £ £7(£) for a.e. t G J . 

Let the symbol L x ( J; £7) denote the space of all Bochner summable functions; moreover, 
for the sake of simplicity, the symbol L\(J) will denote the space L 1 (J; M + ). 
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A multifunction Q : J — ► K{E) is 
integrable if it has a summable selection g G L l (J; E) ; 

integrably bounded if there exists a summable function lj(-) G l\(J) such that 
||a(i)|| := supfllsll : 5 G £(*)} < <"(*)> a.e. i G J. 
The set of all summable selections of the multifunction Q on the interval J will be denoted 

A countable set {fn}%Li C L l (J; E) is said to be semicompact if: 

i) it is integrably bounded: ||/n(£)ll — W W f° r a - e - ~t ^ J and every n > 1 where 
w(-) G L*.(J) 

ii) the set {/n (£)}??= l is relatively compact for a.e. t G J. 

By the symbol C( J, £/) we will denote the set of all the continuous functions defined on 
J which take values in E. 

Let [0, b], b > 0, be a fixed interval of the real line and A = {(t, s) G [0, b] x [0, b] : < 
s < t < b}. 

Now we recall a basic definition (see, e.g. [22]). 

A two parameter family {T(t, s)}r t:S \ e &, T(t, s) : E — ► E bounded linear operator, (t, s) G 
A, is called an evolution system if the following conditions are satisfied: 

1. T(s, s) = I, T(t, r)T(r, s) = T(t, s) for < s < r < t < b; 

2. (t, s) h^ T(t, s) is strongly continuous on A (see, e.g. [17]). 
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For any evolution system, we can consider the respective evolution operator T : A — ► C(E), 
where C(E) is the space of all bounded linear operators in E. 

In the sequel we will also need the following definition introduced in [10]. 

Given an evolution operator T : A — ► C(E), the operator G : ^ 1 ([0, h];E) — ► C([0, h]; E) (0 < 
h < b) defined by 

Gf(t)= f T(t,s)f(s)ds t€[0,h] 
Jo 

is said to be the generalized Cauchy operator. 

In order to prove our existence result we will use the following propositions. 

Lemma 1. ([10], Theorem 2) The generalized Cauchy operator G satisfies properties 
{G\) there exists Q > such that 

\\Gf(t)-Gg(t)\\<( f \\f(s) - g(s)\\ds 
Jo 

for every f,g £ ^([0, h}; E) , < t < h; 

(G2) for any compact K C E and sequence (f n )^Li, fn S ^ 1 ([0, h]; E), such that 
{fn(t)}%Li C K for a.e. t £ [0,h] , the weak convergence f n — *■ /o implies the 
convergence Gf n — v Gfo. 

Lemma 2. ([16], Theorem 5.1.1) Let S : L 1 ([0,/i];£') -v C([0,/i];£) 6e an operator 
satisfying condition (G2) and the Lipschitz condition (weaker than (Gl)) 

(GV) \\Sf - Sg\\ c < Cll/ - 9\\L l ([o,h];E) (where \\ • || c is the usual sup-norm). 
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Then for every semicompact set {f n }^Li C i 1 ([0, h]; E) the set {Sf n } ( ^' =1 is relatively 
compact in C([0,h];E) and, moreover, if / n — ^ /o then Sf n ^ Sfo. 

Lemma 3. ([16], Theorem 4.2.2) Let the operator S : Z^QO, h];E)-> C([0, h];E) satisfy 
conditions (Gl) and (G2) and let the set {f n \ c ^=\ be integrably bounded with the property 
x({fn(t)}^Li) < f](t) for a.e. t G [0, h] where rj(-) £ L^_([0,h]) and x is the Hausdorff 
MNC. Then 

x({Sfn(t)}™ =1 )<2( [\(s)ds 



10 
for all t £ [0,h] , where ( > is the constant in condition (Gl). 

3 Existence Theorem 

In this section we prove the existence of mild solutions for the impulsive Cauchy problem 
(P)- 

We will assume the following hypothesis on the linear part of the inclusion: 

(A) {^4(i)}ie[o,w is a family of linear (not necessarily bounded) operators, A(t) : D(A) C 
E — > E, D(A) not depending on t and dense subset of E, t £ [0,6], generating an 
evolution operator T : A — > C(E), i.e. there exists an evolution system {T(t, s)}( ts \ e ^ 
such that, on the region D(A), each operator T(t, s) is strongly differentiable relative 
to t and s, while 

d ^A = A(t)T(t,s) and °^A = - T (t,s)A(s) , (t, s) e A 

(for more details see, e.g. [17], [19]). 

F : [0, 6] x£-> Kv(E) is a multivalued nonlinearity such that 
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(F) (Fl) for every x £ E the multifunction F(-,x) : [0,6] — ► Kv{E) admits a strongly 
measurable selector; 

(F2) for a.e. t £ [0, 6] the multifunction F(t, ■) : E -> Kv(E) is u.s.c; 

(F3) there exists a function a £ £+([0, 6]) such that for every x £ E we have 

||F(t,x)|| <a(*)(l + ||x||) a.e. tG [0,6]; 

(FA) there exists a function k £ L\([0, 6]) such that for every bounded D C E 

X (F(t,D))<k(t)x(D) , 
for a.e. £ G [0, 6], where x 1S t ne Hausdorff MNC. 

Remark 1. We note that if multifunction F(-, x) is strongly measurable for every x £ E, 
then condition (Fl) is fulfilled. 

Moreover, we observe that, under conditions (Fl) and (F3), for every strongly measurable 
function q : [0,6] — * E there exists a strongly measurable selection f : [0,6] — ► £ of the 
multifunction F: [0, 6] — ► K(E), F(i) = F(t,q(t)) (cf. [16], Theorem 1.3.5). Therefore, under 
hypothesis (F2), we have that the set <SL , ^ r y is nonempty. 

For the sake of simplicity, we put Jo = [0, t\] ; J^ =]£fe, £fe+i] , k = 1, ■ • • , m. 
Afterwards, in order to define a mild solution of problem (P), we introduce the set 

A = {x : [0, 6] — ► E : x\j k £ C(Jk, E) , k = 0, ■ ■ • , m and there exists x(t£) £ E , k = 1, • • • , to} 

It is easy to verify that (A, || • ||a) is a Banach space, where, for every x £ A, we put 

||x||a = maxJUx/clloo , k = 0- ■■ ,m} 
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being xq = x\ j and, for any k = 1 



,---,m, 



x k (t) = < 



x(t) , t€ Jk 



x(t~l) , t = t k . 



Definition 1. A function x £ A absolutely continuous in the closed interval Jq and in 
any interval J k , k = 1, ■ ■ ■ , m, is a mild solution of (P) if 



(i) x(t) = T(t, 0)a + f T(t, s)f(s)ds + ]T T(t, t k )I k (x(t k )) , t € [0, 6] , k = 1, 
where /€5^ ( . )X( . ))>[0)6] 



■ • ■ ,m 



o<t k <t 



(ii) x(0) = a 

(iii) x(t£) = x(t fc ) + I k (x{t k )) , k = l,---,m. 

In order to prove our result, we recall a global existence theorem obtained in [10] for the 
non impulsive Cauchy problem 



x'(t) £ A(t)x(t) + F(t, x(t)) , a.e. t £ [0, d] 



(P){ 



x(0) =a£E 
where d is a fixed positive number. 
We also recall that a function x G C([0, /i]; E 1 ), < /i < d, is a mild solution for (P) if 



(j) x{t)=T{t,0)a+ T(t,s)f(s)ds, te[0,h] 
Jo 



where feS^ { , M , )hm 



(jj) x(0) = a 
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Theorem 1. ([10], Theorem 4) Suppose that hypotheses (A) and (F) are satisfied. Then 
the set of all (global) mild solutions for non impulsive problem (P) is a nonempty and 
compact subset of the space C([0, d]; E). 

Now we state and prove our main result. 

Theorem 2. Under assumptions (A) and (F) there exists a mild solution for the impul- 
sive Cauchy problem (P). 

Proof. We proceed by steps. 

Step 1. Let us consider the real interval Jo and the related Cauchy problem 

x'(t) G A(t)x(t) + F(t, x(t)) , a.e. t G J 

x(0) = a G E 

By applying Theorem 1, we can say that there exists a mild solution for non impulsive 
problem (Pq) on the whole interval Jo- 

Step 2. Let x° : Jq — ► E be a (global) mild solution for non impulsive problem (Po)- 
Then, we have 

x°(t) = T(t, 0)a + / T(t, s)f°(s) ds , t G J (1) 

Jo 

where /° G iSL 0( ^ 1 , and hence 



>F(.,x°(.)),Jo' 



ar°(ti) = T(h,0)a + / ' T(t 1 ,s)f°(s) ds 
Jo 
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Now, let us consider the interval J\ and the Cauchy problem 

x'(t) £ A(t)x(t) + F(t, x(t)) , a.e. t £ H 

x(t 1 ) = x°(t 1 ) + I 1 (x°(t 1 )) 
To prove the existence of a (global) mild solution for non impulsive problem (Pi) we 
introduce the integral multioperator T± : C{J\]E) — ► P{C{J\]E)) defined as 



r 1 (x) = {yeC(J 1 ;E) : y(t) = T(t,0)a+ f ' T(t,s)f°(s) ds + 



+ J* T(t, s)f(s) ds + T(t, ti)Ji(a; (ti)) , / € Sj, ( 



Of course, the set of all mild solutions for non impulsive problem (Pi) on J\ is the set 
FixTi = {x : x £ T\(x)}. In order to provide that this set is nonempty, we will show, by 
following the lines of the proves of Theorems 3 and 4 of [10] , that the integral multioperator 
Ti satisfies all the hypotheses of Corollary 3.3.1 of [16]. 

First of all, it is easy to check that Ti has convex values. 

Then, T x has closed graph in C(J^;E) x C(J^;E). In fact, let (x n )+^ , (z n )£fi be 
sequences in C(J\\ E) such that x n — > x* , z n £ Ti(x n ) for n > 1, z n — ► z*. Moreover, let 
(fn)i=n fn £ ^(Ji; E), be an arbitrary sequence such that /„ £ S l , . .. -^ , for n > 1. 
Being the set {f n }t=i integrably bounded and, for a.e. t £ J\, the set {f n {t)}n=i relatively 
compact, we can say that {f n }n=i 1S semicompact (see the proof of Theorem 3 of [10]). 
Taking into account Proposition 4.2.1 of [16], we have that set {f n }n=i 1S weakly compact 
in L 1 (Ji;P), so w.l.o.g. we can assume f n — *■ /* in L 1 (Ji;£^). 
Now, let us consider the generalized Cauchy operator on the interval JqU J±, i.e. the operator 
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G : L\ J U Ji; E) -► C(J U Ji; £) defined by 



G/(t) = / T(t,s)f(s)ds , t€ JqUJi. 

JO 



(3) 



From Lemma 1, we know that G satisfies properties (Gl) and (G2) on the whole interval 

JoUJi. 

Afterwards, for any n > 1, let us define function f n : Jo U J\ — ► J? as 

/°(t), te[o,ti[ 

(4) 



/«(*) = 



and function x n : Jq U Ji — > E as 



/„(*) , t e Ji , 



x°(t), t€[0,ti[ 



5„(t) = < 



(5) 



x n (t) , t e Ji , 

where /° and x° are respectively the summable function and the mild solution of problem 
(P ) fixed in (1). 
Ofcourse, / n G^ ( .- n( . ))JoUJi . 

Finally, let /* : Jo U J\ — ► J? be the summable function defined by 

f°(t), t€[0,ti[ 

Note that set {,/n}n=i is also semicompact and sequence (f n )n=i weakly converges to /* in 
L l (J$ U Ji; E). Therefore, by applying Lemma 2, for the generalized Cauchy operator G of 
(3) we have in C(Jq U Ji; E) the convergence 



Gf n - G/* 



(6) 
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By means of (2), (4) and (3), for all t 6 J\ we can write 



z n (t) = T(t, 0)a+ f 1 T(t, s)f(s) ds+ [ T(t, s)f n (s) ds + T(t, h) h(x° (h)) 
Jo Jti 

rt 

„o 



= T(t,0)a+ / T(t,s)f n (s)ds + T(t,t 1 )h(x u (t 1 ))= (7) 

Jo 

= T(t,0)a + Gf n (t) + T(t,t 1 )I 1 (x°(t 1 )) . 

By applying (6), we deduce 

z n - T(-, 0)o + G/~* + T(-, ti)/i(x°(ti)) 

in C(J±; E) and, from the uniqueness of the limit algorithm, for all t £ Ji we obtain 

**(*) = T(t,0)a + Gf(t) + T(t,t 1 )/ I (x°(ti)) = 

= T(t, 0)0+/' T(t, s)/°(s) ds + / T(t, *)/*(*) ds + T(i, ti)Ji(x°(ti)) . 

Then we get /* 6 <Si,. „,,, -=- (see [16], Lemma 5.1.1); therefore z* G Ti(x*). Hence Ti is 
closed. 

With the same technique as above and by following the proof of Theorem 3 in [10], we 
obtain that Y\ has compact values. 

Now, we prove that the integral multioperator T\ is condensing on bounded sets with 
respect to the well defined, monotone, nonsingular, regular MNC v\ in the space C(J\\ E) 
defined by (see [16], Example 2.1.4, or [10], Theorem 3) 



i/l(n) = ^rnax (7i(P),mod C(7r . B) (P)) 



where: 

5(0,) is the collection of all the denumerable subsets of 0, C C(J\;E); 
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71 is the real MNC defined as 

7l (V) = supe- Lt X (V(t)) 
te.h 

with V(t) = {x(t) : x £T>} ,tell ; 

mo( ^C(7'B) (^) * s * ne m °dulus of equicontinuity of the set of functions V given by the formula 

mod r/T - jp\CD) = lim sup max \\x(t') — x(t")\\ ; 
C(Ji,E)\ > 6^0 x S\t'-t"\<8 

L > is a constant chosen so that 

q:=2Dsup / e" L(t " s) A;(s) ds < 1 (8) 

(here /c(-) is the summable function of assumption {FA) and D > is the constant such that 

\\T{t,s)\\ c{E) <D, (*,*)€ A, (9) 

which exists because of the strongly continuity of the evolution operator T on the compact 

set A). 

Let O C C(Ji; E) be a bounded set such that 

i^(ri(n)) > n(n) . (io) 

We have to prove that $7 is relatively compact. To this aim, bearing in mind the regularity 
of fi, it will be enough to prove that ^i(fi) = (0, 0). 

Let {yn)n=i £- r'i(fi) be the denumerable set which achieves that maximum ui{Ti{Q)), i.e. 

M^n)) = ( 7 i({yn}S),mod c( ^ ) ({y„}+r 1 )). 

Then there exists a set {x„}^ C O such that y n G Ti(a; n ) , n > 1; i.e. by using (2) 
y n {t) = T{t,0)a + f 1 T(t,s)f°(s)ds+ f T(t,s)f n (s) ds + T(t,t 1 )I 1 (x°(t 1 )) 

JO Jt x 
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where / n e^ ( ^ ()) _. 

With the same arguments as in the proof of Theorem 3 in [10], we can deduce 



71 (GfeKtS) > 71 ({x„ffl) • 



We give an estimate for 71 ({y ra }„^ 

Fixed t € Ji, by using condition (-F4), for all s £ [0,t] we have 



< 



:n) 



fc(s)x(x°(«)) = , a€[0,ti 



fc(s)x(K(*)Kt"~) , sGJi 



< e Ls A;( S )supe- L «x(K(e)}^i) = e Ls fc(s) 71 ({x„}+S) , 

where f n and x n are defined respectively as in (4) and in (5). 

Now, set {f n }%Li is integrably bounded. In fact, by using condition (F3), for every t £ J\ 

we have 



M\ < \\F(t,Zn(t))\\<<x(t)(l+\\x n (t)\\) = 

a(t)(l+\\x°(t)\\) , te[0,h[ 

^ a(t)(l+\\x n (t)\\) , teTx. 

The continuity of x° in Jo and the boundedness of set {x n }^ =1 C £1 leads to the integrably 

boundedness of {f n }™=i- 

Since set {f n }n=i an< ^ generalized Cauchy operator G defined by (3) satisfy the hypotheses 
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of Lemma 3, we can say 



7i(W;S) fe Ls k{s)ds. 



fl2) 

< 2L> 

where Z) was denned in (9). 

By proceeding in the same way as in (7) for z n , we can write 

y n (t) = T(t,0)a + Gf n (t) + T(t,t 1 )I 1 (x°(t 1 )), teT^nelN, (13) 

so that 

71 ({yn}^ =1 ) = 71 ({G/„}~ i) • 

Hence, by using also (11), (12) and (8), as in Theorem 3 in [10] we have 



7i ({*»};£) < 7i ({*,};£) = 7i ({G/„};£; 

= supe- L< X ({G/ n (t)}+^) < supe- Lt 2D 7l ({x n }+ri) fe Ls k{s)ds 
= 2D 71 ({x„}+~i) sup fe- L ^k(s)ds = (771 (KKS) • 



teJi Jo 
By using (8) again, we have 

7i (WS) = 

and then 

X ({zn(t)}£Ti) = for every t&J[. 



By using the last equality and hypotheses (F3) and (FA) we can prove that set {f n }n=i ^ s 
semicompact. Now, by applying Lemma 1 and Lemma 2, we can conclude that set {Gf n }n=\ 
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is relatively compact in C{JqU J\\ E). The representation of y n given by (13) yields that set 

{Vn\n=i i s a ^ so relatively compact in C(J±;E). 

Besides we have z/i(Ti(S7)) = (0,0) and so, by using (10), we can write 

r/i(O) = (0,0) . 

Therefore O is relatively compact. 

We can suppose that constant L of (8) is chosen so that 

ft 
maxL> / e- L{t - s) a{s)ds = q* < 1 (14) 

teJi Jt x 



{D is from (9) and a is the summable positive function of assumption (-F3)). 

By following the lines of the proof of Theorem 4 of [10], we consider in C{ J\\ E) the equivalent 

norm defined as 

||z||* = maxe~ *||#(£)ll 
teJi 

and we fix a radius 

r > D (||o|| + ||/i(x°(ti))|| + 2||o|| L i_ ([0)6] ) + \\a\\ L i +m]) b\\x \\ ci j ;E)) (1 - q*)~ l 

or, equivalently, 

D (\\a\\ + ||/i(a; (ti))|| + 2||a|| L i_ ([0i6]) + b\\a\\ L i +{[0tb]) \\x \\ C (j -E)} + r Q* < r - ( 15 ) 

Now, if 

B r (0) = {x G C(Jl; E) : ||x||* < r} 

is the closed ball in the space (C(Ji; E),\\ ■ ||*), we prove that Ti maps B r (0) into itself. 
Let us consider arbitrary x G B r (0) and y G T±(x). Let / G <SjL . .. ybea function such 
that 

y(t) = T(t,0)a+ f 1 T(t,s)f°( S )ds+ f T(t,s) f(s) ds + T(t,t 1 )I 1 (x°(t 1 )) , t € JT . 

J0 Jti 
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Then for any t G J\, by means of (9), (-F3), (14) and (15), we have 

e- Lt \\y(t)\\ < e- Lt \\T(t,0)\\c(E)\\a\\ + e~ Lt £ \\T(t,s)\\ c{E) \\f( S )\\ds + 

+ e~ Lt f\\T{t,s)\\ c{E) \\f{ S )\\ds + e-"\\T{t,ti)U(e)\\h{J{ti) 

rti 

< e- L *D||a|| + e- Lt / Da(s)(l+\\x°(s)\\)ds + 

Jo 

+ e- Lt f t Da(s)(l + \\x(s)\\)ds + e- Lt £>||Ii(x°(*i))|| < 

hi 

< D (||o|| + ||/i(ar°(ti))||) + 2£>||a|| L i_ ([0)6]) + 
+ e- Lt D( f 1 a(s)\\x°(s)\\ds+ ( a(s)\\x(s)\\ds 



< 



Jt x 

L\([0,b]) 



D (Hall +||/i(x (ti))ll + 2||a||ri fro „J + 



+ D[e~ Lt 



j l a(s) \\x°(s)\\ ds+ f e~ L{t - s ^a{s)e- Ls \\x{s)\\ ds\ < 

< D(\\a\\ + ||/i(z°(ti))|| + 2||a|| L i_ ([0)6]) ) + 

+ D\\a\\ L i +([m ti\\x°\\ CVo . E) + D\\x\\* J e- L{t - s) a{s)ds < 

< D (\\a\\ + ||/i(2: (ii))||+2||a|| L ^ ([0ib]) +6||a|| L ^ ([0i6]) ||a; || c( j . jB) ) + rq* <r 

Hence, ||y||* < r. 

All the assumptions of the fixed point theorem ([16], Corollary 3.3.1) are satisfied, so we 
can conclude that there exists a (global) mild solution for non impulsive problem (Pi), say 

x 1 ^) = T(t, 0)a+ j 1 T(t, s)f(s) ds+ f T(t, s)f 1 (s) ds + T(t, h) h(x° (h)) , t G T x 

JO Jt x 

where /^^^ ■ 

Step 3. Going on in the same way as in Step 2, in any interval Jk , k = 2, • • • , m, we achieve 

as many mild solutions 

x k (t) = T{t, 0)a+ j 1 T{t, s)f°{s) ds + ■ ■ • + / T(t, s)f h {s) ds + 
Jo Jt k 



322 



CARDINALI.RUBBIONI 



(16) 



+T(t, ti)/!(x u (ti)) + • • • + T(t, t k )I k {x K -\t k )) , t € J k , k = 2, ■ ■ ■ , m 



where f k £ Si, 



F(;X k (-)),J k - 

Now, if we consider the function x : [0, b] — ► E defined by 



x(t) = < 



x°(t) , t £ Jq 



x k (t) , t € J k , k = 1, • • • , m , 



it is easy to observe that x(0) = a and a;(ijj") = x(t k ) + I k (x(t k )) , A; = 1, • • • , m. Moreover, 
put / : [0, b] — ► E the function defined as 

f°(t) , t e Jo 



/(*) = 



/ fc (i) , t g J fe , fc = !,-••, m , 



where function /° is from (1) and functions f k are from (16) (of course, / G <SL. ,u r Q b -,] 
we have 



x(t) = T{t, 0)o + / T(t, s)/(s)da + ^ T(t, t k )I k (x(t k )) , t e [0, 6] , fe = 1, • • 
•^° o<t k <t 

Then, we can conclude that x is a mild solution for impulsive Cauchy problem (P). 



, m . 
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Abstract 

First a general framework for two-step iterative algorithms is introduced 
and then it is applied to the approximation solvability of a system of two 
nonlinear variational inequality (SNVI) problems. Let K he a, nonempty 
closed convex subset of a real Hilbert space H. The SNVI problem is 
stated as follows: find elements x* , y* e K such that 

(pT(y* ) + x* — y* , x — x*) > for all x <G K, 

(rjT(x* ) + y* — x* ,x — y*) > for all x e K, 
where T : K — > H is a nonlinear mapping and p and r\ are positive constants. 

Mathematics Subject Classifications: 49J40, 65B05 

Key Words and Phrases: System of relaxed cocoercive variational 
inequalities, projection methods, strongly monotone mappings, approxima- 
tion solvability 



1. Introduction 

Recently, one of the authors [13] introduced and studied a two-step model for 
projection methods in the context of investigating the approximation solvability 
of a system of two nonlinear variational inequality problems involving strongly 
monotone mappings. The study of this nature was followed by recent publica- 
tions [2,6]. The notion of the relaxed cocoercivity - a relatively new concept 
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- is more general than cocoercivity and strong monotonicity, while the cocoer- 
civity (also known as the Dunn property) itself was initiated in the context of 
studying gradient processes. The cocoercivity is more general than the strong 
monotonicity, which is well-explored in a wide range of problems arising from 
computational/numerical mathematics as well as from other branches of science 
and engineering. Projection methods and their variants have been applied widely 
under suitable constraints to problems stemming, especially from complementar- 
ity problems, convex quadratic programming, and other variational problems. 
Here, in this paper, we develop two-step general frameworks for iterative algo- 
rithms, which contain a number of known iterative procedures as special versions, 
and then consider, based on the convergence of these two-step general frame- 
works for projection methods, the approximation solvability of a system of two 
nonlinear relaxed cocoercive variational inequality problems in a Hilbert space 
setting. We also present some examples of interest on basic auxiliary notions. 
The obtained results extend/generalize results in [2,6,13,20], and others. For 
more details on general variational inequality problems and projection methods, 
we refer to [1-25]. 

Let H be a real Hilbert space with the inner product (x, y) and norm ||rc|| for 
all x, y G H . Let T : K — > H be any mapping on K and K be a nonempty closed 
convex subset of H. We consider a system of two nonlinear variational inequality 
(abbreviated as SNVI) problems as follows: determine elements x*,y* G K such 
that 

(pT(y*) + x* - y*, x - x*) > for all x G K, (1) 

(r]T(x*) + y* - x*, x - y*) > for all x G K, (2) 

where p,rj > 0. 

The SNVI(1) — (2) problem is equivalent to the following system of projection 
formulas: 

x* = P K [y* - pT{y*)}, (3) 

y* = P K [x* - V T(x*)}, (4) 

where p and r\ are positive constants and Pk is the projection of H onto K. 
We note that for rj = 0, the SNVI(1) — (2) problem reduces to the NVI 
problem: determine an element x* G K such that 

(T(x*),x-x*) > Ofor allxG K. (5) 

Let K be a closed convex cone of H. The SNVI(1) — (2) problem is equivalent 
to a system of nonlinear complementarity (abbreviated as SNC) problems: find 
elements x*,y* G K such that T{x*),T{y*) G K* and 

(pT(y*)+x*-y*,x*)=0, (6) 
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{r l T(x*) + y*-x*,y*) = 0, (7) 

where K* is a polar cone to K denned by 

K* = {/ G K : (/, x) > for all x G K}. 

Proposition 1. Let K be a closed convex cone of i/. Then SiW-Z^l) — (2) 
and SNC(6) — (7) problems have the same set of solutions. 

Now we recall the following auxiliary results for the approximation solvability 
of nonlinear variational inequality problems based on iterative procedures. 

Lemma 1. For an element z G H, we have 

x G K and {x — z, y — x) > for all y G K 

<=^ x = P K {z). 



Lemma 2. For u,v £ H, we have 

(u,v) 



n9 ii n9 ii n9 

u + v\r - \\u\\ - \\v\r 



Definition 1. A mapping T : H — > H is called: 
(i) monotone if for each x,y £ H we have 

(T(x)-T{y),x-y)>0. 

(ii) r-strongly monotone if there exists a positive constant r such that 

(T(x) — T(y), x — y) > r\\x — y\\ for all x,y G H. 

(iii) r-expansive if 

\\T(x) -T(y)\\ > r||x-y||. 

(iv) expansive if r = 1 in (iii). 

(v) s-generalized pseudocontraction [10] if (for s > 0) 

(T(x) — T(y), x — y) < s\\x — y\\ for all x,y G H. 

Example 1. Consider a mapping T : R n — > R n defined by 

T(x) = cl(x) + v, 

where x, v G R n with v fixed, / is the n x n identity matrix and c > 0. Then T 
is r-strongly monotone for < r < c. 
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Example 2. Let a function T be denned by 

T{x) = x 3 for xG [-1,1]. 

Then T is not strongly monotone. 

Definition 2. A mapping T : H — ► H is called s-Lipschitz continuous (or 
Lipschitzian) if there exists a constant s > such that 

||T(x) — T(y)|| < s||x — y|| for all x,y £ H. 

This clearly implies that 

(T(x) - T(y),x - y) < s\\x - y\\ 2 . 

Proposition 2. Let T be expansive and s-generalized pseudocontractive [10]. 
Then T is an s-anticocoercive mapping, that is, 

(T(x) - T(y),x-y) < s\\T(x) - T{y)f. 

Proposition 3. Let T be an expansive mapping. Then I — T is ^ — 
anticocoercive, where I is the identity mapping. 

When s = 1, the s-Lipschitz continuous mapping T is said to be nonexpansive, 
that is, 

\\T(x) - T(y)\\ < \\x-y\\. 

Definition 3. A mapping T : H — ► H is said to be fi — cocoercive [1] if 
for each x, y € H, we have 

(T(x) - T(y),x-y) > n\\T(x) - T(y)\\ 2 , 

where \x is a positive constant. 

Example 3. Let T : H —> H be nonexpansive. Then I — T is ^ — cocoercive, 
where I is the identity mapping on H. For if x, y G H, we have 

||(/-T)(x)-(/-T)(y)|| 2 = \\ x -y-( T (x)-T(y))f 

= \\x - y\\ 2 - 2(x - y, T(x) - T(y)) + \\T(x) - T(y)\f 

< 2{\\x-y\\ 2 -(x-y,T(x)-T(y))} 

= 2(x-y,(I-T)(x)-(I-T)(y)), 
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that is, 

((/ -T)(x) - (/ -T)(y),x- y) > ±||(I -T){x) - (I -T)(y)f. 

Example 4. [3] Let T : H —> 2 be a maximal monotone mapping and let 
J r denote the resolvent of T for r > 0. Then T r : H — ► H is r — cocoercive, where 
T r = ±(I-J r ). 

Clearly, every // — cocoercive mapping T is — — Lipschitz continuous. We can 
easily conclude that the following implications on monotonicity, strong mono- 
tonicity and expansiveness hold: 

Strong Monotonicity =^> Monotonicity 

Expansiveness 

Definition 4. A mapping T : H — ► H is said to be: 
(i) relaxed 7 — cocoercive if there exists a constant 7 > such that 

(T(x) - T(y),x -y)> - 7 ||T(x) - T(y)|| 2 for all x, y G i7. 



(ii) relaxed 7 — r — cocoercive if there exist constants 7, r > such that 

(T(x) - T(y),x - y) > -7||T(x) - T(y)|| 2 + r\\x - y\\ 2 for all x,y € H. 

Proposition 4. If a mapping T : H —> H is monotone, then T is relaxed 
7 — cocoercive for 7 > 0. The converse may not be true in general. 

Proposition 5. Every 7 — cocoercive mapping T : H — ► H is relaxed 
7 — cocoercive, while the converse may not hold in general. 

Proposition 6. If a mapping T : H — ► H is 7 — strongly monotone, then T 
is relaxed 7 — r — cocoercive for 7, r > 0. 

Proposition 7. If a mapping T : H — ► i? is — — strongly monotone and 
Lipschitz continuous, then T is a — cocoercive. 

Example 5. Consider a mapping T : H — ► i^, which is a generalized r — 
pseudocontr action [10] for r > 0. Then / — T is (1 — r) — strongly monotone 
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for r < 1 and relaxed 7 — (1 — r) — cocoercive for 7 > 0. Clearly, I — T is 
(1 — r) — strongly monotone, and hence, we have 

((I-T)(x)-(I-T)(y),x-y) + 7 \\(I-T)(x)-(I-T)(y)f>(l-r)\\x-y\\ 2 , 

for all x,y £ H. 

We note that this class of mappings is more general than the class of strongly 

monotone mappings. As a result we arrive at: 



The r — Strong Monotonicity 

4- 
The Relaxed 7 — r — Cocoercivity 

2. System of Iterative Algorithms 

In this section, we present the convergence analysis for a system of projection 
methods in the context of the approximation solvability of the SNVI(1) — (2) 
problem. 

Algorithm 1. For arbitrarily chosen initial points x°,y° G K, compute 
sequences {x k } and {y k } such that 

x k+1 = {b k - a k )x k + (1 - {b k - a k ))P K [y k - pT(y k )}\, (8) 

y k = P K [x k -nT(x k )], (9) 

where Pk is the projection of H onto K and p,n > are constants with 



< a k < b k < 1. 

Algorithm 2. For arbitrarily chosen initial points x°,y° £ K, update it- 
eratively sequences {x } and {y } such that for p, n > and for k > 0, we 
have 

x k+1 = {b k -a k )x k + [l-{b k -a k )}P K [{l-p)y k +pT{y k )} (10) 

= {h k- a k) x k + {i-(b k -a k )}P K [y k -p{I-T)y k } (11) 

y k = P K [ x k -n{I-T){x% (12) 

where 
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< a k < b k < 1. 

Algorithm 3. For arbitrarily chosen initial points x°,y° G K, iteratively 
update sequences {x k } and {y k } such that (for p, r\ > 0) 

x k+1 = (l-a k )x k + a k P K [y k -pT(y k )} (13) 

y k = P K [x k -r,T(x k )]. (14) 

Algorithm 4. For arbitrarily chosen initial points x°,y° G K, compute 
sequences {x k } and {y k } such that (for p > 0) 

x fc+1 = P x [a fc x fc + (1 - a k )P K [y k - pT(y k )]] (15) 

V k = P K [x k - P T(x k )}, (16) 

where < a k < 1. 

Algorithm 5. For arbitrarily chosen initial points x°,y° G K, update itera- 
tively sequences {x k } and {y k } such that 

x k + l = a k x k + (l-a k )P K [x k -pT(y k )} (17) 

y k = P K [x k -pT{x% (18) 

where p > and < a fc < 1. 

Algorithm 6. For arbitrarily chosen initial points x°,y° G X, update itera- 
tively sequences {x } and (y ) such that 

Px[* fc -pT(/)] (19) 



.(• 



fc+i 



y k = P K [x k - pT{x k )}. (20) 

Algorithm 7. For an arbitrarily chosen initial point x° G X, compute the 
sequence {x k } such that 

x fc +! = P^[ a fe x fe + (1 - a k )P K [x k - pT(x k )}}, (21) 

where < a k < 1. 

Algorithm 8. For an arbitrarily chosen initial point x° G K, iteratively 
update the sequence {x k } such that 

x k+1 = P K [x k - P T(x k )}, (22) 

where p is a positive stepsize. 

We now present, based on Algorithm 1, the approximation solvability of the 
SNVI(1) — (3) problem involving 7 — cocoercive mappings in a Hilbert space 
setting. 
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3. Two-Step Approximation Solvability 

Theorem 1. Let H be a real Hilbert space and K be a nonempty closed 
convex subset of H. Let T : K — ► H be relaxed ^y—r—cocoercive and p—Lipschitz 
continuous. Suppose that the following assumptions hold: 

(i) x* ,y* € K form a solution to the SNVI{1) — (2) problem. 

(ii) Sequences {x } and {y } are generated by Algorithm 1. 

(iii) Sequences {a fc } and {b k } satisfy < a k < b k < 1 and 

oo oo 

yj a = oo and 2_. b = oo. 
fc=o fc=o 

Then sequences {x fc } and {y k }, respectively, converge to x* and y* for 



1 — 2p[r — 7/i 2 pfj, 2 ] < 1, and 



yi - 2r/[r - 7/i 2 - -rju 2 } < 1. 

Proof. Since x* , y* £ K form a solution to the SNVI (l)-(2) problem, it follows 
that 

x* = P K [y* - pT(y*)}, 
y* = P K [x*- V T(x*)}. 



Applying Algorithm 1, we have 



\x k+l -x* 



||(6* _ a k )x k + (1 - (b k - a k ))P K [y k - pT(y k )\ 
(6* _ a k )x* - (1 - (b k - a k ))P K [y* - pT(y*)} \\ 
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< (b k -a k )\\x k -x*\\ 

+ (1 - (b k - a k ))\\P K [y k - pT{y k )] - P K [y* - pT(y*)}\\ 

< (ft* _ *) || s fc _ x * || + (1 _ (ft* _ a fe))||yfe _ y* _ p[r (yfe) _ T (y*)] ||. 

Since T is relaxed 7 — r — cocoercive and // — Lipschitz continuous, we have 

||/-y*-p[T(/)-T(y*)]|| 2 

= \\y k -y*f-2p(T(y k )-T(y*),y k -y*) 

+ p 2 ||T(/)-T(y*)|| 2 

< \\y k - y*\\ 2 + 2p 7 ||r(y fe ) - T(y*)|| 2 + p 2 \\T(y k ) - T(y*)f 
- 2pr\\y k -y*\\ 2 

< ||/-y*|| 2 -2 / 9r||/-y*|| 2 

1 To 2,2 2i|i k *i|2 

+ [2p7A* +p a* \\\y -y II 

= [l-2pr + 2p 7 /i 2 + pV]||y fc -y*H 2 



^V-vT, 



where L = Jl — 2p(r — 7/i 2 — \pp?) < 1. 
It follows from above arguments that 

||a;fc+i - x *|| < (6 fc - a fc )|| x fc - s *|| + (1 - (b k - a k ))L\\y k - y*||, (23) 

for < L < 1. 

Similarly, we have 

ll/-yl 2 = ||Px[* fc -r?T(x fc )]-Px[**-?7T(**)]|| 2 
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< \\x k -x*-r J [T(x k )-T(x*)]\\ 2 

< \\x k - x*\\ 2 + (27/7/i 2 + r/V )||x fc - x*|| 2 



2rjr\\x k - x*\\ 2 



M 2 ||x fc -x*|| 2 



< llx fc -x*|| 2 , 



where M = J\ — 2rj[r — 7/i 2 — \r]^ 2 \ < 1. 
Therefore, we have 



\x k+1 -x* 



< (b k - a k ) \\x k - x* || + [1 - (b k - a k )]L\\x k - x* || 

< [1 - (1 - L)a fc ]||x fc - x*|| - (1 - L)(l - b k )\\x k - x*|| 

k 

< Y[[l-(l-L)a j ]\\x 1 -x*\\ 
3=1 

/,. 

+ (i-DfKi-^Hx 1 -^!!, 

where < L < 1. Since under the hypotheses of the theorem, 2~2^=i a an d 
Y^jLi b k diverge, it implies, in light of [22] that 

k 

lim J][l-(l-L)^]=0, 



fc 

fc— >oo 



lim J](l-6- J ) = 0. 



Hence, the sequence {x k } converges to x* and consequently, the sequence {y fc }converges 
to y* . This completes the proof. 
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Theorem 2. [14] Let H be a real Hilbert space and K its nonempty closed 
convex subset. Let T : K — > H be relaxed 7 — r — cocoercive and /i — Lipschitz 
continuous. If x*,y* G X form a solution to the SNVI (1) — (2) problem, if 
sequences {x k } and {y k } are generated by Algorithm 3, and if < a k < 1 with 



00 

a k = 00, 



fc=0 

then sequences {x fc } and {y fc }, respectively, converge to x* and y* for 



1 — 2p[r — 7/i 2 p/i 2 ] < 1, and 

1 — 2r/[r — 7/i 2 — -r//i 2 ] < 1. 

Proof. Since x* , y* £ K form a solution to the SNVI (l)-(2) problem, it follows 
that 

x* = P K [y* ~ pT(y*)}, 
y* = P K [x* - V T(x*)}. 

Applying Algorithm 3, we have 

||x fc+1 -x*|| 

= \\(l-a k )x k +a k P K [y k -pT(y k )} 
_ (l-a k )x*-a k P K [y*-pT(y*)]\\ 

< (l-a fc )||x fc -x*|| 

+ a k \\P K [y k - P T{y k )\ - P K [y* - pT(y*)} \\ 

< { i. a k ) \\ x k_ x *\\ +a k h k_ y *_ p[T{y k ) _ T{y , )]l 

Since T is relaxed 7 — r — cocoercive and u — Lipschitz continuous, we have 
\\y k - y *-p[T(y k )-T(y*)]\f 
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= \\y k -y*f-2p(T(y k )-T(y*),y k -y*) 

+ p 2 \\T(y k )-T(y*)\\ 2 

< \\y k - y*\\ 2 + 2 P1 \\T{y k ) - T(y*)\\ 2 + p 2 \\T{y k ) - T(y*)\\ 2 



2pr\\y k -y*\\ 2 



< ||y*-y*f-2pr||y fe -y*|| 2 

i To 2,2 2i|i k *i|2 

+ [2p7/i +p fj.]\\y -y || 

= [l-2pr + 2p 1 p 2 + p 2 p 2 ]\\y k -y*\\ 2 

= L 2 \\y k -y*\\ 2 , 



where L = Jl — 2p(r — 7/i 2 — 2PP 2 ) < 1- It follows from above arguments that 

||x fc+1 -x*|| <(l-a fc )||x fc -x*||+a fc L||y fc -y*||, (24) 

for < L < 1. 

Similarly, we have 

ll/-yl 2 = HPx^-r/T^-Px^-r/T^*)]!! 2 

< ||x fe -x*-?7[r(x fe )-r(x*)]|| 2 

< ||x fc - x*|| 2 + {2i 11 p 2 + r?V)lk fe " ^*H 2 
- 2r/r\\x k - x*\\ 2 



M 2 \\x k -x*\\ 2 



ll* fc -**|| 2 , 
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where M = Wl — 2r][r — 7/i 2 — tjW 2 ] < 1- 
Therefore, we have 



\x k+1 -x* 



< (l-a fc )||x fc -xl+a fc L||x fc -x*| 



< [l-(l-L)a fc ]||x fc -x*|| 

k 

< J] [1 - (1 -L)a>] Hs 1 -a;* 
3=1 



where < L < 1. Since under the hypotheses of the theorem, Y^jLi ak diverges, 
it implies, in light of [22] that 

k 
lim T\[l- (1-^)^1 =0. 

Hence, the sequence {x } converges to x* and consequently, the sequence {y } converges 
to y*. This completes the proof. 

Theorem 3. Let K be a nonempty closed convex subset of a real Hilbert 
space H. Let T : K — ► i7 be r — Lipschitz continuous. Suppose that x*,y* £ 
K form a solution to the SNVI (l)-(2) problem, sequences {x } and {y } are 
generated by Algorithm 2, and < a k < b k < 1 with J2k^=o ak an d Sfc^o b k 
divergent. Then sequences {s } and {y }, respectively, converge to x* and y* 
for 

1 - 2p[(l - r) - 7(1 + r) 2 - -p(l + r) 2 ] < 1, 

y 1 - 2t7[(1 - r) - 7(1 + r) 2 - ^(1 + r) 2 ] < 1, 

for 7 > 0. 

Proof. Since T is r — Lipschitz continuous (and hence T is r — generalized 
pseudocontractive), it implies, in light of [10], that / — T is (1 — r) — strongly 
monotone for < r < 1. As a consequence, I—T is relaxed 7 — (1— r)— cocoercife 
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for 7 > 0. Now, on applying Algorithm 2, the rest of the proof is similar to that 
of Theorem 1. 

References 

1. J. C. Dunn, Convexity, monotonicity and gradient processes in Hilbert 
spaces, Journal of Mathematical Analysis and Applications 53(1976), 145- 
158. 

2. Y. P. Fang and N. J. Huang, H-monotone operators and system of varia- 
tional inclusions, Communications on Applied Nonlinear Analysis 11(1)(2004), 
93-101. 

3. H. Iiduka, W. Takahashi and M. Toyoda, Approximation of solutions of 
variational inequalities for monotone mappings, Pan American Mathemati- 
cal Journal 14(2) (2004), 49-61. 

4. D. Kinderlehrer and G. Stampacchia, An Introduction to Variational In- 
equalities, Academic Press, New York, New York, 1980. 

5. M. Korpelvich, The extragradient method for finding saddle points and 
other problems, Matecon 12(1976), 747-756. 

6. H. Nie, Z. Liu, K. H. Kim and S. M. Kang, A system of nonlinear variational 
inequalities involving strongly monotone and pseudocontractive mappings, 
Advances in Nonlinear Variational Inequalities 6(2003), 91-99. 

7. Z. Opial, Weak convergence of the sequence of successive approximation 
for nonexpansive mappings, Bulletin of the American Mathematical Soci- 
ety 73(1967), 591-597. 

8. R. T. Rockafellar, On the maximality of sums of nonlinear monotone op- 
erators, Transactions of the American Mathematical Society 149(1970), 

75-88. 

9. M. V. Solodov and P. Tseng, Modified projection-type methods for mono- 
tone variational inequalities, SIAM Control and Optimization 34(1996), 
1814-1830. 

10. R. U. Verma, A fixed point theorem involving Lipschitzian generalized pseu- 
docontractions, Proceedings of the Royal Irish Academy 97A(1997), 83-86. 

11. R. U. Verma, A class of quasivariational inequalities involving cocoercive 
mappings, Advances in Nonlinear Variational Inequalities 2(1999), 1-12. 



TWO-STEP ITERATIVE... 341 



12. R. U. Verma, An extension of a class of nonlinear quasivariational inequality 
problems based on a projection method, Mathematical Sciences Research 
Hot-Line 3(1999), 1-10. 

13. R. U. Verma, Projection methods, algorithms and a new system of non- 
linear variational inequalities, Computers and Mathematics with Applica- 
tions 41(2001), 1025-1031. 

14. R. U. Verma, Generalized system for relaxed cocoercive variational inequal- 
ities and projection methods, Journal of Optimization Theory and Appli- 
cations 121(1)(2004), 203-210. 

15. R. U. Verma, New system of three nonlinear variational inequality problems 
involving relaxed cocoercive mappings, Nonlinear Functional Analysis and 
Applications (accepted). 

16. R. U. Verma, Generalized class of partial relaxed monotonicity and its 
applications, Mathematical Sciences Research Journal (accepted). 

17. R. U. Verma, A general framework for the solvability of a class of nonlinear 
variational inequalities, Mathematical Inequalities and Applications (ac- 
cepted) . 

18. R. U. Verma, General auxiliary problem principle involving multivalued 
mappings, Nonlinear Functional Analysis and Applications 8(2003), 105- 
110. 

19. R. U. Verma, Partial relaxed monotonicity and general auxiliary problem 
principle with applications, Applied Mathematics Letters 16(2003), 791- 
796. 

20. R. U. Verma, Generalized strongly nonlinear variational inequalities, Revue 
Roumaine de Mathematiques Pures et Appliquees 48(2003), 431-434. 

21. R. U. Verma, Partially relaxed cocoercive variational inequalities and aux- 
iliary problem principle, Journal of Applied Mathematics and Stochastic 
Analysis 17(2) (2004), 143-148. 

22. R. Wittmann, Approximation of fixed points of nonexpansive mappings, 
Archiv der Mathematik 58(1992), 486-491. 

23. N. H. Xiu and Z. Zhang, Local convergence analysis of projection type 
algorithms: Unified approach, Journal of Optimization Theory and Appli- 
cations 115(2002), 211-230. 



342 HAJJAFAR.VERMA 



24. E. Zeidler, Nonlinear Functional Analysis and its Applications I, Springer- 
Verlag, New York, New York, 1986. 

25. E. Zeidler, Nonlinear Functional Analysis and its ApplicationsII/B, Springer- 
Verlag, New York, New York, 1990. 



JOURNAL OF APPLIED FUNCTIONAL ANAL YSIS,VOL.1,NO.3,343-358,2006,COPYRIGHT 2006 EUDOXUS PRESS, LLC 



Approximation formulas for Co-semigroups 
and their resolvent operators 

Angela Albanese, Michele Campiti, Elisabetta Mangino* 



Department of Mathematics "E. De Giorgi", University of Lecce, Italy 

e-mails: angela.albanese@unile.it, michele.campiti@unilc.it, 

elisabetta.mangino@unile.it 



Complete mailing address of the contact author: 
Michele Campiti 

Department of Mathematics "E. De Giorgi" 
University of Lecce 
P.O.Box 193 
73100 Lecce, Italy 
Tel.: +39 0832297432, Fax: +39 0832297594, E-Mail: michele.campiti@unilc.it 

Abstract 

We consider an approximation process and the semigroup generated 
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1 Resolvent approximation formulas 

In different papers it has been considered the possibility of approximating the 
solution of suitable parabolic problems introducing sequences of positive opera- 
tors whose iterates evaluated at the initial point converge uniformly to the solu- 
tion. This possibility is described in detail in [1] and is based on the connection 
between Voronovskaja type formulas and semigroup theory through Trotter's 
theorem [10]. 

However, in order to study different qualitative properties of the semigroup, 
it seems that the representation in terms of approximating operators of the 
resolvent operator rather than of the semigroup may play an important role. For 
this reason, in this paper we give this general description and obtain different 
formulas of independent interest. As an application we study some qualitative 
properties of the semigroup generated by some differential operators in different 
meaningful cases. 

We begin with a general result on the approximation of the resolvent oper- 
ator; if A : D{A) — > E generates a strongly continuous semigroup with growth 
bound u), for every A € C such that Re A > u> we denote by R(X, A) : E — ► D(A) 
the resolvent operator. 

Theorem 1.1 Let E be a Banach space and (L n ) n >i a sequence of bounded 
linear operators on E. Assume that there exist M > 0, u> G R and a decreasing 
sequence (p n )n>i of positive real numbers such that lim p n = and 

n — >+oo 

\\L^\\ < M e kupn , n,k>l. 
Consider the linear operator A : D(A) — ► E defined by 

IJn XI — U _ , . > 

Au := lim — , u G D{A) , 

where 

D{A) :=ue£ lim — e E 

If D{A) is dense in E and if the range (A— A)(D(A)) is dense in E for some A > 
u>, then A is closable and its closure generates a strongly continuous semigroup 
(T(t))t>o on E which admits the representation T{t) = lim L}™ 1 ' strongly on 

n — *+oo 

E. 

Moreover, for every A G C such that Re A > u> and for every f S E, we have 

R(\,A)f=^lim x (f + f^e-^ k+1 ^(L k n +1 f-Ltf)) . (1.1) 

Proof. The existence of the semigroup and its representation in terms of iter- 
ates of the operators L n follows fron the Trotter's approximation theorem [10, 
Theorem 5.1] and therefore we have only to show the last part of the theorem. 
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Since 



e -M L [t/ Pn ] 



< Me" RcAt e"' = Me^'" ^"' 1 



the sequence (e _A 'L„ )«>i is equibounded and is dominated by the summable 
function M e -( RcA - w )* 0V er [0,+oo[; hence, from the integral representation of 
the resolvent (see e.g. [5, Theorem 1.10, (1.13), p. 55] and the dominated 
convergence theorem we have, for every / € E, 

n-l-OQ n-l-OO 

R{\,A)f = / e- xt T(t)fdt= lim e- At Lji /p " ] /dt (1.2) 

Jo Jo ™^°° 

r-+ca 

= lim / e~ xt L^ ,Pn] fdt 
and consequently, since L n is constant on each interval [kp n , (k + l)p n [> 



R(X,A)f = lim J2 L nf I 

71. >OC ' * 



k=Q 



~ xt dt 



kp n 



lim y 

n — >oo -*- — ' 



-Afep„ _ -A(fe+l)p,, 



fe=0 



A 



K.f 



1 / °° 

- lim / + £ 

\ k=0 



e -Kk + i) Pn{L k n+ i f _ Lkj) \ ; 



which completes the proof. 



We also point out the intermediate representation of the resolvent operator 
obtained in the preceding proof 



1 oo 

R(X,A)f=- lim V L-Mpn-e-W+VPn) L *f 

A tl. — >CyT; * J \ I 



(1.3) 



fe=0 



Moreover, if for every n > 1, we have e A ' n E p(L n ), then we also have 

R(X, A)f = \ lim (1 - e- A "") (I - e-^L n )-\f . (1.4) 

Indeed, (1.4) is a direct consequence of (1.3) since 

R(\,A)f = \ lim f2(e- Xk ^-e-^ k+1 ^A L h n f 

A n^oo z — ' \ / 

fe=0 
1 oo 

= - lim(l- e -^)^ e - Afe ""^/ 



k=Q 



- lim(l-e- A ^)(/-e- A ^L„)- 1 /- 

A 71 — »00 
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In many examples the sequence (L n ) n >i is a bounded approximation process 
on a compact subset K of R d satisfying a Voronovskaja-type formula having 
the form 

lim n(L n u — u) = Au 

n — >+oo 

for every u G C 2 {K) and hence p n — 1/n and u> — 0; the resolvent representation 
formula (1.1) in this case becomes 



1 / °° 

R(\,A)f=- lim / + V 

A n — >-oo \ ' J 

\ k=0 



-x(k+i)/ n{L k+i f _ L k f) \ (L5) 



for every A E C such that Re A > 0; moreover, (1.3) and (1.4) become respec- 
tively 

R(X, A)f = - lim V (V Afc /" - e -Hk+i)/n\ L kj q _ 6 x 

fe=0 

and, under the further assumption e x ' n E p(L n ) for every n > 1, 

i?(A, A)/ = 1 lim (1 - e- A /") (J - e-^ n L n )-\f . (1.7) 

A 71 — >oo 

In the next section we shall consider further representations of the resolvent 
operator corresponding to particular approximation processes (L n ) n >i. 

2 Application to qualitative properties of semi- 
groups 

2.1 Bernstein operators 

Consider the space C[0, 1] endowed with the uniform norm and, for every n > 1, 
the Bernstein operator B n : C[0, 1] — > C[0, 1] defined by setting, for every 
fe C[0, 1] andxe [0, 1], 

wi^J^'fi-r 1 /^) • (2.1) 

We recall that B n can be represented in the diagonal form (see e.g. [3]) 

n 

B nf = E ^ n) P$ n) 4 n) (/), / e C[0, 1] , (2.2) 

J'=0 

where A^ and p n are the eigenvalues and respectively the eigenfunctions of B n 

(n) (n) 

and py, are the dual functionals to p, . We also recall that the eigenfunctions 
p™ are polynomials of degree j and the eigenvalues are given by 

\(«) n! 1 . 
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and satisfy 1 = A Il) = A< n) > A^ n) > . . . > \^ ] . 

From (2.2) it is easy to obtain, by induction on k > 1 and using the equality 

HnVPj ) — A j Pj ) 

n 

Sn/ = E( A 5" ) )^" ) 4" ) (/), /€C[0,1], fc>l. (2.3) 

i=o 

Moreover, since B n is a positive contraction we also have ||-B„|| < 1 for every 
fc>l. 

The differential operator associated with the Voronovskaja formula for the 
Bernstein operators is given by 

A u(x):=^f^-u"(x) 
and generates a Co-semigroup of positive contractions on the domain 

D{A ) := lu e C[0, 1] n CIO, 1[ | lim ^ii_^l u "( x ) = 1 ; 
^ x— >o,i 2 J 

see [1, Chapter 6] for more details. 

In [7] Metafune proved that the semigroup generated by (Ao,D(Aq)) is an- 
alytic. 

Here, using Theorem 1.1, we give some explicit formulas of the resolvent 
operator in terms of Bernstein operators. 

Let A e C be such that Re A > and consider the resolvent operator R(\, Aq) 
defined on the space C([0, 1], C) of all continuous complex- valued functions on 
the interval [0, 1]. 

We consider the expression of R(X,Aa)f in the particular case where / is a 
real-valued polynomial of degree m on the interval [0, 1]. From (1.2) and (2.3) 
we can write 

r-+ca 

R(\,Ao)f = lim / e- Xt BW(f)dt 

^+00 



/— 1-00 "■ 

lim / e- xt y / (\ ( ; ) )^p { ; ) ^\f)dt 

J() 3=0 

n /*+oo 

lim Y^pf^V) / e- x \\W nt Ut 

n— »+oo *■ — ' J J In J 

lim y P ^p ( ; l \f) / e- At (A^ )™dt 

n— »+oo * — ' In 



J=0 

From [3, (5.11)] we get, for every j — 2, . . . , m, 

lim (A^NUe-^- 1 )*/ 2 (2.4) 



n — » + ex; 
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and hence, taking into account that Aq = X™ — 1, by the dominated con- 
vergence theorem we can consider the limits p* := lim n ^ +00 p- n and /i* := 
lim„^ +oc /j," for every j = 0, . . . , m (see [3]) and obtain 

1 m f+ca 

R(X,A )f = j(PoHo(.f)+P*i^(.f)) + Y,P>*Af)j e-^e-^-^^dt 



i=2 



I ( m 

V 3=* 



r^ A+ ^ 2 



(— iyP>K/) 



Then, by [3, Theorem 4.5, Lemma 4.10], 
i?(A,A )/(x) = l^ ffl±M + (/(i)-/( ))(x-^; 



, V" * i i^i ! (i- 2 ) ! D (i,i)/ ,J/ 

+ / .,. -, zlx - 1)— rrr-r, o (2a; — 1)- 

f^ 2 X+ 3 -^ 1 (2j-2)! J - 2 ; 2V 

x {(-i) J 7(0) + /(l) - j jT .f(?y) J P ? ( l 2 1) (2y - i)d|/ 

1 ^ /(0) + /(1) + (.m)-/(o))f,- 1 



A V 2 w v y ^ v " \ 2 / 

j=2 2 h A J 

x {(-1) J 7(0) + /(l) - j J f{y)P^l\ty l)dy} , 

where P- ' denotes as usual the standardized Jacobi polynomial defined by 
the Rodrigucs formula 

J l j - . ? !2J(l-a; 2 ) <fe* Ll j J ' 

Besides the preceding expression of the resolvent operator, we point out the 
well-known representation of the semigroup (T(t))t>o generated by Aq (see, e.g., 

[6])- 

Indeed, from (2.3), we have 



T(t)f= lim X>$ n) ) M ^M n) (/) 
strongly on C[0, 1] and hence, using (2.4), if / is a polynomial of degree less or 
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equal to m we obtain, for every x € [0, 1], 



T{t)f{x) = lirn ^W)™Pitol*jU) 



3=0 

m 

3=0 

/(0) + ./(I) 



i=2 



+ (/(l)-/(0)) he 



-W-W2 ^-i z(l - s) PJ 1 4 ) (2x - 1) x 



x ((-IF/CO) + /(l) - J J f(y) P^l\2y - 1) dy 



The above formula allows us to prove the following result. 

Theorem 2.1 The semigroup (T(t)) t >o generated by the differential operator 
(Aq, D(Aq)) is immediately compact. 

Proof. Let t > 0, / a polynomial of degree less than m and x, y G [0, 1]. Then 

2 3~ l „ 



T(t)/(a:) - T(t)/(y) = (/(l) - /(0)) (x - y) - ]T e^" 1 '*/ 2 



i=2 



i-i 



x(l - x)P ) ( i 2 1) (2 a; - 1) - y(l - y)p£${2y - 1) 
x ((-1)V(0) + /(I) - .? jT /(*) P& 1) (2« - 1) da) . 
By well-known properties of Jacobi polynomials, the derivative of the func- 



tion 

is given by 



7(a) = x(l - x)P£l\2x - 1) , x € [0, 1] , 



</(a;) = (l-2x)P^ ) (2x-l) + 2x(l-x)(P^ ) Y(2x-l) 

= (1 - 2x)P ? ( l 2 1) (2x - 1) + cc(l - x)(j + l)pf_:l\2x - 1), 

and hence 



,(i,i) 



(2,2), 



1^)1 < |1 -2*1^(2*- 1)| + x(l - x)(j + 1)^(2* - 1)| 
< j - 1 + 3(1 - a;)(j + l)|P, ( ! 3 2) ( 2a; " 1)1 ■ 
By [8, Lemma 16], there exists a constant C > such that for every a; € [— 1, 1] 
\Pi 2 ' 2) (x)\ <C(l-x + n- 2 )- 5 / 4 (l + x + n- 2 y 5/4 ■ 
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Therefore 

(l-x)(l + x)\P£!\x)\<C(j-3). 

Then we obtain the existence of a constant K > such that for every x £ [0, 1] 

\g'(x)\<K(j + l)j. 

Moreover, by the inequality in [9], there exists K\ > such that for every 
j = 2, . . . , m and x £ [0, 1] 



[x(l-x)]^ ] l^^ \PJ^ (2x-l) 



<Ki 



Consequently, by Lagrange's theorem we get, for all x, y € [0,1], 
\T(t)f(x)-T(t)f(y)\ < 2||/|| lar-i/l 

m o • 1 

e — ^-ifjj + li-sx 
7^1 



x (211/11 n-^y^x 

x 11/11 y (*(l-a))-id« 

< C\\f\\ \x-y\, 

where C depends only on t. By a density argument, this inequality extends on 
the whole C[0,1]. 

At this point, it follows easily that T(t) is a compact operator for all t > 0. 
Indeed, if (fj)j>i is a bounded sequence in C[0, 1], then (T(t)fj)j>i is clearly 
bounded and by the previous considerations, equicontinuous. Hence, a straight- 
forward application of Ascoli-Arzela's theorem gives the assertion. ■ 

Now, we can establish similar results for semigroups generated by suitable 
perturbations of the differential operator Aq, introducing some simple modifi- 
cations of the Bernstein operators. 

Let b € C[0, 1] be a strictly positive function and for every n > 1 consider 
the rt-th operator L n : C[0, 1] — ► C[0, 1] given by 

L n J ■= ^ (2.5) 

for every / S C[0, 1]. Setting 6„.fc := b(k/n) for all n > 1 and k = 0, . . . , n, the 
operator L n may be explicitly written as 

L n m-^t{^K k x\l-x T -\f(^ (2.6) 
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for every / S C[0, 1] and x E [0, 1]. The operator L n is clearly positive and by 
(2.2) it can be represented in diagonal form 



W^EWM^/) (2-7) 



for all / e C[0, 1], where Aj™ and qjT are its eigenvalues and eigenfunctions 
and v^ the dual functionals to qjT ; from the definition of L„, we easily get 

(n) 

li n) --=^, 4 n) (/):=/4 n) (/■&)■ (2-8) 

Since the operator L„ is positive, ||L n || = ll^n(l)|| = ||-Sn(^)/&|| < ll^ll/( mm ^) 
and hence the sequence of operators (L n ) n >i is uniformly bounded. 

Moreover, for all / e C[0, 1], the sequence (i n (/)) n >i converges uniformly 
to / and if we assume that b <E C 2 [0,1], the following Voronovskaja formula 
holds uniformly in [0, 1] for every / € C 2 [0, 1] 

lim n(L n f-f)(x) = ^-^lf"( x ) + x (l- x ) b -^lf( x ) 

rw+oo 2 by X ) 

+ 2 6(x) /W • 
Now, consider the differential operator 

A/M := ^^ f"(x) + x(l -x)^ /'(*) 

with / e D(A) := {w e C[0, 1] n C 2 ]0, 1[ | lim x ^ 0+ !_ Au(x) = 0}. (We have 
not included the bounded perturbation x(l — x) b"(x) f(x)/(2 b(x)) since it does 
not affect qualitative properties of the semigroup.) 
Letting 

. , x(l — x) , „ , , b'(x) 

a(x) := l - ; , /3i:=xl-x^f, x e 0, 1 , 

2 o(x) 



we can consider the functions 



W{x) := exp ( - J 



x w A = b ^ 2 



1/2 cx(t) j b{x 
and 

"I PX PX -1 

Q ^ '■= ! m? \ / w ^ ds > R ^ : = W W / ( \w( \ ds 

a(x)W(x) J 1/2 J 1/2 a(s)W(s) 

defined for x S]0, 1[. It is easy to check that the function R is integrable over a 
neighborhood of and 1 while Q is not integrable; thus, according to the Feller 



352 ALBANESE ET AL 



classification (sec e.g. [5, pp. 383-404]), the endpoints and 1 are both exit 
boundary points. Hence (A,D(A)) generates a strongly continuous semigroup 
(T(t))t>o on C[0, 1] and according to the Trotter's theorem [10, Theorem 5.1], 
we also have the following representation 

T(t)f= lim 4"']/ 

n— »oo 

for all f e C[0,1]. 

Now, we give an expression of the resolvent operator R(X, A)f, with A G C 
be such that Re A > and / a real- valued polynomial of degree m. We have 

R{\,A)f= lim 5>i"M n) (/)/ e- Xt (\f)Wdt 
and from [3, (5.11)] we arrive at the formula 



/ m 

,A)f=^u n K^(f)+ q [ n K{ n \f)+Y: 



/?ia..d/ = t | % '"„;;"f /•)-,//",/,'",/) + 2J - | ^ J _ 1) gj w M n) (/) 



Hence, by [3, Theorem 4.5, Lemma 4.10] and (2.8), 



x((-iyf(o)b(o) + f(i)b(i) 

-j j f{y)b{y)P^l\2y-l)dy) . 

Proceeding as above, we are now in a position to state the following result. 

Theorem 2.2 The semigroup generated by the differential operator [A,D{A)) 
is immediately compact. 

Proof. Since the semigroup generated by A is given by 

T{t)f{x) = /(0)fr(0) + /(!)£>(!) + /(!)&(!) - /(0)fr(0) (_\ 
2b(x) b(x) \ 2 



x ((-1)^(0)6(0) + /(1)6(1) 

-J f f(y)b(y)PJ 1 J2 ) (2y-i)dy) 
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for every polynomial / of degree less than m and x G [0, 1], we can proceed 
along the same lines of the proof of Theorem 2.1, and hence we indicate only 
the main steps. 

Let t > 0, / a polynomial of degree less than m and x, y € [0, 1]. Then 



T(t)f(x) - T(t)f(y) = (/(0)6(0) + /(1)6(1) ) 
+ (/(l)6(l)-/(0)6(0)) 



/ 1 



\2b(x) 2b(y) 

x - 1/2 y - 1/2 



(—- — 

\b(y) b(x) 



E< 

J=2 



b(x) 



-j(j-l)t/2 



b(y) 



2, 3 - 1 



3(1,1) 



.T(l-x)P;l' 2 ; (2a;-l) x 



x i (-1)^(0)6(0) + /(l)6(l)-j / f( S )b(s)P^\2s-l)ds 



1 m 



e -itf-i)t/2 _ x 



2.7 - 1 



.7-1 



x [x(l - x)P^l\2x - 1) - y(l - yJPJI^ (2 W - 1) 

x |(-i)i/(0)6(0) + /(l)6(l)-j jf /(*)&(*) PJI^ (2s -l)ds 

Thus, taking into account that 6 G C[0, 1], feo := m i n a;e[o,i] b{x) > 0, we can 
argue as in the proof of Theorem 2.1 and obtain that, for all x, y £ [0, 1], 



\T(t)f(x)-T(t)f(y)\ < \\f\\\\b\ 

+2||/|| IIM 
+AII/IIIIM 



1 1 

W)~W) 

£-1/2 y -1/2 



&(z) 
1 1 

Ux)~W) 



b(y) 

+ h 1 \\f\\\x-y\, 
0o 



where the positive constants k, k\ depends only on t. From this the immediately 
compactness property directly follows. ■ 

2.2 Bernstein-Durrmeyer operators 

The Bernstein-Durrmeyer operator M n : L 2 (0, 1) — ► L 2 (0, 1) is defined by setting 



n »i 

M„/(i):=(n+l)Vp M (i) / 



/(*)Pfc,n(*)dt 



(2.9) 



for every / € L 2 (0, 1) and x € [0, 1], where 



Pfc,n(z) 



x k (l-x) 



n—k 



k = 0, .. . ,n , a; € [0,1] 
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We have (see, e.g. [1, p. 336]) 

. . , . , ,.. „ nx + 1 , ,o.. . n(n — l)x 2 + 4nx + 2 

M„(l)(*) = l, M„ (l d )( .) = — , ^ (l d 2 )(,) = A_i___ ; 

moreover by [4] the eigenvalues of M ra are 

- n! («+l)! , _ n 

k - n= (n-k)l(n + k+l)l ' fc = 0, ••-,", 

and the corresponding cigcnfunctions arc the Legcndrc polynomials 

q k (x) := P k (2x - 1) = P k [0 '°\2x - 1) , k = 0,...,n, a; G [0, 1] . 

Notice that if (j n )n>i is a sequence of positive integers with 

lim — =ie[0,+oo[, 

n— >+oo 7J 

then, for every fc G N, 

lim (X k}n y- = e-*(*+i)* . (2.10) 

n— »+oo 

Indeed, for a fixed fcGN and n > A;, we may write 

(Afe - n) -U fc (n-fc)!j l(n + fe+l)!j ' (2>11) 

where by [3, (5.11)] 

lh ? f *r"' fr v ) J " = e " fc(fc " 1)t/a - (2 ' 12) 

n— >+oo y n K (n — k)\ J 
Next, let 



n k (n+l)\ \ jn "*_ ( 1 

11 " h \Xn + k + l)\) l(l + Mi)(l + |)...(l + f) 



jn-nt 



Then 

/ fc + 1 fc 2 

logy„. fe = -(j n -nt) log(l+ ) + log(l + -) + ...log(l + -) 

\ n n n 

,/fc+l fc 2 /l 

= -(jn - n* + - + ...- + - 

\ n n n \n 

n J V 2 \« 

hence lim„^ +00 log y nj fc = and therefore 

f n*(rc+l)! V"- nt 

llm 7 , i , 1M = llm Vn,k = 1 • 

n— >+oo y (n -\- k + 1)!/ n^+oo 
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On the other hand, 



lim ( -; ; -—7 I = lim 



+00 \(n + k + 1)1 J ~~ n-+oo (1+ *±i)"t(l+ £)n*...(l+ l)n< 

_ -fc(fc+3)t/2 

By (2.11) and (2.12) it follows that 

lim (A fe ,„) J " = e - fc (fe-i)*/2 . e -fc(fc+3)t/2 = e -k(k+i)t 

n — *+oo 

Recall that the orthonormal Legendre polynomials in [0, 1] have the form (see 

[9]) ' 

1 2k 4- 1 
Pj (x) := yj —^— P k (2x-1). (2.13) 

Then the dual functionals \xj : L 2 (0, 1) — > R to p^ are defined by 

Hj(f)= [ f(t)Pj(t)dt, /ei 2 (0,l). (2.14) 

Jo 

Therefore, the Bcrnstein-Durrmcycr operator may be represented in the diago- 
nal form 

n 

M n {f) = Y t \ j , n p j Hj{f) , /£i 2 (0,l). (2.15) 

i=o 

Since (pj)jeN is an orthonormal system, we also have 

\\M n fh = (Ea|,„|^(/)| 2 ) (2.16) 

(\ 1/2 
X>(/)i 2 ) <ii/ii 2 

for all/ e L 2 (0, 1). 

By induction on fc <G N and using the identity M n (pj) = \j t nPj, we easily 
get 

n 

M^f = Y,(^) k P J f* j (f), /e£ 2 (0,i). (2.17) 

3=0 

Moreover, it is well-known that the differential operator associated with the 
Voronovskaja formula for the Bernstein-Durrmeyer operators is given by 

Bf(x) := x(l - x)f'(x) + (1 - 2x)f(x) , 

for / e C 2 [0, 1] (see, e.g. [4] or [11]). 
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The operator B generates a strongly continuous positive semigroup (T(t))t>o 
on L 2 (0, 1) on the domain 

D(B) := {/ e £ 2 (0, 1) j / is locally absolutely continuous in ]0, 1[ 

and x(l - x) f'(x) G W 1,2 (0, 1)} , 



where W ' (0, 1) denotes as usual the closure of Co°(0, 1) in the Sobolev space 
^■ 2 (0,1) (see, e.g. [2]). 

According to the Trotter's theorem [10, Theorem 5.1], since the iterates of 
M n satisfy ||M^|| < 1, we also have the following representation 

T(t)f= lim Ml"*!/ 

n— »oo 

forall/eL 2 (0,l). 

We are now able to state and prove the following result. 

Theorem 2.3 The semigroup generated by the differential operator (-B, D{B)) 
is analytic and immediately compact in L 2 (0, 1). 

Proof. Let A £ C be such that Re A > and consider the resolvent operator 
i?(A, B). If / is a real- valued polynomial of degree m, we have 

m /■+00 

R(X,B)f= lim VV^(/) / e- x \\ 3 . n )^dt. 

Taking account that X 0n = 1, by (2.10) and by dominated convergence theorem 
we obtain 



1 / A 

m\.B)f = - [ PoMo (/) + £ x + JU + 1) PM(f) 



(2.18) 



Since Re A > 0, it holds 



m 1 / ™ 1 \ 



1/2 



< max 



1 



j=l,...,m |A + j(j + l)| 5 



1/2 / m 

Em/)i 2 



1/2 



< R 11/11* 



and 



l ,i 

boMo(/)| 2 dx= / 
o Jo 



f(t)dt 



dx<\\f\\l. 
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Thus, we get 

P(A,B)/|| 2 < A||/|| 2 . 

Since the space of polynomials is dense in L 2 (0, 1), the above inequality holds 
for every / E L 2 (0, 1) and also extends to every / E L 2 ((0, 1), C). This proves 
the analyticity of the semigroup. 

Finally, we show that the semigroup (T(i)) t >o generated by the differential 
operator (B,D(B)) is also immediately compact, that is T(t) is compact for 
all t > 0. Indeed, (T(t)) t >o is immediately norm continuous in L 2 (0, 1) as it is 
analytic in L 2 (0, 1) (see [5, Chapter II, Section 4.c, p. 112]). On the other hand, 
since the orthonormal Lcgcndrc polynomials (Pj)jgn form a complete system 
in L 2 (0, 1), from (2.18) it follows that, for every / E L 2 (0, 1), 

1 °° 1 

R{\B)J = - p Q no(f) + Yl \ + jfj + 1) P] Mj '^ ' 

where ( A+ -} + i\ ) € I 1 ; hence R(X, B) is a nuclear and hence a compact 

operator. Since (T(t))t>o is immediately norm continuous and its generator has 
compact resolvent, (T(t))t>o 1S immediately compact (see [5, Theorem 4.29, p. 
119]). ■ 

Remark 2.4 The semigroup (T(t)) t >o generated by the differential operator 
(B, D(B)) is bounded analytic with angle tt/2. Indeed, proceeding as in the 
proof of Theorem 2.3, one shows that 

DC 

T(t)f = Po mo(/) + E e- JU+1)t Pj»j(f) 
i=i 

for all / e L 2 (0, 1) and t > 0. Thus (T(i)) t > extends analytically on A = {z e 
C \ {0} | |Argz| < tt/2} by defining 

OC- 

T(z)f = Po Mf) + E e- JU+1)z Pj Hj(f) 

for / e L 2 (0, 1) and z e A; hence ||T(z)|| < 1 for all z E A. 

Remark 2.5 Finally, with the same arguments used for Bernstein operators, 
we can establish similar qualitative properties for semigroups generated by suit- 
able perturbations of the differential operator B in the space L 2 (0, 1). 

Consequently, if b E C 2 [0, 1] is a strictly positive function, we obtain that 
the differential operator 

B b f(x) := x(l - x) f"(x) + (l - 2s + 2s(l - x) ^\ f(x) 
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generates an analytic and immediately compact Co-semigroups in L 2 (0,1) on 
the domain 

D(B b ) := {/ e L 2 (0, 1) j /is locally absolutely continuous in ]0, 1[ 

and x{\ - x) f'(x) e W 1,2 (0, 1)} . 
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Abstract 

A major problem associated with risk management is that it is very 
hard to identify the main source of risk taken, especially in a large and 
complex portfolio. This is due to the fact that the risk of individual 
securities in the portfolio, measured by most of the widely used risk 
measures such as the standard deviation or the Value-at-Risk, don't 
sum up to the total risk of the portfolio. Although the risk measure of 
beta in the Capital Asset Pricing Model seems to survive this major 
deficiency, it suffers too much from the controversial model it is inher- 
ently based on to become a satisfactory solution. Risk attribution is 
a technique of decomposing the total risk of a portfolio into smaller 
terms, each of which can be interpreted as the risk contribution of the 
corresponding subsets of the portfolio. This technique is so powerful 
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that it can be applied to any homogeneous risk measure in any model. 
We present here an overview of the methodology of risk attribution 
with some widely used risk measures and compare their properties 
under different assumptions of the payoff distributions. 

AMS Subject Classification Code: 91B30 

Key Words: Risk attribution, performance measurement, risk 
measures, Value- at- Risk, Conditional Value- at- Risk, Stable distribu- 
tions. 



1 Introduction 

The central task of risk management is to locate the main source of risk and 
find trading strategies to hedge risk. But the major problem is that it is 
very hard to identify the main source of risk taken, especially in a large and 
complex portfolio. This is due to the fact that the risk of individual securities, 
measured by most of the widely used risk measures such as standard deviation 
and value-at-risk, don't sum up to the total risk of the portfolio. That is, 
while the stand-alone risk of an individual asset is very significant, it could 
contribute little to the overall risk of the portfolio because of its correlations 
with other securities in the portfolio. It could even act as a hedge instrument 
that reduces the overall risk. Although the risk measure of beta in the Capital 
Asset Pricing Model(CAPM) survives the above detrimental shortcoming 
(i.e. the weighted sum of individual betas equals the portfolio beta), it suffers 
from the shortcomings of the model that it is based on. Furthermore, beta 
is neither translation-invariant nor monotonic, which are two key properties 
possessed by a coherent risk measure that we discuss later in section 4.2. 
Except for the beta, the stand-alone risk measured by other risk measures 
provide little information about the composition of the total risk and thus 
give no hint on how to hedge risk. 

Risk attribution is a technique of decomposing the total risk of a portfolio 
into smaller units, each of which can be interpreted as the risk contribution 
of the corresponding subset of securities in the portfolio. 1 The methodology 
applies to any risk measures, as long as they are homogeneous (see definition 



1 Mina(2002) shows that the decompostion can be taken according to any arbiturary 
partition of the portfolio. The partition could be made according to active investment 
decisions, such as sector allocation and security selection. For example, the partition 
could be made by countries, sectors or industries. 
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3.2) . Risk measures that have better properties than beta but are not additive 
are now remedied by risk attribution. The problem of identifying major 
source of risk is then solved. After the primary source of the risk is identified, 
active portfolio hedging strategies can be carried out to hedge the significant 
risk already taken. 

It is worthwhile to mention that we assume there exits a portfolio already 
before the risk attribution analysis is taken. This pre-existing portfolio could 
be a candidate of an optimized portfolio or even an optimized portfolio. But 
this is counterintuitive since the optimized portfolio is supposed to be the 
"best" already. Why shall we bother? The answer to this question is the 
heart of risk hedging. Investors are typically risk averse and they don't feel 
comfortable when they find out through risk attribution that the major risk 
of their optimized portfolios is concentrated on one or few securities. They 
are willing to spend extra money on buying financial insurance such as put 
and call options in order to hedge their positions of major risk exposure. 
Furthermore, Kurth et al. (2002) note that optimal portfolios are quite 
rare in practice, especially in credit portfolio management. It is impossible 
to optimize a portfolio in one step, even if the causes of bad performance 
in a credit portfolio have been located. It is still so in general portfolio 
management because of rapid changes of market environment. Traders and 
portfolio managers often update their portfolios on a daily basis. Successful 
portfolio management is indeed a process consisting of small steps, which 
requires detailed risk diagnoses, namely risk attribution. The process of 
portfolio optimization and risk attribution can be repeatedly performed until 
the satisfactory result is achieved. 

There are certainly more than one risk measure that are proposed and 
used by both academics and practitioners. There has been a debate about 
which risk measure is more appropriate ([3] and [4]). While the basic idea 
of decomposing the risk measure is the same, the methods of estimating and 
computing the components could differentiate a lot for different risk mea- 
sures. We give a close look at these risk measures and show their properties 
under different assumptions of payoff distributions. 

In the next section, we briefly examine beta in the Capital Asset Pricing 
Model developed by Sharpe and Tobin. Although beta can be a risk measure 
whose individual risk components sum up to the total risk, the model in which 
it lives in is under substantial criticism. The rejection of the questionable beta 
leads us to seek for new tools of risk attribution. In Section 3, under a general 
framework without specifying the function forms of the risk measures, the 
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methodology of differentiating the risk measures is presented . Different risk 
measures are introduced in Section 4. The methods of calculating derivatives 
of risk measures under different assumptions of payoff distributions follow in 
Section 5. The last section concludes the paper and gives light to future 
studies. 

2 What is wrong with beta? 

The Capital Asset Pricing Model (CAPM) is a corner stone of modern fi- 
nance. It states that when all investors have the same expectation and the 
same information about the future, the expected excess return of a security 
is proportional to the risk, measured by beta, of the security. This simple 
yet powerful model can be expressed mathematically as follows: 

E[Ri] -R f = PMRm] - R f ) (1) 

where Ri is the random return of the ith security, Rf is the return of the 
riskless security and Rm is the random return of the market portfolio, which 
is defined as the portfolio consisting of all the assets in the market. Beta /3 { 
is defined as the ratio of the covariance between security % and the market 
portfolio and the variance of the market portfolio. 

ft = Co < R - R ^ (2) 

°M 

As so defined, beta measures the responsiveness of asset i to the movement 
of the market portfolio. Under the assumption that agents have homoge- 
neous expectations and information set, all investors will combine some of 
the riskless asset and some of the market portfolio to form their own optimal 
portfolios. Since everyone investor holds the market portfolio, beta can be 
a measure of risk in the CAPM. The weighted sum of betas of individual 
securities in a portfolio equals the beta of the portfolio, i.e. 

N 

ft> = J>,ft (3) 

where Wi is the portfolio weight, i.e. the percentage of wealth invested in 
security %. We can identify the main source of risk by examining the values of 
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betas. The security with the largest weighted beta contributes most to the 
total risk of the portfolio. Risk attribution seems easy in the CAPM world. 
However, the CAPM and beta have been criticized for their over sim- 
plicity and not being representative about the real world we live in. The 
famous Roll's critique(1977) asserts that the market portfolio is not observ- 
able and the only testable implication of the CAPM is the efficiency of the 
market portfolio. Another representative challenge is the paper by Fama 
and French(1992). They find some empirical evidence showing that beta and 
long-run average return are not correlated. While some people don't like 
the CAPM and beta, others still do (cf. [13] for example). But we don't 
attempt to give an extensive survey of the CAPM literature. The point we 
want to make is that beta, as well as the CAMP that it is based on, is too 
controversial for us to reply on, especially when there exists an alternative 
way to develop risk attribution technique. 

3 Risk Attribution- The Framework 

Risk attribution is not a new concept. The term stems from the term "return 
attribution " or "performance attribution ", which is a process of attributing 
the return of a portfolio to different factors according to active investment 
decisions. The purpose is to evaluate the ability of asset managers. The 
literature on return attribution or performance attribution started in the 
60s, 2 when mutual funds and pension funds were hotly debated. Whereas 
the literature on risk attribution, which is closely related to but different 
from return attribution, didn't start until the mid 90's. Risk attribution 
differs from return attribution in two major aspects. First, as is clear from 
their names, the decomposing objectives are risk measures for the former 
and returns for the latter. Second, the latter uses historical data and thus is 
ex-post while the former is an ex-ante analysis (cf. [21]). 

The general framework of decomposing risk measures was first introduced 
by Litterman (1996), who uses the fact that the volatility, defined as the 
standard deviation, of a portfolio is linear in position size. His finding is 
generalized to risk measures that possess this property, which we call later 
homogeneity. We shall formally define the general measure of risk. 

We assume there are N financial assets in the economy. Let (fi,jF, P) 
be a probability space. Let Q be a set of random variables which are T- 



'See Fama (1972) for a short review. 
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measurable. The N x 1 random vector R is the return vector in which the 
ith element Ri is the random return of asset i, i = 1,2, ... ,N . Let the 
N x 1 vector m G M N be the vector of portfolio positions where the ith 
element m; is the amount of money invested in asset i, i = 1,2, ... ,N. A 
portfolio is represented by the vector m and the portfolio random payoff is 
X = m'R G Q. All returns belong to some time interval At and all positions 
are assumed to be at the beginning of the time interval. 

Definition 3.1 A risk measure is a mapping p : Q — *■ R. 

Definition 3.2 A risk measure is homogeneous of degree r if p(kX) = 
k T p(X), forXeG,kXeQandk> 0. 3 

We are more interested in risk measures which is homogeneous of degree 
one because this is one of the properties possessed by the class of coherent 
measures, which we define in the next section. In Litterman's framework, 
homogeneity of degree one plays a central role in decomposing risk measures 
into meaningful components. When all position sizes are multiplied by a 
common factor k > 0, the overall portfolio risk is also multiplied by this 
common factor. As we can see from the following proposition that each com- 
ponent can be interpreted as the marginal risk contribution of each individual 
security or a subset of securities in the portfolio from small changes in the 
corresponding portfolio position sizes. 

Proposition 3.3 (Euler's Theorem) Let p be a homogeneous risk measure 

of degree r. If p is partially differentiate with respect to mi, i — 1, . . . , N, A 

then 

, v . 1, dp(X) dp(X). 

p(X) = -( mi ^-^ + --- + m N ^-^) 4 

r omi om N 

Proof. Consider a mapping u : M. N — ► Q and p(m) = m'R, for m G M. N . 
Then p(X) = p o p{m), where p o p is a composite mapping: M. N — > Q — > M. 
Homogeneity of degree r implies that for k > 0, 

pikX) = p o p{km) = k T p o p{m) = k T p(X) (5) 



,! Some authors use the term positive homogeneity to refer to the case when r = 1 i.e. the 
risk measure is homogeneous of degree one. 

4 Tasche (1999) has a slightly more general assumption. He shows that if the risk 
measure is t— homogeneous, continuous and partially difFcrentiable with respect to rrii, i — 
2, . . . , N, then it is also differcntiable with respect to mi. 
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Taking the first-order derivative with respect to k to equation (5), we have 

dp{kX) dp o p{km) dp o p{km) 

dk dkmi Okm^ 

~ k { ^n7 mi + '" + ^n~^ mN) - Tk P{X) 
Deviding both sides of the above equation by k T ^ 1 gives the result. ■ 

In particular, we are more interested in the case when r = I, since most 
widely used risk measures fall into this category. The above proposition 
(known as the Euler's Theorem) is fundamental in risk attribution. It fa- 
cilitates identifying the main source of risk in a portfolio. Each component 
rrii Q m , termed as the risk contribution of asset i, is the amount of risk 
contributed to the total risk by investing m, in asset i. The sum of risk 
contributions over all securities equals the total risk. If we rescale every risk 
contribution term by -n^, we get the percentage of the total risk contributed 
by the corresponding asset. 

The term g m ' is called marginal risk which represents the marginal 
impact on the overall risk from a small change in the position size of security 
i, keeping all other positions fixed. If the sign of marginal risk of one asset 
is positive, increasing the position size of the asset by a small amount will 
increase the total risk; If the sign is negative, increasing the position size of 
the asset by a small amount will reduce the total risk. Thus the securities 
with negative marginal risk behave as hedging instruments. 

But there is one important limitation of this approach ([17]). The decom- 
position process is only a marginal analysis, which implies that only small 
changes in position sizes make the risk contribution terms more meaningful. 
For example, if the risk contribution of security a-in a portfolio consisting 
of only two securities-is twice that of security b, then a small increase in the 
position of security a will increase the total risk twice as much as the one 
caused by the same amount of increase in the position of security b. However, 
it doesn't imply that removing security a from the portfolio will reduce the 
overall risk by 2/3. In fact, the marginal risk and the total risk will both 
change as the position size of security a changes. This is because of the def- 
inition of marginal risk. Only if an increase (say s-y) in asset one's position 
size is small enough, the additional risk, or incremental risk, 5 can be approx- 



3 We define the incremental risk as the difference between the total risk after changing 
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imated by Q m ' E\. & The larger e± is, the poorer the approximation would be. 
Removing asset one entirely represents a large change in the position size 
and thus the approach is not suitable in this situation. 

This limitation casts doubt on the philosophy of risk attribution. The 
main questions are: 

1. Is each of the decomposed terms in (4) really an appropriate represen- 
tation of the risk contribution of each individual asset? 

2. If dropping the asset with most risk contribution won't help, what do 
we do in order to reduce the overall risk? 

We don't answer the second question for now. The answer may be found 
in examining the interaction and relationship between risk attribution and 
portfolio optimization, which is a topic for future studies. 

To answer the first question, two author's work are worth mentioning. 
Tasche (1999) shows that under a general definition of suitability, the only 
representation appropriate for performance measurement is the first order 
partial derivative of the risk measure with respect to position size, which is 
exactly the marginal risk we define. Denault (2001) applies game theory to 
justify the use of partial derivatives of risk measures as a measure of risk 
contribution. We hereby briefly discuss the approach by Tasche ([29]). 

The approach is more like an axiomatic one, that is, to first define the 
universally accepted and self-evident properties or principles the object pos- 
sesses, then to look for "candidates" which satisfy the pre-determined crite- 
rion. 7 In his attempt to define the criterion, Tasche makes use of the concept 
of "Return on Risk-Adjusted Capital "(RORAC), which has been used in al- 
locating banks' capital. RORAC is defined as the ratio between some certain 
measure of profit and the bank's internal measure of capital at risk. ([20]) In 
our notation, the portfolio's RORAC should be ix)-E\m'R] > wnere E[mR] is 
the expected payoff of the portfolio and p(X) — E[m'R] is the economic 
capital, which is the amount of capital needed to prevent solvency at some 
confidence level. For every unit of investment (i.e. the position size equals 1), 
the RORAC of an individual asset i (or per-unit RORAC of asset i) can be 



the composition of a portfolio and the total risk before the change. Note that some authors 

dp(X 
drrii 



(cf. [21]) define the risk contribution rrii ^S' as the incremental risk. 



6 A Taylor series expansion can be performed to yield this result ([11]). 

7 Other examples of the axiomatic approach can be found in [4] and [6]. 
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denoted by , R } { X R , , where p(Ri) is the risk measure of asset i per unit of 
position i. The RORAC is very similar to the Sharpe ratio, which measures 
the return performance per unit of risk. If the RORAC of capital A is greater 
than that of capital B, then capital A gives a higher return per unit of risk 
than B and thus has a better performance than B; and vice versa. Tasche de- 
fines that the measure suitable for performance measurement should satisfy 
the following conditions: 

i) If, for every unit of investment, the amount a .( X )-E\R] S 1S g rea ter than 
that of the entire portfolio, then investing a little more in asset i should 
enhance the performance (measured by RORAC) of the entire portfo- 
lio, and reducing the amount invested in asset i should decrease the 
RORAC of the entire portfolio; In mathematical expressions, this is 
equivalent to 

E[Rt] E[m'R] 



(H{X) - E[Ri] ~ p{X) - E[m'R] 
E[m'R + mfRi] E[m'R] 



p(X + mfRi) - E[m'R + mfRi] p(X) - E[m'R] 

Elm'R-m'Ri} 



p(X - mfRi) - E[m'R - m\R % \ 

where di(X) is the candidate measure of suitable risk contribution of 
asset i, E[Ri\ is the expected payoff per unit of position i and < mf < 
£, for some small e > 0. 

If, for every unit of investment, the amount a .<x\-E\R\ ls smauer than 
that of the entire portfolio, then investing a little more in asset i 
should decrease the performance of the entire portfolio, and reducing 
the amount invested in asset i should enhance the RORAC of the entire 
portfolio; In mathematical expressions, this is equivalent to 

E[Ri] E[m'R] 



ai(X) - E[Ri] ~ p(X) - E[m'R] 
E[m'R + mfRi] E[m'R] 



p(X + mfRi) - E[m'R + m\R^\ p{X) - E[m'R] 



E[m' R - mlRi] 



p(X - mfRi) - E[m'R - mfRi 



8 Note that the initial risk measure p(Ri) in the per-unit RORAC of asset i is replaced 
by the candidate of performance measure di(X) of asset i. 
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where a,i(X), E[Ri\ and m\ are defined in the same way as in 1. 

Tasche shows in Theorem 4.4 ([29]) that the only function form fulfill the 
above requirements is f ■ 

^ ami 

We note that the limitation of his criterion is that the use of RORAC 
is more appropriate to banks than to other financial institutions. The no- 
tion of the economic capital p(X) — E[m'R] makes sense only when the risk 
measure p(X) represents a loss threshhold at some certain level, such as the 
Value-at-Risk and the Expected Shortfall which we define in the next section. 
Nevertheless, the use of » as a measure for risk contribution is justified 

' ami J 

in the sense that it indicates how the global performance changes if there 
is a little change locally, given the local performance relationship with the 
overall portfolio. 



4 Risk Measures 

We examine three major risk measures, which are the Standard Deviation 
(and its variants), the Value-at-Risk and the Expected Shortfall. Their 
strength and weakness in measuring risk are compared. The criterion of 
good risk measures, namely coherent risk measures are reviewed. 

4.1 Standard Deviation and Its Variants 

Following Markowitz ([19]), scholars and practitioners has been taking the 
standard deviation as a "standard" risk measure for decades. Its most pop- 
ular form of practical use is called the Tracking error, which is defined as 
the standard deviation (also known as the volatility) of the excess return (or 
payoff) of a portfolio relative to a benchmark 9 . Despite its appealing feature 
of computational ease, the standard deviation has been criticized for its in- 
efficiency of representing risk. The inherent flaw stems from the definition of 
the standard deviation: both the fluctuations above the mean and below the 
mean are taken as contributions to risk. It implies that a rational investor 
would hate the potential gain to the same degree as the potential loss, if 
the standard deviation were used as the risk measure when he optimizes his 



9 Tracking error is sometimes defined as the difference of expected returns between a 
portfolio and a benchmark. Here we define it as the risk measure of the standard deviation 
associated with the excess return, because it is widely accepted by practioners. 
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portfolio. Furthermore, the standard deviation underestimates the tail risk 
of the payoff distribution, especially when the distribution is nonsymmetric. 
To remedy the deficiency of the standard deviation, Markowitz ([19]) 
proposed a variant of the standard deviation, which emphasizes on the loss 
part of the distribution. The general form is called the lower semia-moment. 
It is defined as follows: 

p{X) = pim'R) = ^/E[((m'R-E(m'R))-) a ] (6) 

t /r, r,/ /r,NN_ f -(m'R - Etm'R)) if m'R - Eim'R) < 
where (m R - E(m R))~ = j Q if m 'fl - E(m'i?) > 

Note that when a = 2, p(ra'i?) = y/E[((m'R - E(m'R))-) 2 ] is called the 
lower semi-standard deviation, which was proposed by Markowitz. 

4.2 Value-at-Risk (VaR) 

Value-at-risk, or VaR for short, has been widely accepted as a risk measure in 
the last decade and has been frequently written into industrial regulations(see 
[15] for an overview). The main reason is because it is conceptually easy. It is 
defined as the minimum level of losses at a confidence level of solvency of 1— a. 
That is, VaR can be interpreted as the minimum amount of capital needed 
as reserve in order to prevent insolvency which happens with probability a. 

Definition 4.1 The VaR at confidence level (1 — a) 10 is defined as the neg- 
ative of the lower a-quantile of the gain/loss distribution, where a G (0, 1). 
i.e. 

VaR a = VaR a (X) = -q a (X) = - inf{:r|P(X < x) > a} (7) 

where P(-) is the probability measure. 

An alternative definition of VaR is that VaR a (X) = E[X] — q a (X), which 
is the difference between the expected value of X and the lower a-quantile of 
X. This relative form of VaR is already used in the performance measurement 
of the Sharpe ratio in the last section. 

Before we introduce the properties of VaR and evaluate how good or bad 
it is, we have to first introduce the judging rules. Four criterion have been 
proposed by Artzener et al. (1999). 



10 



Typically, a takes the values such as 1%, 5% and 10%. 



384 ZHANG, RACHEV 



Axiom 4.2 A risk measure p : Q — »■ R is called a coherent risk measure 
if and only if it satisfies the following properties: 

a Positive homogeneity. (See Definition 3.2) 

b Monotonicity: X € Q, X < => p(X) > 0. 

c Translation invariance: X E Q, c GR =>- p(X + c) = p(X) — c 

d Subadditivity: X, Y E Q, X + Y e Q => p(X + Y) < p{X) + p{Y). 

Positive homogeneity makes sense because of liquidity concerns. When all 
positions are increased by a multiple, risk is also increased by the same multi- 
ple because it's getting harder to liquidate larger positions. For monotonicity, 
it requires that the risk measure should give a "negative" message when the 
financial asset has a sure loss. The translation invariance property implies 
that the risk-free asset should reduce the amount of risk by exactly the worth 
of the risk-free asset. The subadditivity is important because it represents 
the diversification effect. One can argue that a risk measure without this 
property may lead to counterintuitive and unrealistic results. 11 

VaR satisfies property a-c but in general fails to satisfy the subadditiv- 
ity 12 , which has been heavily criticized. Another pitfall of VaR is that it 
only provides a minimum bound for losses and thus ignores any huge poten- 
tial loss beyond that level. VaR could encourage individual traders to take 
more unnecessary risk that could expose brokerage firms to potentially huge 
losses. In the portfolio optimization context, VaR is also under criticism be- 
cause it is not convex in some cases and may lead to serious problems when 
being used as a constraint. The following example shows that VaR is not 
sub-additive(see also [30] for another example). 

Example 4.3 Consider a call(with payoff X) and a put option(with payoff 
Y) that are both far out- of -money, written by two independent traders. As- 
sume that each individual position leads to a loss in the interval [-4,-%] with 
probability 3%, i.e. P(X < 0) = P(Y < 0) = 3% = p and a gain in the 



11 For examle(cf.[4]), an investor could be encouraged to split his or her account into two 
in order to meet the lower margin requirement; a firm may want to break up into two in 
order to meet a capital requirement which they would not be able to meet otherwise. 

12 Note that only under the assumption of elliptical distributions is VaR sub-additive([7]). 
In particular, VaR is sub-additive when a < .5 under the Gaussian assumption(cf. [4]). 
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interval [1,2] with probability 97%. Thus there is no risk at 5% for each po- 
sition. But the firm which the two traders belong to may have some loss at 
5% level because the probability of loss is now 

2 

P(X + Y < 0) = £$y (1 - p) 2 - 1 = 1 - (1 - p) 2 = 5.91% 
Therefore VaR 5% (X + Y)> VaR 5% (X) + VaR 5% (Y) = 0. 

4.3 Conditional Value- at- Risk or Expected Shortfall 

While VaR has gained a lot of attention during the late nineties and early 
this century, that fact that it is not a coherent risk measure casts doubt on 
any application of VaR. Researchers start looking for alternatives to VaR. A 
coherent measure, conditional value- at-risk (CVaR) or expected shortfall(ES) 
was introduced. Similar concepts were introduced in names of mean excess 
loss, mean shortfall, worse conditional expectation, tail conditional expecta- 
tion or tail VaR. The definition varies across different writers. Acerbi and 
Tasche (2002) clarify all the ambiguity of definitions of the VaR and the 
CVaR and show the equivalence of the CVaR and the expected shortfall. At 
the same time independently, Rockafellar and Uryasev (2002) also show the 
equivalence and generalize their finding in the previous paper to general loss 
distributions, which incorporate discreteness or discontinuity. 

Definition 4.4 Suppose E[X~] < oo, the expected shortfall at the level a of 
X is defined as 

ES a = ES a (X) (8) 

= --{E[Xl {x< _ VaRa} } - VaR a (a - P[X < -VaR a ])} 
a 

= -^{E[Xl {x < qa(x)} ] + q a (X)(a - P[X < &(*)])} 

The expected shortfall can be interpreted as the mean of the a-tail of the 
loss distribution. Rockafellar and Uryasev(2002) define the conditional value- 
at-risk(CVaR) based on a rescaled probability distribution. Proposition 6 in 
Rockafellar and Uryasev (2 002) confirms that the CVaR is essentially the same 
as the ES. The subtleness in the definition of ES becomes especially important 
when the loss distribution has a jump at the point of VaR, which is usually 
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the case in practice. Two cases of jump(or discontinuity) and discreteness of 
the loss distribution, which are due to Rockafellar and Uryasev (2002), are 
illustrated in Figure 1 and Figure 2, respectively. 

If the loss distribution is continuous, then a = P[X < — VaR a ] and the 
expected shortfall defined above will reduce to 

ES a (X) = -E[X\X < -VaR a ] 

which coincides with the tail conditional expectation defined in Artzener et 
al. (1999). It is worth mentioning that they show that the tail conditional 
expectation is generally not subadditive thus not coherent (see also [2]). 
We now show that the expected shortfall is a coherent risk measure. 

Proposition 4.5 The expected shortfall(or conditional value- at-risk) defined 

as (8) satisfies the axiom of coherent risk measures. 

Proof. 

i) Positive homogeneity: 

ES a (tX) 

= ~{E[tXl {tx <-tVaR a {x)}] ~ tVaR a (X)(a - P[tX < -tVaR a (X)])} 

= tES a (X) 



ii) Monotonicity: 

X < 0,VaR a (X) >0^ 

ES a (X) = --{E[Xl {x <_ VaRa} ] - VaR a (a - P[X < -VaR a })} 



a s- 
> 



<0 =q-1<0 



iii) Translation invariance: 

ES a {X + c) 



--{E[Xl {x< _ VaRa} } + cP[X < -VaR a ] 
a 

-(VaR a - c)(a - P[X < -VaR a ])} 

--{E[Xl {x< ^ VaRa} ] - VaR a (a - P[X < -VaRa])} ~ c 

a 

ES a (X) - c 
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iv) Subadditivity: This proof is based on Acerbi et. al. (2001). They use an 
indicator function as follows: 

f hx< x} ifP[X = x] = 

L {x<x} ~ \ -, a -p[x<x] , if P\X - r\->0 

{ l {X<x} + P[X=x] l {X=x} l J r \A - X \ > U 

It is easy to see that 

mtx< x} ] = a (9) 

1{x< 9q} e [0, 1] (10) 

^E[Xl a {x ^ } } = -ES a {X) (11) 

We want to show that ES a (X + Y) < ES a (X) + ES a (Y). By 9, 10 
and 11 

ES a {X) + ES a {Y) - ES a {X + Y) 

= ~a E \-( X + Y ) l tx+Y<q a (X+Y)} ~ X1 {X<q a (X)} ~ Y1 {Y<q a (Y)}} 

= a E ^ X { x+Y - qa{x+Y)} ~ l tx<q a {x)}) + 

Y ( 1 {X+Y<q a {X+Y)} ~ 1 {y<g«(V)})] 

> z(l»( X ) E \ l tx+Y<q a {X+Y)} ~ 1 {X<q a {X)}] + 





a v _ v _ 



g a (F)E[l{ X+ y< 9a(x+ y )} - l{X< 9a (X)}]) 



Pfulg(2000) proves that CVaR is coherent by using a different definition 
of CVaR, which can be represented by an optimization problem(see also [25]). 

5 Derivatives of Risk Measures 

We are now ready to go one step further to the core of risk attribution 
analysis, namely calculating the first order partial derivatives of risk measures 
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with respect to positions (recall from (4)). The task is not easy because 
the objective functions of differentiation of VaR and CVaR are probability 
functions or quantiles. We introduce here the main results associated with 
the derivatives. 

5.1 Tracking Error 

5.1.1 Gaussian Approach 

The tracking error is defined as the standard deviation of the excess return(or 
payoff) of a portfolio relative to a benchmark(see the footnote in section 3.1). 
It is a well-established result that the standard deviation is differentiable. By 
assuming Gaussian distributions, Garman (1996, 1997) derives the close form 
formula for the derivative of VaR 13 from the variance-covariance matrix . 
Mina (2002) implements the methodology to perform risk attribution, which 
incorporates the feature of institutional portfolio decision making process in 
financial institutions. 

We first assume Gaussian distributions. Denote by b = (b^fL^he po- 
sitions of a benchmark. Let w = {wi)f =1 = (toj — bi)f =x = m — b be the 
excess positions (also called "bet") relative to the benchmark. Then w'R is 
the excess payoff of the portfolio relative to the benchmark. Let Q be the 
variance-covariance matrix of the returns {rj)f =1 . Then the tracking error is 



TE = Vw'Qw (12) 

The first order derivative with respect to w is 

dTE ttw _ 



Ow y/w'ViW 



(13) 



which is an N x 1 vector. Therefore the risk contribution of the bet on asset 
i can be written as 

r-, , ^ W N /-, aS 

w t V t = Wi(-===)i (14) 

ywilw 

The convenience of equation (13) is that we can now play with any arbi- 
trary partition of the portfolio so that the risk contribution of a subset of the 

One can thus derive the derivative of the standard deviation from the one of VaR, 
because under normal distributions (more generally, under elliptical distributions), VaR is 
a linear function of the standard deviation. 
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portfolio can be calculated as the inner product of V and the correspond- 
ing vector of bets. For example, the portfolio can be sorted by industries 
Ii,...,I n , which are mutually exclusive and jointly exhaustive. The risk 
contribution of industry Ij is then <f>'jV, where ■ = w <8> l{ie/-} and l{ie/,} is 
an N x 1 vector whose's ith elements is one if i e Ij and zero otherwise, for 
all % = 1 , . . . , N. We can further determine the risk contribution of different 
sectors in industry Ij in a similar way. 

5.1.2 Spherical and Elliptical Distributions 

The Gaussian distributions can be generalized to the spherical or more gen- 
erally, the elliptical distributions so that the tracking error can be still cal- 
culated in terms of the variance-covariance matrix. We briefly summarize 
the facts about spherical and elliptical distributions. See Embrechts et al. 
(2001) for details. 

A random vector R has a spherical distribution if for every orthogonal map 
U E R NxN (i.e. U T U = UU T = I N , where I N is the iV-dimentional identity 

matrix), UX = X.The definition implies that the distribution of a spherical 
random variable is invariant to rotation of the coordinates. The character- 
istic function of R is $ R (9) = E[exp(i9'R)] = <j>{&6) = <j>{6\ + ■ ■ ■ + 9%) 
for some function : IR + — »■ R, which is called the characteristic genera- 
tor of the spherical distribution and we denote R~Sn(<P). Examples of the 
spherical distributions include the Gaussian distributions, student-t distri- 
butions, logistic distributions and etc. The random vector R is spherically 
distributed(i?~S'jv(0)) if and only if there exists a positive random variable 
D such that 

R = D-U (15) 

where U is a uniformly distributed random vector on the unit hypersphere(or 
sphere) S N = {s e R N \ \\s\\ = 1}. 

While the spherical distributions generalize the Gaussian family to the 
family of symmetrically distributed and uncorrelated random vectors with 
zero mean, the elliptical distributions are the affine transformation of the 
spherical distributions. They are defined as follows: 

Definition 5.1 A random vector R has an elliptical distribution, denoted by 
R~E N (fi,T>,(p), if there exist X~Sk(<P), an N x K matrix A and /i G M. N 
such that 

R = AX + ii 



390 ZHANG, RACHEV 



where E = A T A is a K x K matrix. 

The characteristic function is 

$ R (6) = E[exp(te'(AX + fi))} (16) 

= exp(i9'fi)E[i9'AX] = exp(^V)0(# T E#)) (17) 

Thus the characteristic function of R — \l is $#_^(#) = <f)(0 E6>). Note that 
the class of elliptical distributions includes the class of spherical distributions. 
We have S N ((f)) = E N (0, I N , 0). 

The elliptical representation En(^, E, 0) is not unique for the distribution 
of R. For R~E N (/j J , E, 0) = E N (fi, E, 0), we have p, — // and there exists a 
constant c such that E = cE and 4>{u) = 0(f)- One can choose <f>(u) such 
that E = Cov(R), which is the variance- covariance matrix of R. Suppose 

R~E N {n,T.,<j>) and R = AX + n, where X~S K ((f)). By (15), X = D ■ U. 

Then we have R = ADU + jj. It follows that E[R] = /j, and Cov[R] = 
AA T E[D 2 ]/N = ZE[D 2 ]/N since Cov[U] = I N /N. So the characteristic 
generator can be chosen as cj){u) = </>(u/c) such that E = Cov(R), where 
c = N/E[D 2 ]. Therefore, the elliptical distribution can be characterized by 
its mean, variance-covariance matrix and its characteristic generator. 

Just like the Gaussian distributions, the elliptical class preserves the prop- 
erty that any affine transformation of an elliptically distributed random vec- 
tor is also elliptical with the same characteristic generator 0. That is, if 
R ~£jvGu,E,0), B e R KxN and beR N then BR + b~E K (Bfi + b, BZB T ,(f)). 

Applying these results to the portfolio excess payoff Y = w'R, we have 
X~Ei(w'(x,w'Y>w,(j)). The tracking error is again TE = y/w'TiW. The deriv- 
ative of the tracking error is then similar to the one under the Gaussian case 
derived in section (5.1.1). We can see that the variance-covariance matrix, 
under elliptical distributions, plays the same important role of measuring 
dependence of random variables, as in the Gaussian case. That is why the 
tracking error can still be express in terms of the variance-covariance matrix. 

5.1.3 Stable Approach 

It is well-known that portfolio returns don't follow normal distributions. The 
early work of Mandelbrot (1963) and Fama (1965) built the framework of us- 
ing stable distributions to model financial data. The excessively peaked, 
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heavy-tailed and asymmetric nature of the return distribution made the au- 
thors reject the Gaussian hypothesis in favor of the stable distributions, which 
can incorporate excess kurtosis, fat tails, and skewness. 

The class of all stable distributions can be described by four parameters: 
(a, (3, /i, a). The parameter a is the index of stability and must satisfy < a < 
2. When a = 2 we have the Gaussian distributions. The term stable Paretian 
distributions is to exclude the case of Gaussian distributions (a = 2) from 
the general case. The parameter (3, representing skewness of the distribution, 
is within the range [—1, 1]. If f3 — 0, the distribution is symmetric; If /3 > 
0, the distribution is skewed to the right and to the left if (3 < . The 
location is described by \i and a is the scale parameter, which measures 
the dispersion of the distribution corresponding to the standard deviation in 
Gaussian distributions. 

Formally, a random variable X is stable (Paretian stable, a-stable) dis- 
tributed if for any a > and b > there exists some constant c > and del 
such that aX\ + bX 2 = cX + d, where X\ and X 2 are independent copies of 
X. The stable distributions usually don't have explicit forms of distribution 
functions or density functions. But they are described by explicit character- 
istic functions derived through the Fourier transformation. So the alternative 
definition of a stable random variable X is that for a G (0,2], (3 G [—1,1] 
and /j, G R, X has the characteristic function of the following form: 

( ,\[ exp{— (T a |t| a (l — ij3sign{t) tan ^ + ifit)} i/a^l , , 

xW= \ exp{-a\t\(l + ipsign(t)hi\t\+iiit)} if a = 1 [ b) 

Then the stable random variable X is denoted by X~S a (a, (3, /x).In particular, 
when both the skewness and location parameters (3 and \i are zero, X is said 
to be symmetric a— stable and denoted by X~SaS. 

A random vector R of dimension N is multivariate stable distributed if 
for any a > and b > there exists some constant c > and a vector 
D G M. N such that aR\ + bR 2 = cR + D, where R\ and R 2 are independent 
copies of i?.The characteristic function now is 

* m = \ exp{ " ^ N \° Ts \ a ( l ~ isign{9 T s) tan f )T{ds) + id 7 >} if a ± 1 
M } | exp{- J Sn \6 T s\ a {l - ilsign{6 T s) In \6 T s\)T{ds) + i6 T fi} if a = 1 

(19) 
where 6 G M. N , T is a bounded nonnegative measure(also called a spectral 
measure) on the unit sphere Sn = {s G M. N \ \\s\\ = 1} and \i is the shift vector. 
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In particular, if R~S a S, we have $r(0) = exp{— f s \9 s\ a F(ds)}. For an in- 
depth coverage of properties and applications of stable distributions, we refer 
to Samorodnitsky and Taqqu (1994) and also Rachev and Mittnik (2000). 

As far as risk attribution is concerned, we want to first express the port- 
folio risk under the stable assumption and then differentiate the measure 
with respect to the portfolio weight. If the return vector R is multivariate 
stable Paretian distributed(0 < a < 2), then all linear combinations of the 
components of R are stable with the same index a. For w G M N , defined as 
the difference between the portfolio positions and the benchmark positions, 
the portfolio gain Y = w'R = J2 i=1 WiRi is S a (ay, fly, //y). It can be shown 
that the scale parameter of S a (ay, (3 Y , /i Y ) is 



a Y = ( \w's\ a T(ds))« (20) 

J Sn 

which is the analog of standard deviation in the Gaussian distribution. This 
implies that ay is the tracking error under the assumption that asset re- 
turns are multivariate stable Paretian distributed. Thus we can use (20) as 
the measure of portfolio risk. Similarly, the term a Y = J s \w's\°T(ds 



is 



the variation of the stable Paretian distribution, which is the analog of the 
variance. 

The derivatives of ay with respect to Wi can be calculated for all i. 

?pL = h[ Iw'slTids^-Hf a\w , 8\ a - 1 \ 8i \r(d8)) (21) 

dWi a J Sn J Sn 

As a special case of stable distributions, as well as a special case of the 
elliptical distributions, we look at the sub- Gaussian S a S random vector. A 
random vector R is sub-Gaussian S a S distributed if and only if it has the 
characteristic function $^((9) = exp{ — (9'Q9) a / 2 +i9' [i}, where Q is a positive 
definite matrix called the dispersion matrix. By comparing this characteristic 
function to the one in equation (16), we can see that the distribution of R 
belongs to the elliptical class. The dispersion matrix is defined by 

Q = [*%L], where ^ = [R t ; R 3 } a \\R 3 \\ 2 - a (22) 

The covariation between two symmetric stable Paretian random variables 
with the same a is defined by 



[R t ;R,] a = [ Sisf-^Tids) 
Js 2 
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where x <k> = \x\ k sign(x). It can be shown that when a = 2, [R 1 ;R 2 ] a = 
\cov(RiR2). The variation is defined as [Ri\Rj\ a = ||i?j||". 

Since Z is elliptically distributed, by the results in the last section, the 
linear combination of its components w' Jfc~ Ei(w' /j,, Q, <p) for some character- 
istic generator 0. Then the scale parameter 0"^, zz>, which is just the tracking 
error under this particular case, should be 

o~w>r = y/w'Qw 

where Q is determined by (22). The derivative of the tracking error is then 
similar to the one under the Gaussian case derived in section (5.1.1). 

5.2 Quant ile Derivatives (VaR) 

Though VaR is shown to be a problematic risk measure, we still want to 
exploit its differentiability because the derivative of the expected shortfall 
depends on the derivative of the quantile measure. Under the assumption of 
the Gaussian or the more general elliptical distributions, it is not hard to cal- 
culate the derivatives of VaR as shown above, which can also be obtained by 
rescaling the variance-covariance matrix because the VaR is a linear function 
of the tracking error under the elliptical distributions ([12]). We present here 
the general case. We assume that there exists a well-defined joint density 
function for the random vector R. u 

Proposition 5.2 Let R be an N x 1 random vector with the joint probabil- 
ity density function of /(xi, . . . ,x n ) satisfying P[X = VaR a (X)] ^ and 
p(X) = p(m'R) = VaR a (X) = VaR a be the risk measure defined in (7). 
Then, 

dVaR a (X) 



dm,; 



-E[Ri\ - X = VaR a (X)], i = l,...,n (23) 



Proof. First consider a bivariate case of a random vector (Y, Z) with a 
smooth p.d.f. f(y, z). Define VaR a by 

P[Y + m'R > VaR a ] = a. 



14 Tasche (2000) discusses a slightly more general assumption, where he only assumes 
the existence of the conditional density function of Xi given (X_j) := (Xj)^. He notes 
that the existence of joint density implies the existence of the conditional counterpart but 
not necessarily vice versa. 
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Let m^O, 

/ / f(y, z)dydz = a 

J J(VaR a -m'R) 

Taking the derivative with respect to m, we have 

/( — - — - — z)f(y = VaR a — mz, z)dz = 
dm 

Then 

— / f(V a Ra — mz, z)dz = / zf{VaR a — mz, z)dz 



dm 

Since f f(VaR a — mz, z)dz = P[Y + mZ = VaR a ] ^ 0, we have 
dVaR a f zf(VaR a — mz, z)dz 



dm J f(VaR a — mz,z)dz 



E[Z\Y + mZ = VaR a ] 



Now replace Y = — \^ m jRj an d m = rrii and Z = —Ri, we have for all i, 

8VaR a dp(X) rn[T ^ l ,„ TA „ . 

— — - = V ' = -E[RA - m'R = VaRJ 
orrii orrii 

■ 

The risk contribution, defined as m, Q m ' in (4), is —m,iE[Ri\ — m'R = 
VaRn] in the case of VaR. 



L (i 



5.3 Differentiating The Expected Shortfall 

The expected shortfall can be written in terms of an interval of VaR.(cf. [2]) 
This representation facilitates differentiating the expected shortfall because 
we already know the derivative of VaR. 

Proposition 5.3 (Tasche 2002) Let X be a random variable, q a (X) the a- 
quantile defined in (7) for a G (0, 1) and f : M. — > [0, oo) a function such that 
E\f{X)\- <oo. Then, 

f 1 f(q u (X))du = E[f(X)l {x<qa(x)} } + f(q a (X))(a - P[X < q a (X)}) (24) 
^o 
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Proof. Consider a uniformly distributed random variable U on [0,1]. We 
claim that the random variable Z = qu{X) has the same distribution as X, 
because P(Z < x) = P(q v (X) < x) = P(F X (U) < x) = P{U < F x {x)) = 
F x (x). Since u — > qu(X) is non-decreasing we have 

{U < a} C { qu (X) < q a (X)} (25) 

{U > a}n{q u (X)<q a {X)}(z{q u (X) = q a {X)} (26) 

(25) implies that {U > a} n {qu(X) < q a {X)} + {U < a} = {qu{X) < 
g a (X)}.Then 

f(q u (X))du = Eu[f(Z)l {u<a} ] 

o 

= E u [f(Z)l {z < qaiX )}] ~ E u [f(Z)l {u>a}n{z < qa{X )}] 

= E[f(X)l {x < qa{x)} ] + f(q a (X))P[{U >a}n{X< q a (X)}] 

= E[f(X)l {x < qa{x)} ] + f(q a (X))(a - P[X < q a {X)) 



Corollary 5.4 Given the VaR and the expected shortfall defined in (7) and 
(8), the following is true: 

ES a = - [ VaR u {X)du (27) 

Oi Jo 

Proof. Let f(X) = X. By (8) and (24), we have 



f(q u (X))du = / q u (X)du 

= E[f(X)l {x < qa{x)} ] + q a (X)(a - P[X < q a (X)}) = -aES a 

Then dividing both sides by — a and replacing —q u (X) by VaR u (X) yield 
the result. ■ 

Proposition 5.5 The partial derivative of ES a defined in (8) is 

flPC 1 

_^ = __ {E[Ril{x ^ qa{x)}]+Emx = q u (X)](a-P[X < q a (X)})} (28) 
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Proof. Given the representation in (27) and by (23), we have 

dES a 1 r dVaR U du 

drrii a J drrii 

= -- [ E[Ri\ - X = VaR u (X)]du 
a Jo 

= -- f E[Ri\X = q u (X)]du (30) 

We can apply Proposition 5.3 again. Let fix) = E[Rj\X = x], then 

pa 

/ E[Ri\X = q u (X)]du = ElElRilXfox^x^+ElRilX = q u {X)]{a-P[X < q a {X)}) 
Jo 

(31) 

The first term 

E[E[Ri\X]l {x < qa{x)} ] = E{E[Ri\X]\X < q a (X)} ■ P[X < q a (X)\ 

= E[R t \X < q a (X)} ■ P[X < q a {X)\ 

= E[R,ii {x <q a (x)}} (32) 

Then equation (31) becomes 

f a E[Ri\X = q u {X)}du = E[R^ { x< qa(X )}\+E[R^X = q u (X)](a-P[X < q a (X)}) 
Jo 

Plugging this into (29) completes the proof. ■ 

6 Conclusion 

We have reviewed the methodology of risk attribution, along with the prop- 
erties of different risk measures and their calculation of derivatives. The 
rationale of risk attribution is that risk managers need to know where the 
major source of risk in their portfolio come from. The stand-alone risk sta- 
tistics are useless in identifying the source of risk because of the presence of 
correlations with other assets. The partial derivative of the risk measure is 
justified to be an appropriate measure of risk contributions and therefore can 
help locating the major risk. 

Having a good measure of risk is critical for risk attribution. A good risk 
measure should at least satisfy the coherent criterion. The widely accepted 
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measure of volatility could be a poor measure when the distribution is not 
symmetric. VaR is doomed to be a history because of its non-subadditivity 
and non-convexity The conditional VaR or expected shortfall seems promis- 
ing and is expected to become a dominant risk measure widely adopted in 
risk management. 

Yet there are still some questions that haven't been answered. The sta- 
tistical methods of estimating the risk contribution terms need to be further 
studied. Under the more general assumption of the distribution, the risk at- 
tribution results might be more accurate. The limitation of risk attribution 
analysis is that the risk contribution figure is a marginal concept. Risk attri- 
bution serves the purpose of hedging the major risk, which is closely related 
to portfolio optimization. How exactly the information extracted from the 
risk attribution process can be used in the portfolio optimization process still 
needs to be exploited. The two processes seem to be interdependent. Their 
interactions and relationship could be the topic of further studies. 
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Figure 1: A jump occurs at x a = VaR a of the distribution function F(x) 
and there are more than one confidence levels (a~ , a + ) which give the same 
VaR. 




Figure 2: There are more than one candidate (a;, 

same confidence level. 



a ' *^a. 



of the VaR for the 
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1 Introduction 

The present paper is motivated by a recent result of O. Agratini & I. Rus [1] (see also 
[28]) who proved convergence for over-iteration of certain general discretely defined 
operators. Over-iteration means that for a fixed operator its m-th powers are inves- 
tigated when m goes to infinity. Their proof is very elegant and uses the contraction 
principle. In order to recall Agratini's and Rus' argument, we prove a generalization 
of their theorem first, and for a whole class of summation- type operators. 

The operators are defined by L n : C[0, 1] — > C[0, 1] with 

n 

L n (f;x) := J2^ n ,k( x ) - a n,k(f)i (!) 

fe=0 

where ip n ,k(x) > 0, a n ,k are linear positive functionals with a n ^eo = 1, k = 0, . . . ,n, 
and a n ,o(f) = /(0), a n ,n(f) = /(I)? / £ C[0, 1] . With the supplementary condition 
that these operators reproduce linear functions we have the following relations: 

n n 

J2^™,k( x ) = !» and S^n,fc(aj) • o„,fc(ei) = x, x E [0, 1]. 

fc=0 fc=0 

Via the contraction principle (see, e.g., [2], [3]) we prove the following result. 

Theorem 1.1 Let L n , n G IN fixed, be the operators given above. Define u n := 

min (ij) n o(x) + ip n ,n{x))- If u n > 0, then the iterates {L™f) m >\ with f G C[0, 1] 
ie[o,i] 

converge uniformly toward the linear function that interpolates f at the endpoints 
and 1, i.e., 

Jm L™(/;:r) = /(0) + (/(l) - f(0))x, f G C[0, 1]. 

Proof. Consider the Banach space (C[0, 1], || • ||oo) where || • ||oo is the Chebyshev norm. 
Let 

X a3 := {/ G C[0, 1] : /(0) = a, /(l) = /3}, a, /3 G JR. 

We note that 
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a) X a> p is a closed subset of C[0, 1]; 
b)C[0,l]= U X a # is a partition of C [0,1]; 

a,/3GlR 

c) X ai/ 3 is an invariant subset of L n for all a, (3 G IR, n G IN, since the reproduction 
of linear functions implies interpolation of the function at the endpoints, i.e., 
L n (/;0) = /(0)andL n (/;l)=/(l). 



Now we show that 



L n \x a /- X a> j3 — > X a fi 



is a contraction for all a, /3 G H. 
Let /, (7 G X Qi/ g. We can write 

n-l 

\L n (f;x) -L n (g;x)\ = J2 ^k(x) ■ a rhk (f - g) 

fe=i 

n-l 

< X)^n,fe(^) • ||On,fc|| • ||/-0||oo 
fc=l 

= (l-Vn,o(^) -i,«W) ' HZ-fi'lloo 

< (i-^-iiz-^iu. (2) 

Hence \\L n f — L^W^, < (l — u n ) • \\f — g\\oo with u n > and thus L n \x af} is contractive. 

On the other hand a, + (/3 — a) • e\ G X a $ is a fixed point for L n . If / G C[0, 1] is 
arbitrarily given, then / G XffQ\jm and from the contraction principle we have 

f KmL™/ = /(0) + (/(l)-/(0))e 1 .n 

Note that the above proof is restricted to a fixed operator L n and its iterates L™. 
Furthermore, the proof goes only through for operators having a contraction constant 
(1 — u n ) < 1. However, there are cases in which we do not have u n > 0, but still 
convergence of the iterates takes place. 

Both disadvantages are the main motivation of the present note. In Section 2 we prove 
general inequalities for the iterates of positive linear operators which are given in the 
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spirit of the paper by S. Karlin and Z. Ziegler [16] and were obtained for classical 
Bernstein operators in a slightly weaker form first in [11]. 

In Section 3 we give a full quantitative version of the result of O. Agratini and I. Rus [1] . 
In the subsequent two sections we consider several examples. Among them are Lupa§' 
Beta operators of the second kind and Schoenberg spline operators with equidistant 
knots. In both cases the approach of the aforementioned authors is not applicable, but 
our quantitative assertions show that over-iteration still leads to analogous results. 



2 A general quantitative result 

In the sequel we will consider again L n : C[0, 1] — ► C[0, 1]. However, relaxing the as- 
sumption of Section 1 we will consider general positive linear operators which reproduce 
linear functions. Note that in this section there will be no contraction argument. 

The following estimate holds. 

Theorem 2.1 If L n is given as above, form,n G IN we have 

\K(f;x) - B 1 (f;x)\ < 9 --uj 2 (/; ^#( ei ■ (e - d); *)) , (3) 

where / 6 C[0, 1], x G [0,1], B 1 is the first Bernstein operator, and ei(t) — tf, i > 0. 
Proof. For g G C 2 [0, 1] arbitrarily chosen we have the following estimate 

\L™(f;x)-B 1 (f;x)\ < |(L™ - B^f - g;x)\ + |(L™ - B 1 ){g' 1 x)\ 

< (HL-IU + HBxIU) • ||/ - slloo + \(K - B^g; x)\ 

< 2.\\f-g\\ OQ + \(L™-B 1 ){g-x)\. 

Since both of the operators L™ and B\ reproduce linear functions, we have 

K(B l9 ) = B 1 (B 1 g) G m, 
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the polynomials of degree < 1. Now we can evaluate 

\(L^-B 1 )(g;x)\ = \L™(g;x) - B 1 (g;x) - L™(B l9 ;x) + B 1 (B 1 g;x) 
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< LI 



\L™{g-B ig -x)\<L™{\g-B ig \-x) 
1 



\9 00 



ei(e -ei);xj 



ll/IU-L^e^eo-e!);^. 



Thus 



|L™(/; *) - B 1 (f; x )\ < 2 ■ \\f - g^ + -[[/lU ■ L™( ei (e Q - e 1 ); x). 
We substitute now g := Zhf, Zhuk's function [36], which satisfies: 

11/ - Z h f\\ < 3 - • W2(/; h), \\(Z h f)"\\ <\-h~ 2 - u*(/; h),0<h<^ 
Zhuk's functions were also discussed in [13]. 



Hence we get 
|L™(/; x) - B^f; x)\ < 2 • | • u; 2 (/; fc) + i . | . 1 crfotL™( ei (e - ei ); s) • w 2 (/; h), 



with /i > 0. Taking h := JL™{e-y{eQ — e\)]x) yields the desired result. □ 

Lemma 2.2 Under the same assumptions on the operator L n as above, we have 

L„((ei - x) 2 ;x) 



< L„(ei(e - ei); x) < x(l - x) 



1 — min 

x6(0,l) x(l — x) 



(4) 



Proof. Due to the linearity of the operator L n and the fact that it preserves linear 
functions, one can easily observe that L n (ei(e — e\); x) = x(l — x) — L n ({e\ — x) 2 ; x). 
Thus, 

L n ((ei - x) 2 ;x) 



< L n (ei(e -ei);x) = x(l-x) 

< x(l — x) 



mm 



x(l — x) 

L n ((ei -x) 2 ;x) 



16(0,1), 



x6(0,l) X(l — X) 



. a 



For our further discussion we will exclude those operators whose second moments have 
zeros in the interior of the interval, [0, 1] in our case. 
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Theorem 2.3 Let L n : C[0, 1] — ► C[0, 1] be positive linear operators which preserve 
linear functions. We also suppose that there exists e n > such that 

e n ■ x(l - x) < L n ((ei - x) 2 ; x), x e [0, 1]. (5) 

Then we have 

< K( ei (e - ei); x) < x(l - x) ■ (1 - e n ) m , m e IN. (6) 

Proof. We will prove the above statement by induction. First we take m — 1. The 
imposed condition (5) can be rewritten as e n < /V^l for x E (0, 1) implying 



e„ < min 



x(l— x) 

L n ((ei -x) 2 ;x) 



16(0,1) x(l — x) 

Thus inequality (4) yields 

L n (ei(e - ei); x) < x(l - x)(l - e n ). 
We assume the relation 

L™( ei (e - ei); x) < x(l - x)(l - e„) m 
to be true for a fixed m G IN and shall prove it for m + 1. Indeed, we have 

£™ +1 (ei(e - ex); x) < (1 - £„) m • L n ( ei (e - ei); x) < x(l - x) • (1 - 5 n ) m+1 . 
Hence it follows that the estimate (6) is true for all m G IN D. 

In case that e n < 1 (which occurs often), by combining the above theorem and Theorem 
2.1 we get the following 

Corollary 2.4 With the same assumptions on the operator L n as above and (5) we 
get 

\L™(f;x) - B 1 (f;x)\ <^-u 2 (/; ^(1 - x)(l - e n ) m ) , / G ^[0,1], x € [0,1]. (7) 

Note that the operator L n now is not necessarily fixed. We can thus - as was done by 
Karlin and Ziegler - consider lim L!" n were m n depends on n such that 
lim (1 — e n ) m " — > and still get uniform convergence towards B\f . 
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3 Discretely defined operators 

In this section we show that the general result from Section 2 implies the convergence 
assertion of Agratini and Rus, also providing a full quantitative version of it. Our 
assertion is given in terms of the second order modulus, the best to be expected under 
the present conditions. However, due to the use of the contraction constant (1 — u n ) 
some pointwise information is lost. 

We return to the operators considered in Section 1. For a given partition on [0, 1] such 
that = x n> Q < x n> i < . . . < x njTl = 1 we specialize the functionals a n ^ by assuming 

a n ,k(f) = f{x n ,k), fc = 0,...,ra. 

We obtain 

Ln(f; X) = J2 ^n,k(x) ■ f(Xn,k), f E C[0, l] , X E [0, 1] . (8) 

fc=0 

Guided by a result of R.P. Kelisky & T.J. Rivlin [17], O. Agratini and I. Rus studied 
these operators L n in [1]. It is known that operators L n of this type have attracted 
attention for at least 100 years now. We mention here the interesting note of T. 
Popoviciu [25] who in turn refers to the classical book of E. Borel [7] , see also [8]. 
(Polynomial) operators of the given type also appear in H. Bohman's now classical 
paper [6] and in Butzer's problem (see, e.g., [9] and the references cited there for 
details). Further historical information can be found in A. Pinkus' most interesting 
work [22]. 

Lemma 3.1 As in the first section we assume that the operators (8) reproduce linear 
functions. This implies that ^ n ,o(0) = i/) njn (l) = 1. 

Proof. It is known that L n Ci — e^, % — 0, 1, implies interpolation at the endpoints of 
the function, i.e., L n (f; 0) = /(0) and L n (f; 1) = /(l). This means that 

n 

/(0) = L n {f; 0) = Vn,o • /(0) + £ Vn, fe (0) • f(x n , k ) or 

fc=i 
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fc=l 



(1 - Vn,o(0)) • /(0) = £ ^n,fc(0) • /(x n , fc ), for all / G C[0, 1]. (9) 

We define / G C[0, 1] by 

0, x G (xi, n , 1]. 

and substitute it into (9). Thus we easily arrive at VVi,o(0) — 1- in a similar way we 
can prove that ^ nj „(l) = 1. □ 

Thus the conditions f/> n ,o(0) = ^> njTV (l) = 1 are automatically satisfied. Furthermore, 
we will give pointwise and uniform estimates for these operators L n which imply the 
result of O. Agratini and I. Rus. 

First we have 

Proposition 3.2 For L n : C[0, 1] — ► C[0, 1] defined as in (8) one has 

L-( ei (e - e 1 );x) <\-(l- u n ) m ~ l ■ (1 - ,f> n>0 (x) - WW), (10) 

mi/i to G IN, / G C[0, 1] and x G [0,1]. LzA;e m Theorem 1.1 the inequality u n = 

min (ip n o(x) + ip n n(x)) > is assumed. 
xe[o,i] 

Proof. We will prove this statement by induction. For to = 1 we have 

n 

£n(ei(e -ei);a;) = L n (ei - e 2 ;x) = ^(i n] jt - a£ )fc ) • ^„ )fc (a:) 

fe=0 
n— 1 i ji— 1 

= J^n,* - i) " V'n.k 0*0 < T ' S ^W( X ) 
k=l 4 fc=l 

1 

= .•(i-i,oW-i,nW). 

We suppose now that the relation 

L™( ei (e - ei ); x) < \ ■ (1 - M n ) m ~ 1 • (1 - ^ n , (x) - ^(a;)) 

is true for a fixed to G IN. We show it for to + 1. We apply on this relation the operator 
L n , obtaining 

L™ +1 ( ei (e -ei);a;) < -(1 - M n ) m " 1 L n (l - i/j nfi - ^„,„; x) 
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= -(1 -U n ) m ~ X L n I Yt^n^X] 

-i n n—1 

= -{l-U n ) m ~ l YY'4) n: k{Xn,l)4ln,l{ X ) 
4 1=0 k=l 

-i n—1 n—1 

= -(1 - lln)™' 1 51 X! ^n,k{x n ,l)^n,l{ X ) 
4 J=l fc=i 

-i n—1 n—1 

= -(1 -Un)™' 1 ^^n,l( X ) ■ E i>n,h( X n,l) 
4 J=l fc=l 

1 " _1 1 

< t(1 - «n) m E VvW = t(1 - Wn)™ " (1 " Vn,o(*) - ^W). 
4 1=1 4 

We have thus proved that the relation (10) is true for any m E IN. D 
Remark 3.3 Uniformly one has 

L™( ei ( eo - ei ))<l-(l-zO m (11) 

The following pointwise estimate is a consequence of Theorem 2.1. 
Proposition 3.4 For i/ie considered operators L n we have 

\L™(f; x) -B 1 (f;x)\<^- cu 2 (/; i • ^(1 - Un )— i • (1 - ^ nfi (x) - Ajx))) . 

The latter inequality reflects the fact that the iterates interpolate B\f (and /) at x — 
and x — 1. 

Corollary 3.5 TTie uniform estimate is also easily obtained from Theorem 2.1 and 
(11) as 

Note that the contraction constant 1 — u n < 1 figures repeatedly in the above inequal- 
ities. 
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4 Applications I 

We have two essentially different quantitative assertions by now, one from Section 2 
and one from Section 3. In this section we consider a group of operators to which both 
results are applicable. 



4.1 Bernstein- Sheffer-Popoviciu operators 

In this subsection we shall investigate the approximation order of the iterates of some 
binomial type operators. They were studied among others by T. Popoviciu [23] and P. 
Sablonniere [29]. 

We recall their definition, using the classical notations. 

Let Q G S^ be a delta operator, (p n ) n >o its basic sequence and the known associated 
power series <p(t) = C\ + c 2 t + . . .. The operators L® : C[0, 1] — ► C[0, 1], defined by 

£?(/; x) := ^ • £ Qft(x)Ul - *)f (£) . « e IN, (12) 

with p n (l) 7^ are called Bernstein- Sheffer-Popoviciu operators. 

Remark 4.1 One can easly observe that these operators can be derived from (8) by 
considering the equidistant knot sequence Xk, n — -, k — 0, . . . , n, and making a proper 
substitution of the fundamental functions ip n ,k- 

Some of their properties we collect in 

Property 4.2 Let L® be the considered binomial type operators. 
(i) L® are linear and positive, under some conditions regarding the coefficients of the 
associated power series, i.e., c\ > and c n > 0, n > 2. 

(ii) L® reproduce linear functions. 
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(Hi) I#((d - xf;x) = (l - 5=1 . (Q, "^~ 2)(1) ) • x(l - x), n > 2, w/iere Q' is the 
Pincherle derivative of the delta operator Q. It is known that there always exists 
Q'~ x , for Q a delta operator. 



(iv) Uniform convergence of the operator towards the identity operator is implied if 
lim 



(Q'- 2 P„-2)(l) 



Pn(l) 



For more details about the theory of binomial type operators see G. C. Rota [27] and 
also the monography [32]. It implies that also this operator integrates perfectly in our 



-1 . (Q'- 2 Pn-2)(l) 
1 

due to (iv). We consider this to be true for n > N. 



approximation scheme, because e n = 1 — rL ^- • — — p ?-n < 1 for sufficiently large n, 



Applying Corollary 2.4 we obtain 

Proposition 4.3 For the iterates of the L® we can state 



\L% m (f;x)-B 1 (f;x)\< 9 -.uj 2 \f; 



/, \( n - 1 Q'~ 2 (Pn-2A) 

X(l — X) 



4 "'yy^ *>\ n Pn (i) 

forn>N, f EC[0,1], x e [0,1]. 

4.2 Bernstein - Stancu operators 

Setting the delta operator Q := A_ a , a > and its corresponding basic sequence 
p n (x) = x^ n '~ a > we obtain the operators considered by D. D. Stancu [31] in 1968. Thus 
the operators S^ : C[0, 1] — ► f\ n were defined by 

S< a >(/; x) := £ «$(*) ■ f " > / e C $> !]» * G [0, 1], a > 0, 

fc=o \ n / 



where 



fa) , . (n\x^-^ • (l-x)I n - fc '- Q ] , 
<fc(^) : = LI fj-^-j > fc = 0,...,n. 



Here y' m ' a l is a factorial power with the step —a, i.e., 

y [0,-a] =1) 

y[ m -«] = y • (y + a) . . . (y + (m - l)a), m G IN. 
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The following facts were proved in the latter paper. 

Property 4.4 (i) S^ are linear and positive, 
(ii) S^ reproduce linear functions. 
(Hi) S^((e 1 -x) 2 ;x)=x(l-x)- 1 -- 1 -±^. 



This implies that the operators defined by D. D. Stancu satisfy the requirements of 
our theorem and we can consider e n — - ■ l + na < 1. 

" n 1+a 



Taking into account Corollary 2.4 we arrive at 

Proposition 4.5 Let S^\ n G IN, a > be a sequence of Stancu operators. For 
m G IN, / G C[0, 1] and x G [0, 1] we have 



\SW m (f; x) - B 1 (f; x)\< 9 -- co 2 (f; ^r(l - x) (l 



1 1 + na 
n 1 + a 



4.3 The classical Bernstein operators 

For a = we arrive at the classical Bernstein operators the second moments of which 
were used by T. Popoviciu as early as 1942 (see [24], cf. also [26]). An early paper on 
over-iterated Bernstein operators is - besides the one by R.P. Kelisky & T.J. Rivlin - 
an article of P.C. Sikkema [30]. Using Proposition 4.5 immediately yields 

Proposition 4.6 Let B n , n G IN , be the sequence of Bernstein operators. For m G 
IN, / G C[0, 1] and x G [0, 1] we obtain 



\B™(f; x) - Bx(/; x)\ < \ ■ uA /, J x(l - x) (l - £ " 



A similar result was first obtained by H. Gonska in [11] with a constant 4 instead of |, 
and as a special consequence of a more general quantitative result for the approximation 
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of finitely defined operators (see [20] and [12] for further details). More information on 
iterated Bernstein operators can be found in the recent note [14]. 
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Remark 4.7 



(i) I. Gavrea and D. H. Mache [10] discussed a certain special case of the general op- 
erators (1). Restricting ourselves to a special situation, their operators were defined 
by 



n / n \ 



Mf;x) ■= E L K(! -*) n - k ■ «»,*(/). (13) 

Here a n ^ '■ C[0, 1] — > IR are positive linear functionals verifying a n ^e-o = 1 and a n ,k^\ = 
-, k — 0, . . . , n (the latter condition being our special situation). Hence linear functions 
are reproduced so that Theorem 2.1 is applicable. We also note that A n (f; 0) = /(0) 
and A n (f; 1) = /(l), which is true for every positive linear operator reproducing linear 
functions. This implies that a n ,o{f) — /(0) and a n ,n{f) — /(I)- The special form of 
the fundamental functions implies that we can take u n = ^Lr to arrive - in a way 
analogous to Proposition 3.4 - at 

I4T(/; x) - B 1 (f; x)\< 9 4 - u 2 I /; \ • ^/(l - ^-^ ' (1 - (1 -x)« -x«)J . 

The genuine Bernstein - Durrmeyer operator (see, e.g., [15], [21], [34]) has this partic- 
ular form. 



(ii) A further class of positive linear operators which generalize the Bernstein operators 
was recently introduced by N. Vornicescu [33]. His operators use general knots 

= xo < x\ < . . . < x n — 1 

and reproduce linear functions so that the general results from Theorem 2.1 and Propo- 
sition 3.4 are also applicable. 



5 Applications II 

Here we consider two types of operators to which the approach of Agratini and Rus is 
not applicable. The Beta operators in the next subsection are not discretely defined, 
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and the Schoenberg spline operators are such that u n = so that the contraction 
argument fails in this case. 



5.1 Beta operators of the second kind 

Here we discuss an example which is not covered by the ansatz of Section 1. In his 
German Ph. D. thesis [18] A. Lupa§ defined the sequence of operators IB n : C[0, 1] — > 
B[0, 1], given by 



B n (/;x):= 



/(0), x = 0, 

B(M U) • /^"'(l - O"" 1 -"* • /(*)*, < x < 1, (14) 



1/(1), x = l. 

We will call them Beta operators of the second kind (since earlier in his thesis A. Lupa§ 
considered Beta operators of the first kind). 

The author proved the following. 

Property 5.1 (i) IB n are linear and positive, 
(ii) !B n reproduce linear junctions, 

( lll )^ n {{e 1 -xf;x) = x -^. 

In this case e n = ^j-j- < 1, n > 1. We get the following pointwise estimate. 

Proposition 5.2 Let !B n &e a sequence of Beta operators of the second kind. Let 
m G IN, / e C[0, 1] and x G [0, 1]. T/ien we have 



|B"(/;a;) - 5i(/;a;)| < ^ 2 /; Jx(l - x) (l - ^ 
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5.2 Schoenberg spline operators on equidistant knots 

The contraction principle, very efficient in many cases, is not applicable in the case 
of Schoenberg splines, since one cannot find a contraction constant strictly less than 
1. One motivation for this paper was to propose a method that yields relevant results 
also for the iterates of Schoenberg splines. So far, we succeded for certain cases with 
equidistant knots. 

Consider the knot sequence A n = {rcj}™^, 2 < k < n — 1 with 

A n : x_ k = . . . = x = < Xi < x 2 < ■ ■ ■ < x n = . . . x n+k = 1, 
and Xi — - for < i < n. 

' n — — 

For a function / G H' 0,1 ', the variation- diminishing spline of degree k w.r.t. A n is 
given by 

n— 1 

s n M x ) = E /(&*) • M jtk (x), < X < 1, 

j=-k 

S n ,k(f;l) = I™ S n , k (f;y). 

y-*l,y<l 
£j y k are the Greville abscissas 

Xj + i + . . . + Xj +k . . 

ij,k ■= — 7 ^, ~k<j<j<n-l, 

and the fundamental functions are the normalized B-splines 

h j,k{ x ) := [ x j+k+l ~~ Xj)[Xj, Xj + i, . . . , Xj + k+l\y — %) + ■ 

The following proposition will provide a possible choice for e n . 

Proposition 5.3 For the second moments of the latter operators we have the lower 
estimate 



min <^ — — , — — — \ ■ x(l - x) < ^((ei - x) 2 ; x), 2 < k < n - 1. 
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Proof. The following lower bound of the second moments was given in [5] (see also 
[4]). For 2 < k < n — 1 one has 

iin(2,^-^ T ^| 

^ ' n x(l— x) J 



S n , k (( ei -x) 2 ;x) mm 

> c k 



x(l — x) 



in < 2x(l — x), - \ mm 

> c k 



n(k — \)x{\ — x) 



n(k- 1) 



where c k = Jl > A for k > 3 and c 2 = t4t > ! 



88 — 10 



124 — 42' 



We consider now two cases: 



First case. For 2k > n and 2 < k < n — lwe have min { 2, - • , 1 1 s !• = 2. Thus, 

— — ^ ' n x(l— a;) J ' 



S„, fc ((ei-a;) 2 ;x) 1 

> : r lor n < 2k. 



x(l -x) ~ 21n(k-l] 

Second case. If n > 2/c, then min<2, - • ,} , \ > —. We have 

— ^ ' n x(l—x) J — n 



Sn,k((ei-x)' 2 ;x) y 
x(l—x) — 



4 k 

* n 2 k— 



arrive at 



j. This estimate can be carried out further, since -^ > 1 and c k > ^. We 



5 n ,fc((ei -x) 2 ;a;) .2 

— ! — t r > for n > 2k. □ 

x(l — x) 21n 2 

Remark 5.4 The above proposition delivers us one possible value of 

• / 2 l 1 1 

e n u = mm < -, > < 1, 

\21n 2 '21n(A;-l)J 

with 2 < k < n — 1. One can observe that for fc = 1 the condition (5) is not verified, 
because the second moment of the piecewise linear operator has zeros in the interior of 
the interval (e.g., see A. Lupas [19]). It is also clear that S™ ± f = S n> if, m > 1. 

Now we can easily derive a convergence result for the iterates of the Schoenberg spline 
operator. 



Proposition 5.5 For S nk , 2 < k < n — 1, defined as above we have 



\SZ k (f;x)-B 1 (f;x)\< 9 -u J2 \ [ f;^ 



x(l — x) 1 — min 



(J l — 

\21n 2 '21n(A;-l) 
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Remark 5.6 For 2 < k < n — 1 fixed we have lim (1 — e n k) m = 0. Thus lim S"^ k f = 

m— *oo ' m— »oo > 

Bif. An analogous convergence result also holds for more general knot sequences, as 
shown by H. J. Wenz in [35]. Due to the lack of a suitable lower bound for the second 
moments we have not been able yet to give quantitative results in this general case. 
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The Lidstone interpolation on tetrahedron* 

Teodora Catina§''~ 



Abstract 

We give a Lidstone interpolation formula, including its remainder, for 
a real function denned on a tetrahedron. These results extend the corre- 
sponding ones given for triangle by F.A. Costabile and F. Dell'Accio in a 
recent paper. 

We also present some numerical examples. 

Mathematics Subject Classification: 41A05, 41A80, 41A63. 

Key words and phrases: Lidstone interpolation on triangle and 
tetrahedron, remainder term, Peano Theorem. 



1 Preliminaries 

The Lidstone interpolation was introduced in 1920 and is a two-point inter- 
polation process utilizing even derivatives [7]. As it is mentioned in [5], there 
exist few results in the literature regarding the extension of approximation of 
univariate functions by means of Lidstone polynomials to functions of two vari- 
ables over non rectangular domains. 

In this paper we extend some univariate approximation formulas to functions 
of three variables defined on a tetrahedron. The extension to the bidimcnsional 
case has been considered in [5] . 

We recall first some classical results regarding Lidstone interpolation [1], [2]. 

The Lidstone polynomial is the unique polynomial A„ of degree 2n + 1, 
neN, defined on the interval [0,1] by 

A O)=x, (1) 

A„(0) = A„(l) = 0, n>\. 

For a given function / possessing a sufficient number of derivatives, the 
Lidstone interpolation problem consists in finding a polynomial of degree In — 1 
satisfying the Lidstone interpolation conditions, 

(L„/) (2fe) (0) = /( 2fe )(0), (2) 

(L„/)( 2fe )(l) = /( 2fe )(l), 0<fc<n-l 



*This work has been supported by CNCSIS under Grant 8/139/2003. 

t"Babe§-Bolyai" University, Faculty of Mathematics and Computer Science, Depart- 
ment of Applied Mathematics, M. Kogalniccanu 1, 3400 Cluj-Napoca, Romania, e-mail: 
tcatinasSmath.ubbcluj .ro. 
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According to [1], the Lidstone interpolant L n f uniquely exists and can be 
expressed as 



n-l 



(L n f)(x) = J2 [/ (2fc) (0)A fc (l - x) + /< 2fc )(l)A fe (x)] . (3) 

fe=0 

Remark 1 The Lidstone operator L n is exact for the polynomials of degree not 
greater than 2n — 1, n G N. 

The Lidstone interpolation formula is 

/ = L n f + R n f, (4) 

where R n f denotes the remainder. 

For / G C 2 ™[0,1] one can apply Peano's Theorem, [1], [2], and obtain 

l 

{In), 



(Rnf)(x)= / g n (x, S )fW(s)ds, (5) 

Jo 

l ~ 1 (--. _„\2n — 2k-l 

) , "-k \X) (2n-2k-l)! J J S S 



JO 

with 

(i-s) 2 " 



&.(&,*) = < *Zi 



2n — 2fc-l 



-J2^k(l-x) ( L-2fc-l)l , S < X. 
fc=0 

2 The Lidstone interpolation formula on tetra- 
hedron 

We consider the tetrahedron 

T = {{x,y,z) G M. 3 \x,y, z > 0, x + y + z < l} , 

and let / be a real function from C 2n (T), n G N. 

We consider the Lidstone interpolation on a segment from M 3 . Similarly to 
[5, Lemma 3.1], where the segment was in K 2 , we obtain the following result: 

Lemma 2 Let D be a convex domain in R 3 , / G C 2n (D), n G N, and consider 
two points P(a,b,c),Q(u,v,w) G D. Let l(X) = (x(X),y(X),z(X)), A G [0,1], 
1(0) = P, 1(1) = Q be a linear parametrization of the segment PQ and consider 
h = x'(\), k = y'(\) andp = z'{\), AG [0,1]. We have 

f(x(\),y(\), z(X)) = (L n f)(x(\),y(\),z(\)) + (R n f)(x(\),y(\), z(A)), 

with 

(L n f)(x(\),y(\),z(\))= (6) 

ra-l 



+ dx°idv2dz° 3 f(u,v,w)Ai(\) 



THE LIDSTONE INTERPOLATION... 



427 



and 
(R n f)(x(X),y(X),z(X)) = 



(7) 



E 



ai+a 2 +oc3=2n 



(2n) 



: ^L- l h^k a 'p a » dxC ,J ya2dza3 f(x(s),y(s), z(s))g n (X, s)ds. 



Proof. Let us denote (^(A) = (/oZ)(A). We apply the interpolation formula (4) 
for the function ip: 

<p{\) = {L ni p){\) + {R n <p){\), 



with 



and by (5) 



We have 



n— i 

(L nV >)(A) = J2 [^ (2J) (0)A,(1 - A) + ^)(1)A, (A) 



(Rn<p)(\)= / g n {\ S )v {2n \ S )d S . 



(8) 



(9) 



^ (fc) (A)= E ^4^ ftai ^ 3 5^fW (/° ; )( A )' ( 10 ) 

for 1 < fc < 2n. Replacing (10) in (8) and (9), we obtain (6) and (7), respectively. 
■ 

We shall restrict further to the cases when the segment PQ is in one of the 
three coordinate planes, i.e., when c = w = 0or6=D = 0ora = u = 0. There- 



fore, we consider the derivatives of / in the directions of v\ { 



v 2 



,0, 



and respectively ^3(0, 



fc 0) 

Vh 2 +k 2 ' Vh 2 +k 2 > /' 

fa)- Th e polyno- 



mial given by (6) satisfies the following interpolation conditions corresponding 
to the previous three cases: 



iU(£n/)(s(A),i,(A),0)| A=0 = i^f(a,b,0), 
£,(L n f)(x(X) 7 y(X),0)\^ 1 - J^/( u ,«,0), 
^(L n /)(x(A),0,z(A))| A=o = |J/(a,0, C ), 
^(L n /)(x(A),0,z(A))| A=1 = |J/K0, W ), 
C(£n/)(0, y(A), z(A))| , . = |^/(0, 6, c), 



(11) 



dA 2fc 



I A=0 3^? 

a 2 



^(L n f)(0,y(X),z(X))\ x=1 = £ r f(0,v,w), fc = 0,...,n-l, 

with the remainders of the interpolation formulas given by: 



(i?„/)(x(A), 2 /(A),0) = (/ l 2 + fc 2 )^ 



<9/y 



^/(x(A),y(A),(%„(A,s)(fe, (12) 



(R n f)(x(X),0,z(X)) = (h 2 +p 2 ) n / |^/(x(A),0,z(A)) ffri (A, S )ds, 

Jo 2 

(R n f)(0,y(X),z(X)) = (k 2 +p 2 ) n J £^f(0,y(X),z(X))g n (X,s)d S . 
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These results follow from chain rule (or deriving (6) and the conditions (2)) and 
taking into account the definitions of the derivatives in a direction, 



2n 

^f(x(X),0, z(X)) = jj^ ]T ( 2 > 2 "-V vAvMX), y(X), 0), 



J=0 
2n 

£^ my{ x),z(X)) = w ^Y,(y) k2n ~ J ^a^^myW,z(X)). 

3=0 

We give now the main result of this paper. 

Theorem 3 Let n € N, v = (— 1, 1,0) and f be a real function from C An ~ 2 (T) . 
The Lidstone interpolation conditions 

^J^iL^fM 0, 0) = dx £] dyJ /(0, 0, 0), i = 0,...,n-l,i = 0,...,2i 

(13) 

fljjrf 



gjp^j^/JCO.O.l) = g^W/(0,0,l), 
g x J^(Z£/)(l,0,0) = 5^,^/(1,0,0), 



(14) 



i>- 



dy *?^j(Kf)(0, 1,0) - ^,1,^ /(0, 1,0), i - 0, ...,n- 1, j = 0,2, ...,2t 
are satisfied by the following rational function 

■T „,„..„,_ (15) 



{L n f){x iyi z) = 

n— 1 2z n— i— 1 n— i— fe— 1 

=E E E E (?)(-D'(- 

i=0 j=0 fe=0 



+ 9+2' 



. 2i 



;=o 



Afc(l - i$ti)M£j)Ml -x-v- z)/(*-i+»W,«) ( o,0,0) 

+ Ml - ^) A *fe) A ^ + 2/ + z)/( 2 W^) (0 , o, 1) 
+ Afc( 5 f^ i )A i (^)A,(l - x - y - »)/(»-i+»J+2*,o) (0) , ) 

+ M^yT- Z )M^y) A l(x + V + z)/(*-i+2'.;+2*.°)(l, Q, ) 

+ M 1 - ^fc) A ^(^) A Ki - * - y - z)/( 2 *-«+ 2fc < 2 ')(o, o, o) 
+ M 1 - sf^) A *(^) A ^ + y + z)./- (2l -« +2fe < 2i) (o,o, i) 

+ M^k) A * (^) A K1 - x y «)/(»-W+»+«,o) (0) 0j 0) 

+ A fe(i^) A K^) A K^ + ?/ + ^)/ (2 ^ J+2fe+2 '' 0) (o,i,o) . 

T/ie remainder of the Lidstone interpolation formula on tetrahedron, 
f(x, y, z) = (L„f)(x, y, z) + (R„f)(x, y, z), 



(16) 
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is given by 
(Rlf)(x,y,z) = 

71—1 71 — i— 1 

EV^ 2 i/ x+y \ 

i=0 k=0 



Afc(l--i i ?-)Ai(-f-) 



(17) 



y / / dv 2% dx 2k dz 2 '' 



-/(0, 0, s)#„(x + y + z, s)ds 



+ A fc (^±^)A 4 (^) / d ^J ndy2k f(s, 0, 0)g»(x + y + z, s)rfs 

«/ 



+A fe (^fc)A,(^) / ^: 9 ;:i + . fc /(o,^o).9»(x+y+z, S )d S 

J o 

n-l 
i=0 

/■l 
A* (ifs) / ai3^ ! ^/((^ + ?y + ^)s,0,(x + y + z)(l- S )).g„_ 4 ( ; f±^, S )d S 



+ Mdfc) 



Qy1{n — %)Q V 1: 



/(0, (a; + y + z)s, (x + y + z)(l- s))g n ^ i {^- z ,s)ds 



+ 2 n (x + y) 2n J £^f((l - s)(x + y),s(x + y),z)g n (^ y ,s)ds. 

Proof. First, we consider Lidstone interpolation on the triangle OMN, O(0, 0, 0), 
M(1,0, 0), N(0, 1,0) according to [5]. The corresponding interpolation formula 

/ = L* OMN f + R* OMN f, (18) 

with 

(L* OMN f)(x,y,0) = 

fy 1 O^ 77. — % — 1 

= EE E ( 2 ;)(-iy(x + y) 2t A k (l-x-y)A t (^-)f^+^ o H0,0,0) 

i=0j=0 k=0 

n—1 1% n—i—1 



+ EE E m(-i) J '(^ + y) 2 'A fe (x + 2 /)A i ( x f !/ )/( 2 '-^ +2 ' s ' )(i,o,o) 

i=0j=0 fc=0 

+ EE E (5 e )(-l) J '(a: + ») 2i A fc (l- a; -»)A i (4-)/( 2i -"+ 2fc > )(0,0,0) 

i=0j=0 fc=0 

n—1 2i n— «— 1 



EE E ( 2l )(-i) J ^ + y) 2l A fe ( a; + y)A i (^)/^-«"+ 2fe ^(o,i,o). 



i=0j=0 fc=0 
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and i?„ / is the remainder and it is given by: 

(R* OMN f)(x,y,z) = 

n-\ r „i 

= Y J ?(x + v r Ai(^) / dx2i tl d ^ /(*, 0> %»-*(* + y, s)ds 



+ A i(^+y) dy 2^-") dv 2i /(0, s, 0)fln-i(a; + y, s)ds 



By means of the affine transformation h : 

'a 
h(x,y, z) = | a 

-a —a 1/ \ z 



with a = a; + y + z, we can obtain from (18) the interpolation formula on the 
triangle ABC, A(x + y + z, 0, 0), 5(0, x + y + z, 0), C(0, 0, x + y + z) with 
x + y + z = a, a <G (0, 1): 



/ = C"/ + C HU / 



(L^ C /)(*,y,*) = 

= EE E C0(-i) J X;^) 24 A fe (i- ; ^)A4^)/( 2 ^ +2fe ^(o,o, a; + ? y + z) 

i=0j=0 fc=0 

+ EE E Q(-l) J (;^) 2 X( ; ^)A l (^)/( 2 -« +2 ^( a ; + y + z,0,0) 

i=0j=0 fe=0 

; j — 1 O 7 7 J — ? — 1 

+ EE E Q(-l) J ( ; ^) 2 X(l- J f±^)A4^) / ( 2 -«+ 2fe ' )(0,0, a ; + y + z) 

i=0j=0 fe=0 

7T 1 O^ 77. — 2 — 1 

+ EE E a(-i) J ( ; ^) 2 X(4^)A,(^-)/( 2 -«+ 2 ^)(o,x + y + z,o). 



i=0j=0 fe=0 



and 



(R£ A " u f)(x,y,z) 

n-1 

\x+i 



(19) 



c+y+z , 



i=0 



+ A *(^)' / a,2 ( £L^ /(0, (s + y + *)», (g + y + z)(l - s))g n -i(^-,s)ds 



\2n I & 

By making the notation 



+ 2 n (x + y) 2n / ^f((l- s )(x + y), S (x + y),z)g n (^, S )d S 



2/' 



A ij (x, y ,,) = ( 2 0(-l) j ( S f±fc) . 



(20) 
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we obtain that 

(L* ABC f)(x,y,z)= (21) 

i=0j=0 k=0 

fy 1 O^ 77. — % — 1 

+ EE E A lJ (x,y,z)A k (^L- z )A l (^- y )f^-^+^( X + y + z,0,0) 

i=0j=0 fe=0 

■I i — 1 2 7 7 ) — 7 — 1 

+ EE E A J (x 7 y,z)A k (l-^L-)A l (^ y )f^-^+ 2k - o H0 7 0,x + y + z) 

i=0j=0 fe=0 

f-y 1 2t, 77. — 7, — 1 

+ EE E A lJ (x,y,z)A k (^±^ z )A l (^)f^-^+ 2k ^(0, X + y + z,0). 

i=0j=0 fe=0 

By Lemma 2 we obtain the interpolant on the segment with cndpoints 
(0,0,0) and (1,0,0): 

n-l 

(LW/)(x,0,0) - J! (1^/(0,0,0)^(1 -*) + 1^/(1,0,0)^(3)) , 

i=0 
n-l 

(ZW/)(x + y + 2,0,0) = 2^ (1^/(0,0,0)^(1 -z-y-^ 

i=0 

We have the interpolation formula 

f(x + y + 2,0,0) = (4 1] /)(x + y + z,0,0) + (R^ ] f)(x + y + z,0,0), 
where the remainder i?„ ' (/) [x + y + z, 0, 0) is obtained from (12) : 

(i?W/)(z + y + 2,0,0) = / ^nf(a,0,0)g n (x + y + z,a)da. 

Jo 

Hence, 

f (2i-j,j+2kfi) ^ + y + Zj 0, 0) = (22) 

=4 1] ( g^gr^ /(a + y + z, 0, 0)) + iff 1 ( g^gr^ /) (» + y + *, 0, 0) 

n—i—k—1 / \ 

= E (/( 2 ^+ 2 ^+ 2fe <°)(0, 0, 0)A Z (1 - x -y-z) + /(2W+2iJ+2k,o) (lj0) )A i ( a; + y + «)) 
z=o ^ ' 

/•1 
+ / faiCi^+a /( g i 0» 0)ff w (a; + 3/ + z, s)ds. 

Again, by Lemma 2, we obtain the interpolant on the segment with endpoints 
(0,0,0) and (0,1,0): 



(4 2 l/)(0, y,0) = 2^ (|^/(0, 0, 0)A,(1 - y) + |^/(0, l,0)A;(y)) , 

i=0 
n-l 

(4 2] /)(0, x + y + z,Q) = J2 (&/(«. 0. 0) A <( 1 -*-!/-«) + ^/(0, 1,0)^(3 + y + z)) 



/=o 
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We have the interpolation formula 

f(0,x + y + z,0) = (L^f)(0,x + y + z,0) + (R^f)(0,x + y + z,0), 

rol 

where the remainder (R n /)(0, x + y + z, 0) is obtained from (12): 

(4 2 l/)(0,x + y + z,0) = / ^f(0,s,0)g n (x + y + z, S )ds. 

J o 

Hence, 

f(2i-j,j+2k,0) (o, a; + y + z , 0) = (23) 

=4 2] ( g^g^i m x + y + z, 0)) + iff ( g^jgg^ /) (0, a; + y + z, 0) 

n— i— k— 1 / \ 

= E (.f (2l ^ J+2fe+2 ^ 0) (0,0,0)A / (l - a; - y - z) + /(«-w+2fc+2i,o) (0> i )0 )A,(a; + y + z)) 
z=o ^ ' 

+ / dx 2?-" Qyltl j+ 2k /(0, 8, 0)ff w (a: + ;/ + z, s)cfe. 

Finally, using once more Lemma 2, we obtain the interpolant on the segment 
with endpoints (0, 0, 0) and (0, 0, 1): 

n-l 

(4 3 l/)(0, 0, z) = J2 (|^/( > °> °)Ai(l -*) + &/(0, 0, l)A 4 (z) 



i=0 
n-l 



(4 3l /)(0, 0, x + y + z) = J2 (&/(0, 0, 0)Ai(l - a: - y - z) + |^/(0, 0, l)A 4 (x + y + z)) 

i=0 

We have the interpolation formula 

f(0,0,x + y + z) = (L^f)(0,0,x + y + z) + (R^f)(0,0,x + y + z), 

where the remainder (R n /)(0, 0, a; + y + z) is obtained from (12): 

f 1 
(R^f)(0,0,x + y + z) = / ^/(0,0,a) fln (x + y + «,*)da. 

Jo 

Hence, 
^(2i-jj+2fc,o) ( , 0, a: + y + z) = (24) 

=4 31 ( gggw /) (0, 0, a: + y + z) + iff ( 3a £';^ +2fc /) (0, 0, x + y + z) 

n— i— fc— 1 * >. 

= E ( /( 2i -«+ 2fe ' 2 ')(0, 0, 0)Aj(l -x-y-z) + /(«-w+2fc,2J)( , 0, l)A,(a: + y + z) ) 

z=o v y 

g2n + 2i + 2k 



+ / g^Jg^+2Wg^2H /(0, 0, g)gn(z + 2/ + Z, s)(fe 



/o 
and 



f (2i- j+ 2k,j,0) (o, 0, a; + y + z) = (25) 

4 31 (jsS^v /) (0, 0, x + y + z) + i?L 3] ( a^f-it'^i /) (0, 0, x + y + z) 

n— i— k— 1 / \ 

E ( /( 2< -'+ 2fc -* 2 ') (0, 0, 0)A Z (1 - a; - y - z) + f^-i+^jfii) (0> 0) 1)Aj(a . + y + z ) ) 
z=o v y 

/•l 
+ / g^2i$S^^r /(0, 0, s)#„(a; + y + z, s)ds. 
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Next, replacing (22), (23), (24) and (25) in (21) we obtain 

{L T n f){x,y,z) = (26) 

n—1 2i n—i—ln—i—k — 1 

= EEE E A ij (x,y,z)A k (l-^- z )A i (^- y ) 

i=0j=0 k=0 1=0 

• ^/(»-J'+ 2 *^. 2 0( 0) 0, 0)A,(1 - x -y-z) + /( 2 *--»+ 2fc J. 2 ')(o ) 0, 1)A,(» + y + z)) 

n — 1 2i n—i—ln—i — k—1 

+ EE E E A,,(x, y ,z)A fc (^)A 4 (^) 
i=oj=o k=o ;=o 

• (/(»-i+«J+2fc,o)( 0) o, 0)A,(1 -x-y-z) + /(w-i+M^fc.o)^ , 0)A,(x + y + z)) 

n — 1 1% n—i—ln—i — k—1 

+ EE E E A ij (x,y,z)A k (l-^ rz )A i (^- y ) 

i=0j=0 k=0 1=0 

• (/(2^J+2fe,20 (0; Qj 0)A;(1 _ x _ y _ z) + ^(2i-w+2fc,2J)( 0) Qj ^(g. + y + z )) 

n — 1 2i n—i—ln—i — k—1 

+ EE E E A,,(x, y ,z)A fc (^)A 4 (^) 

i=0j=0 k=0 1=0 

■ ^i-3,3+^+21,0)^ Qj Q)A;(1 _ x _ y _ z) + / (2i-w+2fc+2I,0) (0) 1, )A,(x + J/ + z)) , 

which, taking into account the notation for Aij, results in (15). 

Replacing (22), (23), (24) and (25) in (21) we also obtain the remainder term 
of the interpolation formula on tetrahedron: 



(RTf)(x,y,z)= (27) 

n—1 1i n—i—1 9 - 

= EE E (yK-iWif&i)* 

i=0j=0 k=0 

pi 

M 1 - ^T Z )M^) / a z =»-'"t'a + ^ a „ /(0, 0, s ) 5 „(x + y + z, s )d s 

v 



+ A fc (l - ^r z )H^y) f dx JZ + v 2 ^ d ^ mA S )9n(x + y + z, s )d s 

J 

+ M^h)M^k) [ d J-7^Z^ m s, Q)9n(x + y + z, s)ds 

J 

+ R* ABC f)(x,y,z). 
Applying in (27) the formula 

EC i )(-l) i S i? W / = 2 < £/ (28) 

3=0 

and replacing the expression of R^ ABC f(x,y,z) from (19) we obtain (17). 

Next we prove that L^f is verifying the Lidstone interpolation condition 
given by (13) and (14). We have ^ = -4=( — -g- + £-). Taking into account 
that 

g («)(_i)»-3 g; / = 2'|^/ 

j=0 
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after wc replace (20) in (15) we obtain the following expression 



(L n f)(x,y,z 

%—ln—i—ln—i — k—l 

O i (. 

c-\-y-\-z J Ai -fc\- L x -\-y-\- z J Ai -t\ x -\-y 

n—ln—i — ln—i—k — 1 

i (. 

X-\-y~\-Z J JA ^^- L X J r y^. Z J Ai -t\ X ^.y 

i—ln—i—ln—i—k—1 



EE~" E y( 5 |^) M A fc (l- i f^)A i (^)A t (l- a - g -z) ^^ ai /(0,0,0) 
i=o fc=o i=o 

■ o fe=0 z=o 



+ E E E a'(i^i)%a)A < (^)A < (i-x-y-») ax y ft , M /(o,o,o) 

i=0 k=0 1=0 

+ E 1 T 1 ""E"V(^±^)X(^±^)A i (^)AKo ; + y + ,) g^^ /(i,o ! o) 



«=0 fc=0 2=0 

i— In— j — In— i— A; — 1 

c+y+z ) J1 ^ V^ rc+y+z 7 llz V £+y i" 11 ^ 1 *^ ^ ^ dv 2x dy 

i—ln—i — ln—i—k — 1 

i—ln—i—ln—i—k—1 

v-\-y-\-z ) J1 & V, a^+y+^ ^ 11 " i Va:+yy jl ^V- L ^ £/ ^ di/ 2l dy 

i—ln—i — ln—i—k — 1 

' hy+^y ^U+y+W^Hi+y^ 1 '^ -r y -r *j Q v ^iQ y 



EE~" E ^( ; ^) 2i A4l- ; f±^)A J (^)AKl-x- y -z) z ^^/(0,0,0) 

i=0 fe=0 (=0 

e" e " e 'V(^±^) 2 ' Afc (i - ^± fe )A a (^) A;( x + y + z) ^r;;r;:. /(o. ». » > 

i=0 fe=0 (=0 

E'E"' E"V( ; ^) 2j A4 ; ^)A4^)AKi-,- y -z) z |^^ r /(o,o,o) 

i=0 fe=0 i=0 



+ £"£"" E >( ; ^) 2j A4 ; ^)A4^)AKx + y + ,)J^^ r /(o,i,o). 

i=0 fe=0 1=0 



It is not difficult to verify that 

£((^k) 2i Hi-x-y-z))=o, 



and 



\ (A*(l - i^i)A,(i^)) = A fe (l - i ^L.)^A i ( i ^) > (29) 

9 (A fc (-£±*-)A i (-£-) > ) = A fc (-fis-) » Ajf-f-), 

a^ V re V x+y+z / * V x+y / y K V x+y+z I av i \ x+y I ' 



a, 

for i = 0, ..., n — 1. We have 

a 



9 A ( x \ = _ 1 1 A ,( x ) 

^iA.(j>L) - I 1 A"(-M 

dv 2 l \x+y) ~ 2 (x+y) 2J1 i V x+y I 

We know from (1) that A"(x) = A„_i(x), thus 



dv 2 A* ( x+y ) — 2 (x+3/) 2 A-i-1 ( a+y ) I 30 ) 



ai/ 2mJ1 Hi+t// ~~ 2™ (i+d) 2 ™ '- m U+!/i 

and in analogous way we obtain 

d 2 



0-Z-\.( _H_) - _= 1 a. (_y_) (Q-n 
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for each m = 0, ..., n — 1, i = 0, ..., n — 1, fc = 0, ..., n — i— 1. Taking into account 
(29), (30) and (31 wc obtain 

fZ, (A fc (l - -^r)Ai(^)l = A fc (l - -r t ¥-)osf 7 4n5mA i _ m (-f-) ) (32) 
a2m fAt-C z+a U-C x ^-AJ X+Sf 'I x - A- (-M 

Hence, 

a 2m / r T 



n— In— i— In— i— k— 1 



E E E y-"(^^)> + i/ )"-^A fc (l-^^)A < - m fe)A l (l-x- I /-z) ^ yM H o , ai /(0,0,0) 

i—m k—0 1=0 

n—ln—i—ln—i—k—1 



2-^2.^ 2.^ \ x +y+z) 

i—m k—0 I— 

n— In— z— In— i— k— 1 

+ E E E *- m (*4+;) 

i—m k—0 1=0 

n— In— z— In— i— /e— 1 

+ E E E 2— (^) 

z=m A;— /— 

n— In— z— In— i— /e— 1 

+ E E E 2*-™ (^) 

z=m A;— 1=0 

n—ln—i—ln—i—k—1 

+ E E E 2— {-^) 

i—m k—0 1=0 

n—ln—i—ln—i—k—1 

+ E E E *- m (*4+i) 

i—m k—0 1=0 

n—ln—i—ln—i—k—1 

+ E E E 2— {-^) 

i—m k—0 1=0 

It is not difficult to see that 

9 2p+ 



2, 



1i 



2, 



2, 



2, 



2, 



2, 



"I" i/J ^fc^ I t,+J' 1 '-">U+y)''H- 1 + J/T Z) dx 2k dv 2i dz 2l 



/(0,0,1) 



x + 1/)"-^, (^ i )A i _ m (^)A,(l - s - y - z)f S£?Z» /(°» °» °) 
x + g )"-^A t (^.) A,_ m (^) A,^ + y + z) gg^^ /(l, 0, 0) 
^ + y) M -^A fc (l-4^)A i - m (^)A I (l- g -y-z) a ^ + ^ l /(0,0,0) 
x + yf'- 2m A k (l ^)A t _ m (^)A ; (x + y + z) S££w f(0, 0, 1) 

x + y)"-^ Afc (^ i )A i . m (^)A,(i - x - y - z) a g;;;::: 2 , m , o) 

x + y)»-^A fc ( i |^_)A i _ m (^)A I ( a : + y + *) ggS^/tf), 1, 0). 



g2p+2 



dz 2 P9v 2 m {L n f){x,y,z) |(o,o,o) = dz 2 Pdu 2 m {L n f){Q,y,z) | (o,o,o) , (33) 

a d X + g^ m {Llf){x,y,z) | ( o,o,i) = d d Z + Q^ m {Llf)(Q,y,z) | (0A1) , (34) 

for all m and p chosen such that to + p is not greater than n — 1 . After we make 
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i — m — > i we obtain 

S*(lZf)(0,y,z)= (35) 

= E E E ^(ii)VA t (l-^(0)A,(l-y^) { ffi^ /(O,fl,fl) 
i=o fc=o ;=o 

n— m— In— i— In— i — fe— 1 „. ,,.,,, 

+ E E E 2-(^) 2 V 2t A fc (i - ^) a, (o) Mv + z) ^4V4^ m o, i) 

j=0 fc=0 Z=0 

n— m— In— i— In— « — fe— 1 „. ,,.,,. 

+ E E E 2 i (^)V'A,(^)A i (0)A ( (l- l/ -z)/^4^/(0 ) 1 0) 

i=0 fc=0 Z=o 
n— m— In— i— In— « — fe— 1 „. 9119 ,,,,„ 

+ E E E ^(^(^(oiA.ty + ^^ /ti.o.o) 

t=0 fc=0 Z=0 

n— m— In— i— In— i — fe— 1 „. ,,.,,, 

+ E E E 2*(^) VAfe(l - ^) A, (1) A,(l -y-z) ^1^4" /(». °, 0) 

i=0 fc=0 Z=o 
n— m— In— i— In— « — fe— 1 „. 9119 ,„,„ 

+ E E E 2*(^) VA fc (l - JL)^ (1) A l{ y + z) ^. + + L 3 ;4 Z . /(0, 0, 1) 
i=0 fc=0 Z=o 
n— m— In— i— In— « — fe— 1 „. „, ,, ,,.,,, 

+ E E E y(^)V%(^)Ai(i)AKi-y-z) |^ry +a ' /(o,o,o) 

i=0 fc=0 Z=o 
n— m— In— i— In— i — fe— 1 „. ,,, ,„ 

+ E E E y(X)V'A t (J,) A, (1) My + z) a g a ,: a 4„ a : +a , /(0, 1,0). 
»=o fe=o z=o y 

Taking into account the relations (1) we obtain 

n— In— fe— 1 



&£(j£/)(0,y,*)=£ E A t (l-i)A 1 (l-!,- z )5g4 5I /(0 1 0,0) 

fe=0 (=0 

+ E 1 " "jfAfc (l-^Mv + z) ag^ /(°» °' *) 

fe=o ;=o 

+ "e" E" 1 A fc (^) A,(l -y-z) a g:g^' a , /(0, 0, 0) 
fe=o ;=o 

+ "e" xf 1 Afe(^)A ; (y + z) d £:+ 2 sti' +a j (p, i,o). 

fe=o ;=o 
From [5] we have that 

e^ol^^{L'^f)(0,y,z) |(o,o,o) = e^eU2^( L nf)(®> Q > z ) |(o,o,o) > (36) 
g^g^(L n f)(0,y, z) |(o,o,i) = a^g^5sr(-kn/)( > >2) |(o,o,i) , 
J^r|/^(^/)(z,0,z) |(i,o,o) - ^^^2^(I^/)(a;,0,0) | (1;0 ,o) , 



|^(C/)(0,y,z) | (0ili0) - |^ J^(L^/)(0,y,0) | (0il ,o) 
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We have 

£^(LifM o, z) = "e" "EAfc (i) a,(i - z) du d ::^:; i z2l no, o, o) 

fc=0 Z=0 

+ E B E\(l)AiWaS^/(0.0- 1 ) 
*:=o ;=o 

+ "e" E _1 A fe (o) Mi - 2 )|^/(o, o, o) 

+ "e" E^Afc (0) A t (0) J^Zn f(0, 1,0). 
fc=o ;=o 

Taking into account the relations (1) we obtain 

£^(Llf)(0, 0, z) = EAi(l - z)g£^£r/(0, 0, 0) + E Mz) g^gg^ /(0, 0, 1) 
i=o i=o 



L n (|^/(0,0,-)) (z), 



whence, taking into account the Lidstonc interpolation conditions (2) and con- 
ditions (36), we obtain 

ggi^(L£/)(0, 0, 0) - £^L n (|^,/(0, 0, •)) (0) = gf^W/(0, 0, 0) 

gg^(^/)(0, 0, 1) = *^L n (S*m 0, •)) (1) = z»W(0, 0, 1). 

We know that 

ax 2 Pdu 2 m (L n f)(x,y,z) |(i,o,o) = dx 2p dv 2 m (L n f)(x, 0, z) |(i,o,o) ■ 

In the same way we calculate * 2rn (L^f)(x, 0, z) and making i — m — > z, we get 

|^(^/)(x,0,z) = 

= E E E 2* (^)V*A fc (1 - ^) Ai (1) A,(l - s - z) ^L.t.4. /(0, 0, 0) 



i=0 fe=0 z=o 

1 E _1 " E '""E "V( x i,) 2 V i A fe (l - ^)A, (1) A,(z + ,) ggSSS^ /(0, 0, 1) 

i=0 fc=0 (=0 



E E E 2'( a ^)-V-A fc (^)A i (i) A,(i - x - z)f °^£L mw) 

s=0 fc=0 (=0 

g- 1 "^ 1 "-g-V(^) M a «A fc (4 i )A < (l)A t ( a + g ) i g^S^ /(l,0,0) 



i=0 fc=0 i=0 

i— m— In— i— ln— i— fe— 1 



e e e ^(^)-v-A4i-^)A,(o)AKi- a; -,) ^:; 2 --; 21 /(o,o,o) 

E E E 2*(^)V*A fc (l - ^)A i (0)A,(x + z) a gV + ^" H ;: M /(0,0,l) 

W 1 \-' ..2/ \ / , M ,-fn Wl , ■ > d 2l+2m+2fc + 2 * 



i=0 fc=0 i=0 

l— m— ln— i— ln— i — k— 1 



e e e y(^)-v-A4^)A a (o)A ; (i-.x-z) ^;;::;;;i;;, /(o,o,o) 

s=0 fc=0 (=0 

"g" 1 T lw "E"y(^)v < A t (^)A i (o)A l ( a +z) a gi:^:: , ai /(o,i,o). 
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We obtain 

|^(0)(x,o,o) = E 1 AKi-^)|^^/(o,o,o)+E 1 A i (x)|^^/(i,o,o) 

1=0 1=0 

=£n(0/(-,O,O))(*), 

whence, taking into account conditions (2) and (36), we obtain 

ggi^(^/)( i,o,o) - |^l„ (J^/(., ,o)) (1) = gg^/(i,o,o). 

(37) 
Similarly, we get 

g g^ r (i^/)(0,0,0) = g g^/(0,0,0). (38) 

We have from (35) the expression of J^2^L^(/)(0,y, z) and we obtain 

1=0 1=0 

=£n(^/(0, ■,<)))(»). 

Taking into account that 

g2p + 2 m j, , g2p+2m rT Te\/r> \| 

d y2 Pdv 2 m {L n f){x,y,z) | ( o,i,o) = dy 2 Pd „2 m (L n f)(0,y,z) |( ,i,o) > 
relations (36) and the Lidstonc interpolation conditions (2) we obtain that 

^^(^/)(0 ) l,0) = S f L n (^/(0 ) -,0))(l) = ^^/(0,l,0). (39) 

Analogous, we get 

gf|^(L^/)(0,0,0) = 3^^/(0,0,0). (40) 

From (33), (34), (37) and (39) the interpolation conditions (14) are satisfied. 

Further, following the procedure described in [5], we prove that the interpo- 
lation condition (13) also holds. By (28) we have 

o.7 a 2 ' f - y W\( -t\2.i -k a 21 f 

A dx 2 '- 2 idv 2 JJ ~ l^\k)\ L > 8x 2 ^- k dy k ^ 

k=0 

oj e 2i f _ y pjy -i)2.i-k a 21 f 

A dy 2l - 2 i dv 2 i J ~ l^\k)\ L > dx k dy 2l - k ->- 

k=0 

By replacing these results in (38) and (40), we get 

E (^(-1)^^5^^/(0,0,0) = g ( 2 /)(-i)^^^(lt /)(0)0)0) 

k=0 fc=0 

fe=0 fc=0 

for j = 0, ...,i. This is a nonzero (2z + 1) x (2i + 1) linear system with the 
unknowns dx2 ?-ka t /(0)0)0); fc = 0, ...,2i. The unique solution of this system 

is 

for j = 0, ..., 2i and for alH = 0, ..., n — 1. So the interpolation condition (13) is 
proved. ■ 
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3 Numerical examples 

We consider the functions / : T — > M. and g : T — > M. given by 

f{x,y,z) = x 3 + y 3 + z a 

and 

g(x,y,z) = e-^ + y 2+ * 2 K 

In the following tables we present the values of the functions and of the Lidstonc 
approximations at some points of the tetrahedron. 



point 


/ 


m 


point 


9 


L'^g 


(iio) 


0.250000 


0.250000 


(ii.o) 


0.606531 


0.367879 


(0,0 ,|) 


0.125000 


0.125000 


(0,0 ,|) 


0.778801 


0.762955 


(I 1 1) 

\ 4 > 4 > i) 


0.046875 


0.116319 


(1 1 1) 

V41 4: 4^ 


0.829029 


0.722597 


(1,0, J) 


0.140625 


0.421875 


(l,o,i) 


0.731616 


0.680667 


(l.l.o) 


0.304296 


0.189425 


(I,l,o) 


0.616039 


0.516703 



Remark 4 We note that, according to the steps in the proof, in checking the 
interpolation conditions for example at (0, 0, 1), one must take first x = in the 
expressions occurring in L^, then set y = and finally z = 1. 
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Abstract 

We derive the asymptotic behavior of the solution of the problem. 

w"(t) + jw'(t) + B 2 p(t) 2 w(t) = 0, t> 0, 

w(0) = 1, w'(0) = 0, 

as B — > oo. Here a > and p(t) > 0. We also discuss the asymptotics of 
the nonlinear Schrodinger-type problem 

u " + V + M 2 *>+i = o, t > o, 

u(0)=7, u'(0) = 0, 

as 7 — > oo. 

Key words and phrases. Equations containing a large parameter, 
WKB, asymptotic matching. 
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1 INTRODUCTION 

Consider the initial value problem 

w"{t) + -w'{t) + B 2 p(tfw{t) = 0, t>0, (1) 

«;(0) = 1, u/(0) = 0, (2) 

where p(t) is twice continuously diffcrcntiablc and strictly positive on a given 
interval [0,6], a is a fixed strictly positive real number, and B is a large para- 
meter. 

Such problems arise, e.g., when we are interested in the behavior of the 
radially symmetric and bounded solution of the multidimensional equation 

Aw + B 2 p(r) 2 w = 

(where r = \/ x\ + ■ ■ ■ + x 2 ), as B — > oo. 

In Section 2 of this note we compute the asymptotics of w(t), as B — ► 
oo, using special Liouville-type transformations, asymptotic matching, and the 
WKB approximation. 

In Section 3 we discuss the asymptotics of the solution u(t) of the nonlinear 
problem 

„" + V + u 2p+1 = 0, t > o, 

«(0) = 7, "'(0) = 0, 

as 7 — > oo. In the case where a is a positive integer, the above equation is 
equivalent to a multidimensional nonlinear Schrodinger equation with radial 
symmetry. Using the results of Section 2 we derive heuristically the behavior of 
the amplitude of the solution, as 7 — > 00. 

The case a — 2 which is special and somehow easier to handle has been 
analyzed in [3]. 

2 THE LINEAR PROBLEM 

Let b > be a fixed number and consider the problem (l)-(2), where p(t) 
is a strictly positive function in C 2 [0, b]. We are interested in the asymptotic 
behavior of the solution w(t), t G [0,6], as B — » 00. 

2.1 The Case < a < 1 

In this case we introduce the change of variables 

t = z x , where A = > 1, (3) 

1 — a 
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and to make things clear we set 



v(z) = w(t). 



(4) 



In view of the above transformation, a straightforward calculation yields that 
(l)-(2) is equivalent to 



v"{z) + X z B z z^- z p(z A ) z v(z) = 0, z > 0, 



(5) 



v(0) = 1, v'{0) = 0. 



(6) 



The WKB theory together with asymptotic matching (see, e.g., [1]) implies 
that in some region I of the form 

z>(l/S)' T , a>0 (7) 

the so-called physical optics approximation to v(z) is 

vi(z)~ [Q{z)]- 1/A {C lC os[BS Q (z)} + C 2 sm[BS (z)]}, as B -» oo, (8) 

where 



2 2A-2„/ A\2 



Q(z) = \ z z^p(z A ) 



(9) 



So(z)= VW)dr= \T X - 1 p(T X )dr= p(r) dr (10) 

Jo Jo Jo 

and C\, C 2 are constants (to be determined). It will be convenient for the 
sequel to rewrite the approximate formula (8) as follows: 



vi(z) 



ci 



^\z x - l p{z x ) 

C* 2 

-\ 

y /\z x - 1 p(z x ) 



B / p(r) drA 

Jo 4A 4 

B / o(t) dr-\ 

Jo 4A 4 



(11) 



where z is in region I and C\,C 2 are constants. The fact that p(i) > 0, for 
t > 0, guarantees that, for z bounded away from zero, the difference between 
the exact solution v(z) of (l)-(2) and v^(z) is of order l/B, as B — > 00. 

In order to determine region I (i.e. to estimate a of (7)), we have to check 
(see [1]) the validity of the following two criteria 



where 

Si(z) 



BS Q > S ± > S 2 /B, 5 2 /B<l, as B^oo, 

Q"(t) 5(Q'(t)) 2 i 



MQ{z% S 2 {z) = ± 



8(Q(r))3/2 32 (Q( T ))6/2 



(12) 



dr. (13) 
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For typographical convenience let us set 

p = p(0) > 0. 
Then, as z — > + , i.e. when z«l (see (9), (10), and (13)), we have 

Q{z)~\ 2 plz 2X -\ S (z)~p Z X , S^z) ^-^ln(Xpo)-^ In z 

and 

S 2 (z) — ciz _A + C2, 

where ci and C2 are constants. Taking into account the above approximations, 
we infer that the criteria (12) are satisfied for 



(In 2) 



I7I >(1/B) 1/A , as B->oo. 



It follows from the above that the region I can be taken as in (7) where a is any 
number satisfying 

a< 1 -. (14) 

Next, we turn to the analysis of the problem (l)-(2) in region II, i.e. for 
z > 0, z«l. In this region, the WKB approximation is not valid because Q 
has a (multiple) zero at 0. Nevertheless, we may solve the approximate problem 

v"(z) + B 2 X 2 plz 2X - 2 v{z) = 0, (15) 

w(0) - 1, 1/(0) = 0, (16) 

in terms of Bessel functions. Indeed, the general solution of (15) is (see, e.g., 

[1]) 

v(z) = sfz [CJ 1/(2X) (p Q Bz x ) + DJ_ 1/(2X) (p Bz x )] , z > 0, 

where C, D are constants. The series expansions of Bessel functions imply that 
for z > 0, 

Ji/(2X)(poBz x ) = (p B/2) l/(2X) z^ 2 F(z), J- 1/(2X) (poBz x ) = (p Q B/2)- 1/{2X) Z -^ 2 G(z), 

where 



00 (-±n 2 B 2 z 2X ) n 1 



ir(» + Jj + i)' r(i + i)' 

r(-) being the Gamma function, and 

°° (-±n 2 R 2 7 2X ) n 1 

G(z) = Y K , iPo " L , G(0) = -. V , , G'(0) = 0. 

Then 

*(*) = (^P) OzF(z) + ( P0 B/2)- 1/{2X) DG(z), z > 0, 
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and, hence, by using the initial condition (16) we get 

Consequently, 

^IlM ^ {^f) r (l - ^) ^J-i/(2X)(poBz x ), z > 0, z « 1. 

(17) 
It is clear from the above mentioned work that fj,fjj given by (11), (17) 
respectively, have a common region of validity (overlap region), namely, 

(1/B) 1/A <z<l, B^oo. 

In order to to match these two approximate solutions, we must further approx- 
imate them in the overlap region. 

First, we consider i\(z). For (1/B) ' < z « 1 (B ^ oo), z is "small", so 
we have 

p(t) ~ p t 7 as t — > + , 

and thus (see (11)), 
v T (z) 



1 /poAz A - 1 



r'i cos I p Bz A +^-\) + C *2 sin (p Bz A +^-\ 



(18) 

Next, we consider ujj(z). In the overlap region we have Bz x — > oo, as 
i? — ► oo, so it is necessary to approximate the Bessel function J-i/(2A)(") by 
its leading asymptotic behavior for "large" positive argument. The appropriate 
formula is (see, e.g., [1]) 

J-i/(2\)(x) ~ y — cos (x+ — - -J , as x^oo, (19) 

which implies 

J-i/(2X)(poBz x ) ~ ^— |-^cos (p Bz A + ^ - I) , * » (1/B) 1A , B -> oo. 

Now (17) combined with the above asymptotics gives 



^^(^T^^'-kj^^i^^^^t-i 



for 1 >z> (1/B) 1/A . 

Requiring that (18), (20) match on the overlap region we obtain 



<,_, CT _ B .-,^( ? )^r( 1 -^ 
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In summary, the approximations to v(z) in each of the regions I, II are the 
following: 



,A 



Vl (z) ~ B^-U 2 - (Pl) l/ \ (l ±) J 1 B f P (r) dr+^--^ 

1W \ir\2) \ 2\) ^zX-ip^X) y J PW 4A 4^ 

for z> (l/B) l/X ,B^oo, 
and 

v Il( z )~(^f) r(l-^)^zJ_ 1/{2X) (p Bz x ), z>0, z«l, B^o 

Accordingly, in the case < a < 1 the approximations to the solution w(t) 
of the original problem (1), (2) are the following: 

(21) 
for t > 1/B, B -> 00, 



and 



«"Il(*)~(^) r(l-^tV( 2 *)j_ 1/(2A) (p 0J Bi), t>0, i«l, B 

(22) 
where A is given by (3). 



2.2 The Case a > 1 




If a > 1 , we use the transformation 




w{t) = z~ 1 v{z), t = 


= z» 


where 

/i = > 1. 







(23) 

A straightforward calculation yields that (l)-(2) is equivalent to 

v"(z) + p 2 B 2 z 2 »- 2 p{z»fv{z) = 0, z > 0, (24) 

v(0) = 0, v'(0) = 1. (25) 

By using similar arguments as in the case a < 1 we get 



v l { Z )-B-^J 2 m- 1/ "v(l + ^] - 1 cos fif p( T ) dT -f-^ 

1 V 7T V 2 y V W y/ z i>-i p (zi>) I Jo 4/i 4 
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for z> (1/B) 1/AI , B -^oo 

and 

- R \ -i/(2m) 



W Il( Z ) 

Thus, 



1 rf 1 + — ) VzJi/^PqBz"), z>0, z«l, B--x. 



«*>— mr'HHV^ 



cos I B / p(r) dr 



Ap, ~ 4 



t> 0, i> 1/B, B ->oo, 

w Il( f ) ~ (^) " r f 1 + ^7) ^ 1/(2Ai) ^i/(2M)(Po J Bt), * > 0, i « 1, B 



2(i 



where p is given by (23). 
Since (3) and (23) give 



1 a-l 



2A 



(when < a < 1) and 



1 a-l 



2/i 



(when a > 1), 



we observe that the last two approximations and (21), (22) have exactly the same 
form. Consequently, (21), (22) are valid for every a^ 1. We summarize our 
results in the following theorem. 

Theorem. Let w(i) be the solution of the problem (l)-(2), where t <E [0,6] 
and a y^ I. Then, in region I, i.e. when t 3> 1/B, as B — > 00, 



wi(t) 



B a / 2 V 7T V 2 



2 ( po\^~ a )/ 2 ( a + 1 



; cos I B I p(t) dr 

a/ \/pJt) V Jo 



na 

T 

(26) 



while in region II, i.e. when t > 0, t -C 1, as B — ► 00, 

(l-cO/2 



w n (i) 



("f) ' r(^)t(-)/V M)/2 (PoBt). (27) 



Remarks, (i) We believe that the above formulas are valid even for a — 1. 
(ii) Since 

v2 sin x 

Jl / 2(a;) = 7^7^' 

if we set a — 2 in (26) and (27), the formulas reduce to 



w(t) 



BJoP(T)dT 

B P l ,2 p{ty/H ' 
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valid for all t € [0, b]. This agrees with the formula given in [3]. 

(iii) It would be nice to have a Langer-type formula for w(t), namely an 
asymptotic formula which is uniformly valid for all t £ [0, b], as B — ► oo. In 
fact, if 

p'(0) = 0, 

one can check that the solution w(t) of (l)-(2) satisfies 

»W - (^f ) ( "" )/2 r (^) t (M/a ^(-D/» W*)] • fOT a11 * e P. »]. 

(28) 
where 

S(t) - / p(r) dr. 

Jo 

Unless a = 2, one needs the condition //(0) = in order for the expression 
shown in (28) to satisfy the initial condition w'(0) = 0. 

3 THE NONLINEAR PROBLEM 

Let us now consider the nonlinear initial value problem 

u" + -u' + u 2p+1 = 0, t > 0, (29) 

u(0) = 7, u'(0) = 0, (30) 

where p > 1 is a positive integer and a > (notice that, if a is an integer, 
then u" + (a/t)u' is the (a + l)-dimcnsional radial Laplacian of u, hence (29) is 
a radially symmetric multidimensional nonlinear Schrodingcr equation). Again 
the boundary conditions must be interpreted in the right way, i.e. as limits 
when t — > + . 

Proposition. The problem (29)-(30) has a unique solution for all t > 0. 

Proof. We first notice that (29)-(30) are equivalent to the integral equation 

«(*) = 7 - / ^ u(TfP +1 dr, (31) 

where the integrand makes sense even for a = 1, since in this case it becomes 

u(i)=7- / T(lnt-lnr)u(T) 2p+1 rfT. 
Jo 

We must, therefore, look at the map 

T[u]{t) = 1 - — u(r) 2 P +1 dr, 

. n 1 - a 
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mapping C[0,e] into itself, for any given e > 0. It is easy to see that, if e is 
chosen sufficiently small, then T is a contraction, namely 

II^N-^MIL^ciiu-^, 

where c < 1. Hence T has a unique fixed point u in C[0, e] which is the unique 
solution of (31) in [0, e] (and it is automatically smooth). Then the global 
existence and uniqueness follows by the fact that the energy 

E(t) = u{t) 2p+2 + {p+l)u'{tf (32) 

is decreasing. ■ 

The solution u{t) of (29)-(30) is highly oscillatory, due to the term u 2p+1 , but 
with a decreasing amplitude of oscillation, due to the dissipative term (a/t)v! . 
Using the expression (32) for the energy, we can define the amplitude of oscil- 
lation as (the same definition was used in [3]) 

A(t) = E(t) 1/(!>p+2) . (33) 

Let = t' Q < t\ < t' 2 < ■ ■ -be the (positive) zeros of u'(t). Then 

A(t' j ) = \u(t' j )\ = (-iyu(t' j ). (34) 

In [2], it was shown that for a fixed j > 0, 

t' j+1 -t' 3 = ^- p+ ( 7 "*) , as 7 - oo, (35) 

where the constant c p is given by 

a I T^T f 1 dx 2 V / ^ l [W+2 

c P = 4VP + 1 



o Vi - .* 2 p+ 2 v^+I)r(|±|) 



The problem we want to discuss here is: For a given b > determine the 
(leading) asymptotic behavior of A(b), as 7 — » 00. 

As it was shown in [3], for any 7 > there is an n = 71.(7) ^ such that 

^2n < < t 2n+2 - 

We set 

b* = t' 2n (36) 

(b* depends on 7 and b; in particular b* < b). Thus u(b*) is a local maximum 
of u(t) and 

u{b*) = A(b*). (37) 
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Notice that (35) implies that, as 7 — > 00, 

b - b* = o ( 7 - p ) , 

which, in turn gives (see (33)) 

A(b)-A(b*) = 0( 1 1 - p ) 



(38) 



hence, in order to estimate A(b), it suffices, thanks to (37) and (38), to estimate 
u(b*). 

By setting 

«(t)=7«i(*), (39) 

(29)-(30) can be written as 



M, H u 



i+ 7 2 ^ p+1 =0, t>0, 



ui(0) = 1, 



u'(0) = 0. 



(40) 
(41) 



We propose the following heuristic way to estimate Ui(b*) as 7 — ► 00. Ap- 
plying (26) to (40), (41) for p(t) = |«i(£)| p (hence p = 1), B = 7 P , we obtain 
that for t > 0, t > 1/V , 



as 7 — > 00, or, due to (39) 

u (t) ~ 7 l + b(l-«)/2] 



2 / l\ (1 - Q)/2 r /o - I 



7T V2y V 2 

It should be kept in mind that (42) is valid as long as 

A(t) — ► 00, as 7 — ► 00. 
Formula (42) implies that, under (43), 



— ,„ 1 ... ,„ cos / |u(r)| p dr — 

i«/ 2 |u(t)|p/ 2 Vio 4 



(42) 

(43) 



l«(*)l^ a)/a - ^ +lPil - a)/2] \fl(l) ( " QV2r (^) ^ 



cos j / \u(t)\ p dr- ^ j 



or 



i/(p+2) 



|„( t )| „ 7 ( P +2- PQ )/(p+2) HA '" 2 a/( P +2) r f^-tl^ 

as 7 — ► 00. 

Therefore, as 7 — ► 00, 

A(6) - 7 (p+2-p")/(p+2) (±\ 



2/(p+2) 



1 



t«/(p+2) 



7ra\ 



cos ( / \u(t)\ p dr- —J 



2/(p+2) 



l/(P+2) / , x 2/(p+2) 

9 a/(p+2) r / "+ + 



1 
5«/(p+2) ' 
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as long as A(b) — ► oo, as 7 — ► 00, i.e. when 

p(a- 1) < 2. 
If, on the other hand, p(a — 1) > 2, then 

A(b) = 0(l), as 7 ^00. 
The case a = 2 reduces to the statement appeared in [3] . 
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Abstract: We use the monomiality principle and the Lie algebraic methods 
to show that the theory of Laguerre polynomials can be framed within a dif- 
ferent context, which allows the derivation of previously unknown properties. 
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1. Introduction 

According to the principle of monomiality [2], the properties of special 
polynomials can be deduced from those of ordinary monomials, provided 
that one can define two operators M and P playing, respectively, the role of 
multiplicative and derivative operators, for the family of polynomials under 
study. 

In other words if p n (x) is a set of special polynomials and if 

Mp n (x) =p n+1 (x), ^s 

Pp n (x) = np n -i(x), 

with 

p (x) = 1, (2) 
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then we can establish the following correspondence 

Pnix) <^> x n , 

M &■ x, (3) 

ax 

Accordingly, the differential equation satisfied by p n (x) is given by [2], 

MPp n {x) = np n {x), (4) 

which can be written in an explicit form once the differential realization of 
the operators M and P is known. 

Let us now consider the case of 2- variable Laguerre polynomials (2VLP), 
£ n (x,y) for which the multiplicative and derivative operators are [2], 

fi = ^V (5) 

dx dx ' 

where T>~ x is the inverse of the derivative operator and is defined in such a 
way that 

V~ n (l) = J- (6) 

According to the previous prescriptions, we can explicitly derive the poly- 
nomials, quasi monomials under the action of the operators (5) as follows 

n ( — '\\ r T r 1l n ~ r 

C n (x, y) = (y- V-r = n! £ [^l r)y (7) 

The 2VLP C n (x, y) are linked to the ordinary Laguerre polynomials L n (x) 
[1], by the relation 

C n (x,y)=y n L n (^), 
*- n {x, 1) = L n {x). 

Also, we observe that 

C n (x,0) = —^-, /q\ 

C n (0,y)=y n . W 

In this paper, we combine the Lie algebraic methods and the monomiality 
principle to study the properties of Laguerre polynomials from a different 
point of view. 



MONOMIALITY.LIE ALGEBRAS... 455 



2. Monomiality and Lie algebraic methods 

The group G(0, 1) [3], generating the ordinary polynomials can be realized 
by the operators 

J + = xt, 



T 

' dx-> 



., 'g*' (10) 

J 6 = x-?- 



E = l, 
and the relevant commutation relations are 

[J , J \ = ±J , , , 

[J + ,J-] = -E. [LL) 

In view of the correspondence given in Eqs. (3), we can find a different 
realization of the group G(0, 1) in terms of the operators M and P, thus for 
2VLP C n (x,y), we get 

j+ = (v-fil% 

In analogy to the ordinary case we can easily argue that 

J 3 C n (x,y) =nC n (x,y), (13) 

which, according to Eq. (12), yields the differential equation satisfied by 
2VLP £ n (x,y) in the form 

( d 2 d \ 

\xy— + (y-x)—+n\£ n (x,y)=0. (14) 



In the realization (12), we have regarded the variable y as a parameter, 

a_ 



it is however worth noting that the operator -§- plays the same role as the 



operator —^.x-^, therefore the previous results may be complemented with 

^£ n (x,y) = --jj i x^£ n (x,y). (15) 

In the following sections, we use the above correspondence to derive old 
and new properties of Laguerre polynomials. 
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3. Laguerre polynomials generating functions 

Before entering the specific topic of this section let us remind some identi- 
ties which we will subsequently use. We have introduced the negative deriva- 
tive operator which can be exploited to define a family of functions known 
as Tricomi- Bessel(see [2] and the references therein), namely 

s=0 *■ s=0 V s -) 

The function on the right hand side is the th - order Tricomi function 
defined as follows 

00 ( — t) s 
Cn(x) = £ , / r. = X-3 J B (2Vi), (17) 

where J n (x) are the ordinary cylindrical Bessel functions, and it is also worth 
noting that 

V- s C (x)=x s C s (x). (18) 

We can get, from the previous discussion and from the quasi monomiality 
properties of Laguerre polynomials a simple but important result. We note 
indeed that the generating function of ordinary monomials is defined by 

00 (xt) n 

n=0 U - 

Replacing x according to the prescription given in Eq. (3), and using Eq. 
(16), we obtain the following identity [2], 

oo ±n 

J2 —£n(x,y) = exp(yt)C (xt), (20) 

n=0 U - 

which in view of the link given in Eq. (17), between Tricomi and ordinary 
Bessel functions is a well documented generating function of Laguerre poly- 
nomials [3], derived by means of an operational technique. 

Let us now remind that according to the present formalism the associated 
Laguerre polynomials can be defined as [2], 

4 m) (*, v) = (i - y-^) m (y - K l T = (i - ^) m+n ^r> ( 21 ) 
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which can be exploited to derive the following relation given in [3], 

oo 

J2c k - l L\ k - l) (-bc)x l = (x + c) k exp(bx). (22) 

z=o 

Replacing x by y — V~ x in Eq. (22), we get 

oo 

Y,c k ~ l Lt l \-bc)(y - V^Y = (y- V^ + c) k exp(6(y - V' 1 )), (23) 

1=0 

which by means of Eqs. (16,18), yield the following new identity relating the 
2VLP C n (x,y) and Tricomi functions C n (x) 

oo k 

, £(*- l Ll k - t >(-bc)£ l (x,v) = exp(by) £ (J) (-x) s (y + c) k - s C s (bx). (24) 

1=0 s=0 

Again taking y = 1 and replacing t by y—T>~ x and x by z in the generating 
function (20) and proceeding exactly as above, we obtain 

Y jLn{z) C ^l =exp(i/)no(s,y|z), (25) 



„=o n 



where 



■oo 



n„(x,y|z) = £ (rl ( )fa+ r) i ^r(^,y), 
r=0 

M*,2/) = E(I)i/ r ^(-^) s ^(^)- 



(26) 



s=0 

The function defined by Eq. (26), is similar to the Bessel- Laguerre func- 
tions [2]. Eq. (25) can be viewed as a relation between 2VLP C n (x, y) and H n (x, y\z) 

Further, we repeat the process with generating relation ([4];p.5 (3.6)) 

oo n /l\n+r | 

SS4^ W =expWL " w - (27) 

to obtain the following relation 

00 n (—i) n + r n \ 

E E ZOTTZ — ZX^ C n+k-r(x,y) = exp(y)L n (x,y\l), (28) 

k=or=o K'.r<{[n-ry.) 
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where 

L n (x, y\l) = £ - 2 / \, *s(x, y), (29) 

s =o (.sl) (n — s)\ 

is a kind of Laguerre convolution of the $ r functions given in Eq. (26). 

4. Concluding remarks 

The results we have presented in the previous sections yield a clear idea 
that the combination of Lie algebraic methods and the monomiality principle 
yields a simple and straightforward approach to get new relations for special 
polynomials and to define new families of polynomials. 

An important point we want to discuss in this section is that whether 
other formal properties like the orthogonality are preserved by the monomi- 
ality correspondence. It is indeed well known that the function [1], 

$ n (x) = exp(^)L n (x), (30) 

provides an orthogonal set, where orthogonal properties can be exploited to 
derive series expansions of the type 

exp (-ax) = Tj^y £ ( ifj L n (x) , 

K =^ n J (si) 

C (ax) = exp (-a) £ °-rL n (x) , 

n=0 

which on the other side, can be viewed as a different restatement of the al- 
ready quoted generating functions. 

It is therefore quite natural to ask whether the function 

V n (x,y) = $ n (y - V~ x ) = exp(^)L n (^,y|l), (32) 

provides an orthogonal set. Even though we can not conclude that ty n (x,y) 
are orthogonal according to the usual definition, we can conclude that all the 
expansions of type (32), derived under the assumption of orthogonality, hold 
under monomiality transform and we find indeed for the first of Eqs. (31). 
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which yields 

1 t l a 

n=0 

where 



1 ( a \ 

exp(-ay)C (-ax) = ^ 1 1 c £n(x,y), (33) 



^^nlEil^, (34) 



r =o (r'j^n-rj! 



are the Laguerre-Laguerre polynomials [2]. As to the second of Eqs. (31), 
we find 



00 a n 



c C (ax, ay) = exp(-a) J2 ^T rAifo y), (35) 

where 



n=0 n! 



cC n (x,y)=^ r , (yi + r) , , (36) 

are the Laguerre-Tricomi functions [2]. 

A further example is provided by the well known expansion 

* B = n!E(-l)'(")L,(s), ^ 

which after monomiality transform yields 

£„(*, y) = n! £(-!)* f " ) *£»(*, y). (38) 



s=0 



In a forthcoming paper we will discuss how an appropriate modification of 
the concept of orthogonality can be introduced and how the previous results 
can be framed within a more formal and rigorous context. 
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Abstract- Let K\ and K2, respectively, be non empty closed convex subsets of 
real Hilbert spaces H\ and Hi- The Approximation — solvability of a generalized 
system of nonlinear relaxed cocoercive variational inequality (SNVI) problems 
based on the convergence of projection methods is given. The SNVI problem is 
described as: find an element (x*,y*) £ K\ x K2 such that 

< pS(x*, y*), x — x* > > 0, Vx € K\ and for p > 0, 

< rjT(x*, y*), y — y* >> 0, Vy G K^ and for n > 0, 

where S : K\ x K2 — ► H\ and T : K\ x K2 —> H2 are nonlinear mappings. 
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1. Introduction 

Projection/projection - like methods have been applied to the approximation 
- solvability of problems arising from several fields, including complementarity 
theory, convex quadratic programming, and variational problems. As a matter of 
fact, the complementarity problem in mathematical programming is just a special 
type of variational inequality in finite dimensions. Recently, one of the authors 
[5] introduced and studied a new system of nonlinear variational inequalities 
involving strongly monotone mappings in a Hilbert space setting. The study 
encompasses the classes of cocoercive as well as partially relaxed monotone types 
of variational inequalities. The notion of the partial relaxed monotonicity is more 
general than the cocoercivity as well as the strong monotonicity. The obtained 
results extend/generalize results of Nie et al. [3], Verma [5], and others. For more 
details on the approximation-solvability of nonlinear varational inequalities, we 
refer to [1-8]. 

Let Hi and H2 be two real Hilbert spaces with the inner product < ., . > and 
norm ||.||. Let S : K\ x K2 — ► H\ and T : K\ x K2 — ► H2 be any mappings 
on K\ x K2, where K\ and K2 are non empty closed convex subsets of H\ 
and H2, respectively. We consider a system of nonlinear variational inequality 
(abbreviated as SNVI) problems: determine an elements (x*, y*) £ K\ x K2 such 
that 

<pS{x*,y*),x-x* >>0 VxGKi (1) 

< V T(x*,y*),y-y*>>0VyeK2, (2) 

where p, r] > 0. 

The SNVI (1) — (2) problem is equivalent to the following projection formulas 

x * = p k [ x * - p S(x*, y*)} for p > 

y* = Q k [y*-vT(x*,y*)}ioir l >0, 

where P& is the projection of H\ onto K\ and Qk is the projection of H2 onto 

K 2 . 

We note that the SNVI (1) — (2) problem extends the NVI problem: determine 

an element x* £ K\ such that 

<S(x*),x-x* >>0, Vsetfi. (3) 

Also, we note that the SNVI (1) — (2) problem is equivalent to a system of 
nonlinear complementarities (abbreviated as SNC): find an element (x*,y*) £ 
K x x K 2 such that S(x*,y*) £ K{, T(x*,y*) £ K\ and 
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<pS(x*,y*),x* >=Ofor p> 0, (4) 

<r]T(x*,y*),y* >= for r/ > 0, (5) 

where Kf and K%, respectively, are polar cones to K\ and K2 defined by 

K\ = {/ e H ± :< /, x >> 0, Vx e Ki}. 

^={ 5 eff 2 :< fi j>>0, VyGK 2 }. 

Now, we recall some auxiliary results and notions crucial to the problem on hand. 

Lemma 1.1 [3]. For an element z £ H, we have 

x £ K and < x — z, y — x > > 0, \/y £ K \t and only if x = Pk{z). 

A mapping T : H ^ H from a Hilbert space H into H is called monotone if 
< T(x) — T(y) ,x — y>> Vx, y £ H. The mapping T is (r) — strongly monotone 
if for each x, y £ H, we have 

< T(x) — T(y), x — y >> r\\x — y\\ for a constant r > 0. 

This implies that ||T(x) — T(y)|| > r\\x — y\\, that is, T is (r)-expansive, and 
when r = 1, it is expansive. The mapping T is called (s)-Lipschitz continuous 
(or Lipschitzian) if there exists a constant s > such that ||T(x) — T(y)|| < 
s||x — y\\, Vx, y £ H . T is called (//)-cocoercive if for each x,y £ H, we have 

< T(x) — T(y), x — y > > fi\\T(x) — T(y)\\ for a constant /i > 0. 

Clearly, every (^)-cocoercive mapping T is (^)-Lipschitz continuous. We can 
easily see that the following implications on monotonicity, strong monotonicity 
and expansiveness hold: 

strong monotonicity => expansiveness 

monotonicity 
T is called relaxed (7)-cocoercive if there exists a constant 7 > such that 

<T(x)-T(y),x-y>>(- 7 )||T(x)-T(y)|| 2 , Vx,y G H. 

T is said to be (r)-strongly pseudomonotone if there exists a positive constant r 
such that 
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< T(y), x — y >> =^ < T(x), x — y >> r \\x — y\\ , Vx, y G H. 
T is said to be relaxed (7, r)-cocoercive if there exist constants j,r > such that 

< T(x) - T(y),x-y >> (-7) \\T(x) -T(y)\\ 2 + r\\x-y\\ 2 . 

Clearly, it implies that 

< T(x) - T(y),x-y >> (-7) ||T(x) - T(y)|| 2 , 

that is T is relaxed (7)-cocoercive. 

T is said to be relaxed (7, r)-pseudococoercive if there exist positive constants 7 

and r such that 



< T(y),x-y >> =¥■ < T(x),x-y >> (-7) \\T(x) - T(y)\\ +r \\x - y\\ , Vx,y G H. 
Thus, we have following implications: 

(r)-strong monotonicity =^> strong (r)-pseudomonotonicity 

relaxed (7, r)-cocoercivity 

relaxed (7, r)-pseudococoercivity 

2. Projection Methods 

This section deals with the convergence of projection methods in the context 
of the approximation- solvability of the SNVI (1) — (2) problem. 

Algorithm 2.1. For an arbitrarily chosen initial point (x°, y°) G K\ x K2, com- 
pute the sequences {x k } and {y k } such that 

x fc+1 = (1 - a k )x k + a k P k [x k - pS(x k , y k )} 
yk+ i = {1 _ a k )y k + a k Qi<[y k _ vTixkj yfe)]) 

where Pk is the projection of H\ onto K\, Qk is the projection of H2 onto K2, 
p, r] > are constants and, S : K\ X K2 — ► H\ and T : K\ x K2 — > ^2 are any 
two mappings 

We now present, based on Algorithm 2.1, the approximation solvability of the 
SNVI (1) — (2) problem involving relaxed cocoercive and Lipschitz continuous 
mappings in Hilbert space settings. 
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Theorem 2.1. Let Hi and Hi be two real Hilbert spaces and, Ki and K2, respec- 
tively, be nonempty closed convex subsets of H 1 and if 2 • Let S : Ki x K2 —* Hi be 
relaxed (7, r) — cocoercive and (p) — Lipschitz continuous in the first variable and 
let S be (y) — Lipschitz continuous in the second variable. Let T : K\ x K2 — ► i?2 
be relaxed (A, s) — cocoercive and (/3) — Lipschitz continuous in the second vari- 
able and let T be (r) —Lipschitz continuous in the first variable. Let ||.||* denote 
the norm on Hi x H<i defined by 

\\(x,y)\\* = (\\x\\ + \\y\\)\/(x,y)eH 1 xH 2 . 

In addition, let 5 = max{6 + tjt, a + pu}, where 



+ rjT = v 1 — 2pr + 2p7/i 2 + p 2 /i 2 + 7/r < 1 



a + pv= yjl-2r]r + 2rj\(3 2 + r] 2 (3 2 + pv < 1. 

Suppose that (x*, y*) £ K\ x X2 forms a solution to the SNVI (1) — (2) problem, 

the sequences {x k } and {y k } are generated by Algorithm 2.1, and < a k < 1 

00 

and 2_, a = °°- 

fc=o 
Then the sequence {(x k ,y k )} converges to (x*,y*). 

Proof. Since (x*,y*) £ K\ x K 2 forms a solution to the SNVI (1) — (2) 
problem, it follows that 

x* = P K [x*-pS(x*,y*)} and y* = Q K [x* - V T(x*,y*)}. 

Applying Algorithm 2.1, we have 



x k+1 - x* 



x k -x* 



= \\(l-a k )x k + a k P K [x k -pS(x k ,y k )} 

- {l-a k )x*-a k P K [x*- P S{x*,y*)}\\ 

< (l-a fc ) 
+ a k \p K [x k - P S(x k , y k )\ - P K [x* - P S(x*, y*)] 

< (1 - a k )\\x k - a5*|| + a fc ||x fc -x* - p[S(x k , y k ) - S(x*, y k ) 

+ S(x*,y k )-S(x*,y*)}\\ 

< (1 - a fc )||x fc - x*\\ + a fc ||x fc - x* - p[S(x k , y k ) - S(x*, y k )\ \\ 
+ p\\[S(x*,y k )-S(x*,y*)}\\. (6) 
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Since S is relaxed (7, r) — cocoercive and (//) — Lipschitz continuous in the first 
variable, and S is {y) — Lipschitz continuous in the second variable, we have 



,fcMI|2 



\x h -x*-p[S(x k ,y k )-S(x*,y k )} 



= \\x - x* || 2 - 2p(S{x k , y k ) - S(x*, y k ),x k - x*) 

+ p 2 \\S(x k ,y k )-S(x*,y k )\\ 2 

< \\x k -x*\\ 2 -2pr\\x k -x*\\ 2 

+ 2p 1 \\S(x k ,y k )-S(x*,y k )\\ 2 



1 2 2 M fc *||2 

+ p p \\X — X || 

„*l|2 



< \\x"-x*\\ z -2pr\\x"-x 
+ 2p^p 2 \\x k -x*\\ 2 
+ p 2 p 2 \\x k -x*\\ 2 



*l|2 



2 1 „2..2i|i k ™*||2 



[1 - 2pr + 2p7/i 2 + ///T] ||x fe - x 



As a result, we have 



x k+1 - X* 



< (l-a fe )||x fc -x*||+a fe 6>||x fe -x 
+pu\\y k -y* 



(7) 



where 6 = \J\ — 2pr + 2p^p 2 + p 2 // 2 . 
Similarly, we have 



/ +1 - y* 



<(l-a k )\\y k -y*\\+a k o-\\y k -y* 
+t]t\\x —x*\ 



(8) 



where a = y 1 — 2r/r + 2r/A/3 2 + r/ 2 /3 2 . 
It follows from (7) and (8) that 



|x fc+1 -x*|| + ||/ +1 -y*|| < (l- o *)||z*-zl+a*0||z*-s* 



i fc )||x fc 

„fc _*ll 1 /1 „fe\||„,fe 



+r / r||x fc -x*|| [ (l- a fc )||/-y*| 

ll+P 
[1-(1- 6)a k }(\\x k -x*\\ + \\y k -y* 



+ a k <j\\y k -y*\\+pv\\y k -y* 



< ]J[i_ ( i_ 5 ) aJ ] ( || x o_ x1 | + || y o_ y1 
3=0 



where <5 = max{9 + ryr, a + pz/} and #1 x H-2 is a Banach space under the norm 
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Since < 5 < 1 and Ysk=o cl is divergent, it implies in light of [6] that 

k 

limbec U 1 " t 1 " 6 y} = °- 

3=0 

Note that with the given conditions, it is clear that the product in limit about is 
positive for all k. On the other hand, observing that f(t) = —t + ln(l —t) satisfies 
/(0) = and /' > for < t < 1, yields 

ln[l - (1 - 5)a k ] < -(l-5)a k . 

Hence, 

k k k 

[J[l - (1 - 5)a j ] = expY^ " (1 " $W] < exp(-(l - S)Y, aJ ) -► 0, 

j=0 j=0 j=0 

by virtue of the divergence of X^fclo ° fc - 
Therefore, 

||x fc+1 -x*|| + ||/ +1 -y*||^0. 

Consequently, the sequence {(x k ,y k )} converges strongly to (x*,y*), a solution 
to the SNVI (1) — (2) problem. This completes the proof. 

Corollary 2.1. Let Hi and H<i be two real Hilbert spaces and, Ki and K2, respec- 
tively, be nonempty closed convex subsets of H 1 and H-2 . Let S : Ki x K2 — ► -Hi be 
(r) — strongly monotone and (//) — Lipschitz continuous in the first variable and 
let S be (y) — Lipschitz continuous in the second variable. Let T : Ki x K2 — ► i^2 
be (s) —strongly monotone and (/3) —Lipschitz continuous in the second variable 
and let T be (r) —Lipschitz continuous in the first variable. Let ||.||* denote the 
norm on Hi x H<i defined by 

\\(x,y)\\* = (\\x\\ + \\y\\)V(x,y)eHixH 2 . 

In addition, let 5 = max{9 + nr, a + pv}, where 



6 + nr = v 1 — 2pr + p 2 /i 2 + t/t < 1 



a + pv = v 1 — 2r/s + r/ 2 /3 2 + pi/ < 1. 

Suppose that (x* , y*) G Ki x K2 forms a solution to the SNVI (1) — (2) problem, 
the sequences {x k } and {y k } are generated by Algorithm 2.1, and < a k < 1 
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a k = oo. 



and y t 

fc=o 
Then the sequence {(x k ,y k )} converges to (x*,y*) 
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ON THE SECOND ORDER DISCONTINUOUS 
DIFFERENTIAL INCLUSIONS 

B. C. DHAGE, S. K. NTOUYAS, AND Y. J. CHO 



Abstract. In this paper, an existence theorem for the second order 
ordinary differential inclusions is proved without the continuity of multi- 
functions. 



1. Introduction 

Let IR be the real line and let J = [0, T] be a closed and bounded interval 
in IR. Consider the second order differential inclusion (in short, DI): 

x"(t) £ F(t,x(t),x'(t)), a.e. t £ J,) 

r> f (1-1) 

a:W(0) =xi €1R, * = 0,1, J 

where F : J x IR x IR — > "P p (IR) and P P (IR) is the class of all non-empty 
subsets of IR with property p. 

By a solution of the DI (1.1) we mean a function x £ AC l (J, IR) that 
satisfies x"(t) = v(t) for some v £ L 1 (J, IR) satisfying v(i) £ F(t,x(i),x'(t)) 
for a.e. t £ J and x®(0) = Xi £ IR for i = 0, 1, where AC\J, IR) is the 
space of continuous real-valued functions whose first derivative exists and is 
absolutely continuous on J. 

The DI (1.1) has already been studied in the literature for the existence 
results under different continuity conditions of F. The existence theorem 
for DI (1.1) for upper semi-continuous multi- valued function F is proved 
in Benchohra [3]. When F has closed convex values and is lower semi- 
continuous, the existence results of DI (1.1) reduce to existence results of 
the ordinary second order differential equations 

x"(t) = f(t,x(t),x'(t)), a.e. t £ J,) 

^ I (1-2) 

x «(0) = Xi £ IR, i = 0,l, J 

where /:JxIRxIR^IRisa continuous function satisfying 

f(t,x(t),x'(t)) £ F(t,x(t),x'(t)), a.e. t £ J. 
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The case of discontinuous multi-valued function F has been treated in 
Dhage et al. [7] under monotonic conditions of F and proved the existence of 
extremal solutions using a lattice fixed point theorem of Dhage and O 'Regan 
[8] in complete lattices. Note that the monotonic condition used in the above 
paper is very strong and not every Banach space is a complete lattice. These 
facts motivated us to pursue the study of the present paper. 

In this paper, we prove the existence results for the DI (1.1) under a 
monotonic condition different from that presented in Dhage et al. [7]. 

2. Auxiliary results 

We equip the space X = AC 1 (J, IR) with the norm || • || and the order 
relation < defined by 

||x|| = max < sup |x(i)|,sup \x'(t)\ 
[teJ teJ 

and 

x < y <=> x(t) < y(t) A x'(t) < y'(t), t £ J, 

respectively. 

i 

Let A,B£ V P {X). Then by A < B we mean that, for every a £ A, there 

d 
exists a b £ B such that a < b. Again, a < B means that, for each b £ B, 

id i 

there exists a a £ A such that a < b. Further, we have A < B <^=> A < B 

d 

and A < B. Finally, A < B implies that a < b for all a £ A and b G B (see 
Dhage [6] and references therein for more details). 

Definition 2.1. A mapping Q : X — ► V P {X) is called right monotone 

i d 

increasing (resp., left monotone increasing) if Qx < Qy (resp., Qx < Qy) 
for all x, y £ X with x < y. Similarly, Q is called monotone increasing if it 
is left as well as right monotone increasing on X. 

We need the following fixed point theorem in the sequel. 

Theorem 2.1. ([5]) Let [a,b] be an order interval in a subset Y of an 
ordered Banach space X and let Q : [a, b] — ► Vcp([a, b]) be a right mono- 
tone increasing multi-valued mapping. If every sequence {y n } C UQ([ a )^]) 
defined by y n £ Qx n for n £ IN has a cluster point whenever {x n } is a 
monotone increasing sequence in [a,b], then Q has a fixed point. 

3. The Existence Results 

We need the following definitions in the sequel. 

Definition 3.1. A multi- valued function f3 : J x IR x H — ► ^(IR) is 
called L 1 -Chandrabhan if 

(i) 1 1— ► (3{t, x, y) is measurable for each x.y £ IR, 
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(ii) (3(t, x, y) is right monotone increasing in x and y almost everywhere 

for t G J, 
(iii) for each real number r > 0, there exists a function h r G L X (J, IR) 

such that 



(t, x, y)\\-p = sup{|u| : u G (3(t, x, y)} < h r (t), a.e. t G J, 

for all x,y G IR with |x| < r, |y| < r. 

Denote 

S^O) ={«£ L^J, IR) :u(t) G F(t,x(t),x'(t)), a.e. t G J} 

for some x G J 4C 1 (J, IR). The integral of the multi- valued function F is 
defined as 

F(s, x(s),x'(t)) ds= | f v(s) ds:v£ Sj?(x) \ . 

Definition 3.2. A function a G J 4C 1 (J, IR) is called a lower solution of 
the DI (1.1) if, for all v G S l F {a), 

a"(t) < v(t), a.e. t G /, 
a(0) < xo, a'(0) < xi. 

Similarly, an upper solution b to DI (1.1) is defined. 

We consider the following hypotheses in the sequel. 

(Hi) F(t,x,y) is closed and bounded for each t G J and x,y G IR. 

(H 2 ) S$.(x) + for all x G AC 1 (J, IR). 

(#3) F is L 1 -Chandrabhan. 

(H4) DI (1.1) has a lower solution a and an upper solution b with a <b. 

Hypotheses (H\)-(H2) are common in the literature. Some nice sufficient 
conditions for guarantying (H2) appear in Deimling [4], Lasota and Opial 
[10]. A mild hypothesis (H4) has been used in Halidias and Papageorgiou 
[9]. Hypothesis (H3) is relatively new to the literature, but the special forms 
have been appeared in the works of several authors (sec Dhage [5, 6] and 
references therein). 

Theorem 3.1. Assume that (Hi)-(H^) hold. Then the DI (1.1) has a 

solution in [a, b] . 

Proof. Let X = AC 1 (J, IR) and define an order interval [a, b] in X which 
is well defined in view of hypothesis (H4). Now, the DI (1.1) is equivalent 
to the integral inclusion 

x(t) G x + xit+ / (t-s)F(s,x(s),x'(s))ds, t G J. (3.1) 

Jo 
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Define a multi- valued operator Q : [a, b] — ► V p ([a, b\) by 

Qx = < u G X : u(t) = xq + x\t + / (t — s)v(s) ds, i> £ S F (x) > 
= (£o^)(x), 
where £ : L l J, IR) — ► ^4C 1 (J, IR) is a continuous operator defined by 

Cx(t) = xo + x\t + / (t — s)x(s) ds. 
Jo 

Clearly the operator Q is well defined in view of hypothesis (H2). We 
shall show that Q satisfies all the conditions of Theorem 2.1. 

Step I: First, we show that Q has compact values on [a, b]. It is enough to 
prove that the Nemetskii operator S F has compact values on [a, b]. This is 
achieved by showing that every sequence in S F (x) has a convergent sub- 
sequence for each x G [a, b]. Let {v n } be a sequence in S F (x). Then 
{««(£)} G ^(*, £(*),£'(*)) for a.e. t G J. Since F(t,x(t),x'(t)) is closed 
and bounded, it is compact. Hence {v n (t)} has a convergent subsequence 
converging to a point v(t) G F(t,x(t),x'(t)) for a.e. t £ J. Thus there is a 
subsequence <S of IN (: the set of natural numbers) such that f n (t) — ► v(t) 
in measure as n — > cxd through S*. From the continuity of £, it follows that 
Cv n {t) —> Cv(t) pointwise on J as n — > 00. In order to show that the conver- 
gence is uniform, we first show that {£v n } is an equi-continuous sequence. 
In fact, let t, t £ J. Then we have 

\Cv n (i) - Cv n {r)\ 

< \x\\ \t — t\ + 

< \xi\\t — t\ + 

+ / (t - s)v n (s) ds - I (T-s)v n (s)ds 
Jo Jo 

t rt 



t — s)v n (s) ds — (r — s)v n (s) ds 
Jo 

t ft 

(t — s)v n (s) ds — / (r — s)v n (s) ds 
Jo 



< \x\\\t — t\ + 



(t - T)v n {s) ds 







+ 



(r — s)v n {s) ds 



t — T\\v n (s)\ ds 



< \Xl\ \t — T\ + 

Again, it follows that 

\{Cv n )'{t)-{Cv n )'{r)\ 

ft j-T 

< I v n (s) ds — I v n (s) ds 
Jo 



+ T 



\v n (s)\ds 



(3.3) 



< 



\v n (s)\ ds 



(3.4) 
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Since v n G L 1 (J, IR), the right hand sides of (3.3) and (3.4) tends to as 
t — ► r. Hence {Cv n } is equi-continuous and so an application of the Arzela- 
Ascoli theorem implies that there is a uniformly convergent subsequence. 
We then have Cv nj — > Cv G (£ o < S^)(x) as j — ► oo and so (£ o S^)(x) is 
compact. Therefore, Q is a compact-valued multi- valued operator on [a, b]. 

Step II: Secondly, we show that Q is right monotone increasing and maps 
[a, b] into itself. Let x, y G [a, 6] be such that x < y. Since F(t, x, y) is right 

i 

monotone increasing in x and y, one has -F(t, x, x') < -F(£, y, y') for all t G J 
and x G AC 1 {J, IR). As a result, we have that Sp(x) < S F (y). Hence 

i 

Q(x) < Q{y). From (H3) it follows that a < Qa and Qb < b. Now, Q is 
right monotone increasing and so we have 

a < Qa < Qx < Qb < b 

for all x G [a, b]. Hence Q defines a multi- valued operator Q : [a,b] — ► 
Pcp([a,b}). 

Step III: Finally, let {x n } be a monotone increasing sequence in [a, b] 
and let {y n } be a sequence in Q([a, b\) defined by y n G Qx n for n G IN. 

We shall show that {y n } has a cluster point. This is achieved by showing 
that {x n } is uniformly bounded and equi-continuous sequence. 

First, we show that {y n } is uniformly bounded sequence. By definition of 
{y n }, there is a v n G S F (x n ) such that 

y n (t) = x + x\t + / (t - s)v n (s) ds, t G J. 
Jo 

Therefore, we have 

\Un{t)\ < \x \ + \xit\ + / \t - s\\v n (s)\ ds 

Jo 

< \x \ + \xi\T + T / \\F(s,x n (s),x' n (s))\\ds 

Jo 

f T 

< \xo\ + \x\\T + T I h r (s) ds 

Jo 

< |x | + (|xi| + ||/i r (s)|| L i)T 

IVnitfl ^ l X ll + / \Vn(s)\ds 

Jo 

<H+ / 11^(5, x„(a), <(s)) II ds 
Jo 

f T 

< \xi\ + / h r (s) ds 
Jo 



and 
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< \xi\ + ||/i r (s)|| L i 

for all t £ J, where r = \\a\\ + \\b\\. Therefor, it follows that 

||y n || =max{sup|2/„(t)| , sup|y^(i)|} 
teJ teJ 

< max{|a;o| + (\xi\ + \\h r (s)\\ L i)T , \x±\ + HM^Ik 1 } 

= M, 

where M = \xq\ + (1 + T)(|xi| + ||/tr-(s)||i,i)- This shows that {y n } is a 
uniformly bounded sequence in Q([a, b]). 

Next, we show that {y n } is an equi-continuous sequence in Q([a, b]). Let 
t,T €. J. Then we have 



\y n {t) -yn(r)\ 



< \tx± — tx\\ + / (i — s)v n (s) ds — / (t — s)vn(s) ds 

Jo Jo 

< \x\\\t — t\ + j (t — s)v ri (s) ds — / (r — s)vn(s) ds 

Jo Jo 

+ / (T — s)Vn(s) ds — / (T-s)v n {s)ds 

Jo Jo 

j-t ft 

< \xi\\t — t\ + 







(t - T)v n (s) ds + / (t — s)v n (s) ds 



< \x\\ \t — t\ + 



t — r\\v n (s)\ ds + / \t — s||v n (s)| ds 



f T f* 

< \xi\ \t — t\ + / \t — r\h r (s) ds + / \t — s\h r (s) ds 

< (\Xl\ + HMiOl* - T \ + W)-V{t)\, 



WrSt) -y'n( T )\ < / V n (s)ds- V n (s)ds 

Jo Jo 

ft 
< 



and 



\v n (s)\ds 
<\p'(t)-p'(r)\, 

where p(t) = L \t — s\h r {s)ds and p'(t) = / h r (s) ds. From the above 

Jo 
inequalities it follows that 

max{\y n (t) - y n (r)|, \y' n {t) - j£(r)|} 

< max{|xi| + ||/ir||L 1 )l t_r l + b(*) -P( r )l)b'(*) -P( r )l} 
— > (n — ► oo), 
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which shows that {y n } is an equi-continuous sequence in Q([a, &]). Now, 
{y n } is uniformly bounded and equi-continuous and so it has a cluster point 
in view of Arzela-Ascoli theorem. Therefore, the desired conclusion follows 
by an application of Theorem 2.1. This completes the proof. 

To prove the next result, we need the following definitions. 

Definition 3.3. A multi-valued function (3 : J x IR x IR — ► V P (JR) is 
called L^-Chandrabhan if 

(i) t i— > (3(t, x, y) is measurable for each x.y £ IR, 
(ii) /3{t, x, y) is right monotone increasing in x and y for a.e. t £ J, 
(iii) there exists a function h £ L l {J, IR) such that 

||/3(i,x,y)||p = sup{|u| : u £ (3(t, x, y)} < h(t), a.e. t £ J 

for all x, y £ IR. 

Remark 3.1. Note that, if the multi-valued function /3(t,x,y) is L x - 
Chandrabhan, then it is measurable in t and integrally bounded on JxIRxIR 
and so, by a selection theorem, S\ has non-empty values, that is, 

Sp(x,y) = {u£ L l (J, IR) : u(t) G F(t,x,y), a.e. t £ J} / 

for all x, y £ IR (see Wagner [11] and the references therein). 

Theorem 3.2. Assume that (-Hi) and the following hold: 
(H5) F is L l x -Chandrabhan, 
Then the DI (1.1) has a solution on J . 

Proof. Obviously, the hypotheses (-H2) and (-H3) of Theorem 3.1 hold in 
view of Remark 3.1. Define two function a, b : J —> IR by 

a(t) = xq + x\t — I (t — s)h(s)ds 



and 

b(t) = xq + x\t + / (t — s)h(s)ds. 
Jo 
It is easy to verify that a and b are, respectively, the lower and upper 
bounds of the DI (1.1) on J with a < b. Thus (H4) holds and now the 
desired conclusion follows by an application of Theorem 3.1. This completes 
the proof. 
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